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RANDOMISED CIRCULAR MEANS
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(Communicated by Andreas Seeger)

ABSTRACT. We explore decay estimates for L' circular means of the Fourier
transform of a measure on R? in terms of its a—dimensional energy. We find
new upper bounds for the decay exponent. We also prove sharp estimates for
a certain family of randomised versions of this problem.

1. INTRODUCTION

We begin with a definition. Let 0 < a < 2. The a—dimensional energy of a
positive measure ;1 on R? is defined by

_ dp(x)dp(y)
Toli) = /]R2 /]Rz [z —ylo

As in Wolff [I3], we make the following definition. For 1 < p < o0, let o, () be the
supremum of the numbers ¢ for which there is a constant C with

) ([ amerane)” <onyig

for all ;o supported in the unit ball B € R? and all R > 0. Here S' denotes the
unit circle in R2. The problem of estimating o, has been of interest in recent years
largely because of its connection with certain longstanding conjectures in Geometric
Measure Theory. See [13], [14], [@], and []]. The inequalities () have been studied
explicitly by many authors, in particular, Bourgain, Mattila, Sjolin, and Wolff (see
[, [10], 1], and [13], respectively).

In addition, inequalities of the form () may be interpreted via duality as exam-
ples of weighted estimates for the extension operator (dual to the Fourier Restriction
operator). Inequalities such as (), and in particular the work of Wolff [13], have
generated substantial interest from this perspective. See [5], [3], [6], and [2] for
some related work.

Before we introduce our results we briefly discuss what is known about the
exponents op(a) for 0 < @ <2 and 1 <p < 0.
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118 JONATHAN M. BENNETT AND ANA VARGAS

For p > 2, 0,() has been computed for each 0 < o < 2. In particular

a4, l<a<2 (Wolff [13]),
o9(ar) = 1/4, 1/2<a<1 (Mattila [10]),
a2, 0 < a<1/2 (Mattila [10]).

Wolft showed in [I3] that for p > 2, o, is equal to what one might expect from
interpolating between the p = 2 and the trivial p = oo results.
For 1 < p < 2 the picture is incomplete. By the Cauchy—Schwarz inequality,

op > o4 for all p < g,
and hence
op >0 foralll <p<2.

As yet, this ‘trivial’ bound for o, (1 < p < 2) is the only lower bound that is known.
For p = 1, the upper bound

2) Jl(a)<min{g,é+%}

was obtained by Wolff in [13] using a certain randomisation argument.

In this article we focus on the case p = 1, i.e. the problem of estimating the
exponent o1. Our approach (motivated by that of Wolff [13]) involves the intro-
duction of a broad family of randomised versions of this problem which contains
the original problem as an ‘end point’. For certain members of this family we are
able to find the corresponding sharp exponent. These results provide a new upper
bound for o7 as a corollary.

In addition, we give an alternative proof of this corollary which we believe to be
enlightening since it involves ‘less randomising’ and provides an interesting inter-
pretation of the geometry contained in the proof of our main result.

We now turn to the details, beginning with a sequence of reductions.

By definition, o1(«) is the supremum of the numbers o for which there is a
constant C' with

Q | R ldn(e) < CR- VI,

for all measures u supported in the unit ball B and R > 0. By duality, @) is
equivalent to

() [ 1Fi R dute) < R VI

for all f € L°(S'), R > 0, and supp(u) C B. Furthermore, (@) can be seen to be
equivalent to

6 |18l < CR LG ol

for all ¢ € L>°(R?) with supp(¢) C {z € R? : ||z| — R| < 1}. The equivalence of
@), @) and (@) is clarified in [13].
Let 0 < < 1/2. We now decompose the annulus

A={zcR?: 2| - Rl <1}
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RANDOMISED CIRCULAR MEANS 119

into a disjoint union
[R"]

A= A,
k=1

where Ay is the segment of annulus
{reA:0<2mk[R]™! —argz < 2n[RY] 7'},

and we write

(R7]

¢ = ¢, where ¢, = dxa,.

k=1

Kintchine’s inequality applied to (&) implies
R) Yz

(6) LA @R ausoro ViGmlolses,
=1

for all 0 < o1(). For 0 < v < 1/2 and 0 < a < 2, we define 07(a) to be the
supremum of the numbers o for which there is a constant C' such that (G) holds
for all ¢ € L>®(A), R > 0, and suppp C B. (The case v = 0 of (@) is equal to
inequality (), i.e. 0° = 07.)

