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ABSTRACT. We show that the Kowalevski top and Kowalevski gyrostat are
obtained as a reduction of a Hamiltonian system on sp(4,R)*. Therefore the
Lax-pair representations for the Kowalevski top and Kowalevski gyrostat are
obtained via a direct method by transforming the canonical Lax-pair represen-
tation of a system on sp(4,R)*. Also we show that the nontrivial integral of
motion of the Kowalevski top comes from a Casimir function of the Lie-Poisson
algebra sp(4, R)*.

1. INTRODUCTION

The Kowalevski top is the third integrable case of a heavy rigid body with a
fixed point rotating in a constant gravitational field. The other two cases were
found by Euler and Lagrange in the 18th century. The Kowalevski top, found by
S. Kowalevski [§], is a highly nontrivial integrable system because one of its integrals
of motion is of a complicated form.

One of the techniques employed in the study of integrable systems is to express
the corresponding differential equations in a Lax-pair form with spectral parameter:

L(N) = [M(X),L(N)].

The Lax-pair representation of a system exhibits the integrals of motion of the
system as eigenvalues of the linear operator L()) and leads to the linearization of
the flow on the Jacobi variety of the algebraic curve det(L(\) — sI).

In 1987 three groups of authors, M. Adler and P. van Moerbeke in [I], L. Haine
and E. Horozov in [6] and A. Reyman and M.A. Semenov-Tian-Shansky in [11],
found three different Lax-pair representations with spectral parameter. All three
Lax-pairs were used to define a spectral curve and proved valuable in integrating
the system.

The simplest Lax-pair (because the entries of the Lax-pair matrices are linear
functions of the phase variables) was discovered by A. Reyman and M.A. Semenov-
Tian-Shansky, [11]. They used R-matrix construction and symplectic reduction to
obtain the Lax-pair. Later I.D. Marshall, in [10], gave a direct description of the
Lax-pair by means of the R-matrix construction.
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608 C. IVANESCU AND A. SAVU

The aim of this paper is to present a direct and elementary method to construct
the Lax-pair form. This method does not involve the R-matrix construction. We
will show how starting from a Hamiltoninan system on sp(4, R)* we can obtain the
Kowalevski top. We first find an integral of motion of the Hamiltonian system on
sp(4,R)* and then we reduce the system using this integral of motion. Acting with
an affine transformation on phase variables of the reduced system we end up with
the Kowalevski top.

Because of the semi-simplicity of the Lie algebra sp(4,R), any Hamiltonian sys-
tem on sp(4,R)* admits a canonical Lax-pair representation with matrices L and
M in the Lie algebra sp(4,R). Performing the above procedure on the matrices
L and M we end up with a Lax-pair representation without a spectral parameter
for the Kowalevski top. The appearance of the spectral parameter in the matri-
ces of the Lax-pair form can be explained by a symmetry of the top. This direct
method is actually valid in a more general setting, leading to the Lax-pair form of
the Kowalevski gyrostat.

The paper [10] of I.D. Marshall contains a concise description of A. Reyman and
M.A. Semenov-Tian-Shansky’s result as well as a bihamiltonian description of the
Kowlevski top. Connections between the Kowalevski top and the elastic problem
are explained by V. Jurdjevic in [7].

The paper is organized as follows: Section 2 describes general facts about the
Kowalevski top and the Kowalevski gyrostat. Section 3 contains a treatment of
Hamiltonian systems on the duals of Lie algebras. In Section 4 we explain a partic-
ular Lie algebra, namely sp(4,R). In Section 5 we study the form and the properties
of a class of Hamiltonian systems on sp(4, R)*. In Section 6 we present the reduction
procedure of the Hamiltonian systems on sp(4, R)* which leads to the Kowalevski
top or the Kowalevski gyrostat. Also we include a simple explanation for the Lax-
pair representations of the Kowalevski top and the Kowalevski gyrostat obtained
in [I1].

In this paper we will make use of:

e The tensor product of matrices:

if Ais a px g matrix and B is an m x n matrix, A ® B is the pm x gn matrix

anB algB (Zqu
(1.1) A®B= : : :
ap1B apB ... apB

e The Pauli spin matrices o1, 03, o3 and the 2 x 2 identity matrix 1.

(1.2) 01—((1) (1)>, z'az—<_01 (1)>, 03_((1) _01>

e The vector notation 9 for the three dimensional column vector ¢ = (v1, va, v3)7;
also || ||? is the standard norm of a vector ||9||? = v + vZ + vZ.

e x and . are the usual cross respective scalar product of vectors in R3.

e The standard basis of R?: e; = (1,0,0)7, es = (0,1,0), e3 = (0,0, 1)7.

