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ABSTRACT. Cao has recently proved that, subject to a certain condition on
the odd prime p, the equation 2P +1 = py? has no solutions in positive integers
z and y, provided also that p = 1 (mod 4). It is the object of this note to
remove this restriction, and to provide a simple self-contained proof.

The condition referred to in the abstract is:

Condition A. An odd prime p is said to satisfy Condition [A] if p 1 u where
(v +uy/p) is the fundamental unit in the field Q[\/p].

Here u and v have like parity, and this must be even if p = 3 (mod 4). The
condition can be expressed in terms of the Bernoulli coefficients if p = 1 (mod 4)
as was done in [I], or the Euler coefficients if p = 3 (mod 4). It is conjectured
that Condition [A] holds for all primes p, and it has recently [2] been verified for all
p < 101,

We prove

Theorem 1. The equation zP + 1 = py? has no solution in positive integers x and
y for any odd prime p satisfying Condition [4],

which generalises the main result of [I] which required also that p =1 (mod 4).
Lemma. For each positive integer x =0 (mod 4) and each pair of relatively prime

odd positive integers r and s, (f;:ll ”f:j_rll) = 1, where here and elsewhere (a|b)

denotes the Legendre-Jacobi symbol.

Proof of the Lemma. Fix x = 0 (mod 4) and let f(r,s) = (Z=£1|2=L) We use

x+1 | 41
induction on the quantity r+s, the result being trivial if r+s = 2. Let r+s = k, and
suppose the result holds for all values of r+s < k. For all n, x:_:rll =1 (mod 4) and

so there is no loss of generality in assuming that r > s. Now if » > 2s, the identity
2"+ 1=2""2(2% — 1) + (2" + 1) yields f(r,s) = f(r — 2s, s), whereas if 2s >
r> s, then " (27" +1) — (3" +1) = (z% — 1) gives f(r,s) = f(25 —r,s) (x| gg:jll)
and, since 4|z, (x‘ ‘fj‘ll) = (zlz*~1 =272+ ... — 2+ 1) = (z]1) = 1, completing
the induction.

Proof of Theorem [[1 From the equation we obtain z +1 = 0 (mod p), and so

p|| ””;:11. Thus we must have x + 1 = p2y?, “:f::ll = py3 with y = py1y2. We now
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see that x even is impossible for the former would then imply that 8|« and then for
any odd r not divisible by p the lemma would give

= (xp—f—l :CT+1> B ( 9

C\z+1l|z+1 ) Py
and this is impossible on taking r to be an odd quadratic non-residue modulo p.

So now suppose that = is odd, and hence that y is even. Then factorising in
the field Q[\/p] we obtain (—z)? = (1 + y,/p)(1 — y/p) where the principal ideals
[1+y./p] and [1 — y,/p] are coprime. Thus [1 +y,/p|] = 7P for some ideal 7. Let h
denote the class number of the field. Then h < p and so (h,p) = 1. Since 7" is a
principal ideal, it then follows that 1+ y,/p is an associate of the pth power of an
element of the field. Thus without loss of generality 14 y,/p = (%)T(%w)p
for some integers ¢ = b (mod 2) and 0 < r < p. Of course in the case that p = 3
(mod 4), all of u,v,a and b will be even, but in any case we obtain 2"7(1+y,/p) =
(v +uy/p)"(a + by/p)P and then, since ply, 2" = v" 1 (v + ruy/p)a? (mod p). In
particular we must have p|v"~!ruaP. But p cannot divide u by hypothesis, nor a,
since (—z)? = (1 +y/p)(1 —y/p) = i(@)p, and z is not divisible by p nor v
since v? — pu? = 4. Hence p|r which implies r = 0.

Thus 1 + y/p = (M)p. We show first that ¢ and b cannot both be odd,
for then taking rational parts would give 2P = a E(p 1)/2( P )aP=2r=1p* p" whence
a =1 and then

"+ 1
x+1

> =@ ' 2" P+ —z+1lp) = (r]p),

(p—1)/2

oPtl — 9 Z ( )bQ’“pv">(1+f) +(1—+/5)P

which would imply that 2 > (1+‘/_) — 1, which is impossible. So with a = 2A4,
b=2B,1+y,/p=(A+ B,/p)?, and then taking rational parts gives

(p—1)/2

1=A Z ( )Ap 2i-1(pB?),

which is impossible unless A = 1 and B = 0. But this gives only y = 0, concluding
the proof.

The second part of the theorem of [I] can also be generalised very simply to
cover the case p =3 (mod 4).

Theorem 2. The equation P +22™ = p3y? has no solution in odd positive integers
x and y for any odd prime p satisfying Condition Al

Proof. Exactly as above we obtain 2™ + py,/p = (A + B/p)? and © = pB? — A%,
whence A and B have opposite parity. Then, since

(p—1)/2

=A Z < >Ap 21 (pB?),

the second factor must be odd and hence equal to 1, which is impossible.

The author wishes to thank the referee most sincerely for making a number of
suggestions, resulting in a much clearer exposition.
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