Notation. Throughout this article we use the letters ¢ and C' to denote constants
that may change from line to line. However, we allow these constants to depend on
the parameters o and 7.

Theorem 1. For1§a§2andai+2§'y§%,
Vg = @ 12—a)
o7 (@) 4—|— YR
Corollary 2. For1 < a < 2,
(a) < —
o1 (a .
! T a+2

In [I3] Wolff used (@) with v = 1/2 to prove the upper bound for oy given by (2.
In order to do this Wolff reduced (@) (for v = 1/2) further by using the observation
that given any collection of rectangles {T}} of dimensions 1 x R~'/2, such that the

2mikR~1/?

long side of T} has direction e , one can choose ¢, with ||¢]oc < 1, so that

61| > R xr,.
In this case (@) implies that

1/2
(5] "weornm
R2 &

for all such families of rectangles {T}}. A particular choice of rectangles {T}} and
measure p now leads to Wolff’s result. The case v = 1/2 is in a sense at a natural
scale since the corresponding segments of annulus {A4;} are in fact ‘rectangles’.
Theorem [ confirms that the randomised inequality (@) at the ‘natural scale’ v =
1/2 cannot provide extremal examples for inequality (@) (and thus inequality (B]).

In order to prove Corollary [2 from Theorem [ one only needs to use the fact
that o7(a) < § + @. In the proof of Theorem[l, the example that we use to
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120 JONATHAN M. BENNETT AND ANA VARGAS

obtain this inequality involves an argument using rectangles similar to that of the
previous paragraph. The alternative proof of Corollary 2] that we give at the end,
is interesting as it avoids any direct consideration of rectangles.

The following lemma of Wolff [I3] will be important to us.

Lemma 3. If i is a measure supported in the unit ball in R? and 0 < o < 2, then
we can decompose p as a sum of O(log R) measures u;, so that for each j,

1 (R?) sup  sup (M) < Cl,(p).

z€R2 r>R-1 re

2. THE PROOF OF THEOREM [I]

In order to prove the theorem, we will show that (&) holds for all o < § + ’nyT(’,
with 0 < @ < 2 and 0 < v < 1/2, and give an example where (@) fails for any
o> %—F’}/QTT“, with v > a/(24+ a) and 1 < a < 2.

We begin with the counterexample. Let F' = {Tk}gjl] be a collection of rectan-
gles of dimensions R?Y~! x R7~!, so that the direction of the longest side of T}, is
given by €2 *[E"17" " Then we take (as we may) ¢ € L, with ||¢|| L~ < 1, such
that |zj/>;(§)| > exr, (§)RY™7. Hence, (@) gives in this particular case (see also [13])

(7) / (Zm) " i< CR0 ST

It suffices to show that (@) fails for o > a/4 + (2 — @) /4 when v > a/(2 4 «) and
1<a<2.
Take § = (1 —7)(aw — 1). Consider the annulus

B= {x ER?: ||z] - R’ < 1—1037—1}.
For j =1,...,[R%] define
Bj ={x € B: arg(z) € (2n(j — 1)R™°,21jR™°)}
and its ‘concentric half’
Bf ={x € B: arg(z) € (2n(j — 3/4)R™°,27(j — 1/4)R™°)}.
We now translate B} to the unit ball, defining E = B} — a;, where
a; = (%R‘S cos(2mjR™?), 1—10R5 sin(27rjR*5)).

Set B = UBVJ and du(z) = x () dx. (B looks like a ‘curved fan’; see Figure 1.)
Next we observe that

= [ ([, 22 ) auto
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RANDOMISED CIRCULAR MEANS 121

—
—

FIGURE 1. The ‘curved fan’.

One can easily check that, for this choice of 9,

. B
u(B) ~ RC-0 x up [ T HB(z;277)) |
zeB \ © 27J«
Jj=0

and hence, [I,(11)]"/? ~ R?=*)=1_ (As usual, for X,Y > 0, we say that X ~ Y if
there exists a constant C' > 0 such that C~'Y < X < CY. Of course, this constant
C may depend on the parameters a and ~.)

We choose the rectangle T} to be tangent to B in the following way. For each k,
we define the point

b = (—sin(2mk[R?] 1), cos(2nk[RY]71)).

Then, if 27k[RY]™' +7/2 € 27(j — 1)R™°%,27jR™%), we take T}, to be centred at
the point —a; +bxR?/10. Since —y < —§, every j corresponds to C'RY~? rectangles
satisfying

T}, N Bj| ~ RY1R1H7+9)/2,
Moreover, if v > a/(2 + «),
ZXTk (x) = RY(3F)/2=a/2 for all z € B.
We then have

1/2
/ (an) dyu v RIEH/1=0 4y (B) o R4/ Ame 1 /T ().

Therefore, for () to hold, 0 <y — (v2+ a)/4 — a/4) =v(2 — a)/4+ /4.

Now we show that (@) holds for all o < & 4 y25%. The argument uses ideas of
A. Cérdoba [7] and T. Wolff [I3]. Let us suppose, as we may, that ||¢]|e = 1.
We begin by using the Cauchy—Schwarz inequality
2

/(Z@P) 1/Qdué (/Z@IZ du)l/ (B2,
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122 JONATHAN M. BENNETT AND ANA VARGAS

Note that, since supp ¢, C Ay is contained in a ball of radius ¢cR'~7, then

[ o = [ 5P dyems s,

where ppy—1 = RZI=DT(RI-).) « 4 for some ¥ € S(R?). Hence,
1/2

/(Z@IZ’)1 dy < (/Z@IQduRv_l) B

By Cauchy—Schwarz and Holder’s inequality,
- 1/2
</Z|¢’k|2 d#m—l) M(B)I/Q

1/4
< (/(Z|¢k

1/2
) s )
4
<([=@r ) it I g s [ (B2

s( O lowl?)? |\uml||;é‘i(w)u<m>3/4
1/4 1/4
—Q — BT‘ “
(/ § |¢k > {R(z )= sup % M(B)3/4a

r>RY-1

where the supremum is taken over all balls of radius » > RY~! contained in the
unit ball. The last inequality above is a simple consequence of the rapid decay of

Take 1 < m < 2 such that m[RY]"!/R™'/2 € N. We now consider a further
subdivision of the annulus A,

mR'/?
U Ala
=1
where A; is the segment of annulus
{reA:0<27lRY2/m —argz < 2rR™Y?/m)},

and we write

mR1/2

Z ®;, where ®; = ¢x 4, -
=1

Then, a well known orthogonality argument originally due to Cérdoba (see [7] and
[13] Lemma 1.3) shows that

[ <c [(Smpy
k 1
Now, by Plancherel’s Theorem,

[ @i /ZZ@I 218512 = Z/@lmﬁ
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RANDOMISED CIRCULAR MEANS 123

By the choice of {fll}l”:”fl/z,

_ B B R1/2
D+ Do < 2. sup |A; N (a + A))| < C||d||% w0 g2y ———
[ @1+ D] oo (r2) < [|I]7, (]R2)(LEH§2| 1N ( D <Clelz ®) 211
Moreover,
| supp (®; * ®; )| < |supp @, + supp @] < CRY?[|j — 1| + 1], for all I, 5.
Hence,

2
Z/|¢l*c1>| <Cz< l|+1) RY2[|j =1 +1]
mR/2

1
= CR3/? S
13221 7 =1 +1

< CR?logR.

From this, we conclude that

/(Z I@P)m dps

p(B) !
< CRl/Q(logR)1/4R(2—o¢)(1—'y)/4 sup |: T :| M(B)3/4a

r>RY—1

and so, by Lemma[3
1/2

/ (ZI@IQ) dp < CR™YC=/1=e/t 1o R)Y\/T, ().

Observe that this has incurred an additional factor of log R. Hence, (@) holds for
any o < £ —l—'y 72, and therefore, 07 (o) > § +72%

3. AN ALTERNATIVE PROOF OF COROLLARY

For us, the Bessel function J, will be given by

27
Js(t) :/ ei(sa—tsine)de,
0

for each ¢ € R. For this we have the following estimate.

Lemma 4. There exists an absolute constant ¢ > 0 such that whenever s > 1 and
|S - t| < 031/3;

Jo(t) > Cs™ /3

Proof. The proof of Lemma Hl can be seen as a consequence of the Mean Value
Theorem applied to the following two estimates (see [12] page 260, and [I], respec-

tively):
(i) Js(s) > Cs~ /3 for all s > 1, and
(ii) [JL(t)] < Cs™2/3 for |s —t| < /3. O
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124 JONATHAN M. BENNETT AND ANA VARGAS

We begin by considering the relatively simple case of & = 1. Let 0 < 01(1). By
definition,

) |, lado(Re)ld < CR=" g /T,

for all R > 0, g € L°(S'), and measures u supported in the unit ball.
We now observe that if g(x) = a8 and du(¢) = ya(£)d€, where
A={6:0<1— ¢ <R,
then by Lemma @]
lgdo(RE)| = |Tr(RIE])| = CR™V?

on A. Proceeding as in (§) we may also show that I (1) < C(log R)u(B)?. Now,
by (@) we conclude that o < 1/3, and hence o1(1) < 1/3, as claimed.

Let 1 < o < 2 be fixed, and let 1 < 8 < 3/2 be some parameter to be determined.
(The exponent o1 () is known for a = 2, as one may observe in the Introduction.)
Let 0 < 01(a). We now define g € L>(S') by

9(@) =Y xr, (arg x — 7/2)el (R argatRet;),

J

where
7 =[2n(j — 1)R'P, 2R P),
and ¢ € R? is given by
& = R (cos2mjR' 7P sin2mjR'7),
for j =1,...,[R*71].

Now,

2
G(RE) =3 [ ey (6 m/2)ei I HRE ) o0 gg
- 0
J

2
iRP (arg(€—&;)—m i(R%0— —&;|sin
=Y R arse) /2)/ 3o (0 4 arg(€ — &)l AP0 RIES15in0) g
; 0
Using (@) and Kintchine’s Inequality we obtain

1/2
o\ Y

27
/Rz Z‘/O Xy (04 axg(€ — &))el (RO RIE=E im0 g dp(8)
J

< CR™7V1a(p),

for all R > 0 and measures p supported in the unit ball. Notice that after rescaling,
this is equivalent to applying (@) with v =1 — .

(10)

Lemma 5.

2
/ X-,-,(@+¢)€i(Rﬁ97RtSin0)d0 > CRfﬁ/J
0

on

{(t.0): [t— R < cRPP™! and ¢ € 77},
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RANDOMISED CIRCULAR MEANS 125

where
7y =[27(j = 3/H)R'7, 2n(j — 1/4)R'"7)
denotes the ‘concentric half’ of T;.

Before we prove Lemma Bl we show how it can be used to complete the proof of
the theorem.
By Lemma

27
/ X+, (0 + arg(€ — gj))ei(RBG—Rli—Ejl sin G)d(g‘ > CR-8/3
0

on the segment of annulus
= {E € R ||t~ | - RP7| < RO (e — &) € 77),

and hence

1/2
o\ 1/

> CR—5/3

27
Z ‘/ XTj (9 + arg(f _ gj))ei(Rﬁe—RK—gﬂ sinG)dG
~ |.Jo
J

on the ‘curved fan’ (see Figure 1)
F=JF.
J
Now, if we take du(z) = xr(z)dz, then (I0) implies that
RPBIF| < CR™\/Ta ().

A simple geometrical argument similar to that in the proof of Theorem [ shows

that
B,
L)~ 1P (171 sy M),

r=RA/3-1 T¢
Hence o < 3/3, provided S is chosen so that
B
(11) sup (M) < C|F],
r=RA/3-1 re
which is the case provided (3 satisfies

(Rﬂ/3—1)2—0¢ < CRB—lRB/:i—l,

which occurs whenever

3a
>
b=z a+2
We may therefore conclude that
@
o< ,
T a+2
and hence
@
<
o1(e) a+2’
for 1 < a<2.

Remark. The above choice of § is optimal subject to our constraints.
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126 JONATHAN M. BENNETT AND ANA VARGAS

We now turn to the proof of Lemma [B Suppose |t — R?~| < ¢RA/3~! and
¢ € 77. Now,

27
/ Y ‘(e_i_(b)ei(RﬁG—Rtsiné))de
Tj
0

2
> |Jps (RE)| — /0 [1—xr, (0 + (b)]ei(RB@—Rtsina)de .
Hence, by Lemmal[d], it suffices to show that
27
(12) / [1—xr,(0+ ¢)]ei(R597Rtsin0)d9 << RP3,
0

for all |t — R~ < cR?/31 and ¢ € 77.

To this end let h(f) = R°0 — Rtsinf. Now, 6 + ¢ € 75 and ¢ € 77 imply that
0] > cR'=P. A simple calculation shows that for such 6, |h/(6)| > cR*~#. Hence,
integration by parts gives

2m
/ 1= xo, (0 4+ $) RO RO gl < cpi=2,
0

for all |t — RO~ < cRP/3~! and ¢ € 5. Since f < 3/2, RP7? << R=P/3 for large
R, as required.
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