2. THE KOWALEVSKI TOP AND THE KOWALEVSKI GYROSTAT

In this section we present a few known facts about the Kowalevski top and the
Kowalevski gyrostat.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE KOWALEVSKI TOP 609

The Kowalevski top is a Hamiltonian system on the dual of the semidirect prod-
uct Lie algebra s0(3) x R3:

—— = HxQ+hxb,
(2.1) ‘jl%

dh 5 g

7 h x

The vector () = (Hy, Hy,2H3)T corresponds to the angular velocity of the body
measured relative to the moving frame. The vector b= (b1, ba, O)T indicates the
center of mass of the body. A comprehensive description of the physical meaning
of the variables and parameters of the system may be found in V. Jurdjevic’s paper
).

The Hamiltonian of the system is the inhomogeneous quadratic function

P 1
(2.2) Ham(H, h) = 5(1{% + H2 +2H2) 4 b1hy + boho.
The integrals of motion of this system are: two Casimir functions of s0(3) x R?,
I, = ||h||?, I, = Hh and another one with a complicated form
(2.3) I = 22 — bw|?

where z = (Hy + iH2)/2, w = hy + ihs and b = by + ibs.

The Kowalevski gyrostat is a Hamiltonian system on a 9-dimensional phase
space, the dual of the semidirect product so(3) x (R3 @ R3). It was introduced
by A. Reyman and M.A. Semenov-Tian-Shansky as a generalization of the top:

Cii—t:Hx(Q—i—'yeg)—l—hx + g xeé,
24 G @),

t

do N N

d—i:gx(ﬂ—l—’yeg).

As before ) = (Hy, H2,2H3)T. The vectors b= (b1,b2,0)T, & = (=ba, b1,0)T are
constant vectors. The particular form of the vectors Q, band é implies the existence
of two nontrivial integrals of motion [2]. The other trivial integrals of motion are
the Casimir functions of the phase space, I = ||h|[2, I = ||§]|? and I = hg.

The Hamiltonian of the system involves a new parameter +,

PN 1 ~n
(2.5) Ham, (H,h,§) = 5(Hl2 + HZ + 2H2) 4+ vHs + bh + é§.

3. GENERAL FACTS

To represent a differential system #(t) = f(x(t)) in Lax-pair form means to write
the system as

(3.1) L(x(t) = [M(()), L(= (1)),

where L and M are two matrices whose entries depend on x(t).
When the matrices L and M depend on an undetermined parameter A, called
spectral parameter, we say that the Lax-pair is a Lax-pair representation with
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610 C. IVANESCU AND A. SAVU

spectral parameter. Usually it is desirable that the Lax-pair is a Lax-pair with
spectral parameter.

There are at least two advantages of having a Lax-pair representation for a
system.

e The spectral invariants of L (i.e. Tr(LF), det(L)) are integrals of motion of
the system. As an example,

k
(3.2) %(TT(L’“)) = Tr(d_L...L...L)=kTr(LL*)
i=1

= kTr(IM,L)L*Y) = kTr(LML* — ML) = 0.

When the integrals of motion of the system are not known, computing the
spectral invariants of L is an easy way to find them. The spectral parameter
allows us to find more integrals of motion. But usually the procedure of
finding a Lax-pair is much harder than finding the integrals of motion.

e A Lax-pair with spectral parameter generates a spectral curve det(L(\) —ul).
The Jacobian of this curve is a torus on which, under some conditions, the
flow can be linearized. These conditions were derived by P. Griffiths in [5].
The spectral curve is also helpful in finding concise explicit solutions for the
System.

Next we describe a standard procedure for finding a Lax-pair for a system. The
procedure, encapsulated in Proposition 3.1, amounts to recognizing that a given
system is a Hamiltonian system on the dual of a Lie algebra.

The dual of any Lie algebra g* has a canonical Poisson structure. The bracket
of any two smooth functions f,g € C*°(g*) is

(3.3) {f,9}(p) = p(ldpf,dpgl) Vp€g"

Therefore any smooth function H € C*°(g*) can be used to define a Hamiltonian
vector field Xy on g*:

(3.4) Xu(f)={fH}

or

(3.5) Xu(p) = —ad*(dH,)(p).

The Hamiltonian system associated to Xz, also known as the Euler-Poisson equa-
tions, is

(3.6) p(t) = Xu(p(t)) = —ad*(dHp)(p).

A Casimir function of g* is a smooth function f € C*°(g*) such that

(3.7) {f,g}(p) =0 Vpeg" VgeC>(g").

The Casimir functions have the property that they are integrals of motion for any
Hamiltonian system on g*.

When the Lie algebra g admits a non-degenerate invariant bilinear form, ( , ) :
gxg— R (ie. (,[y,2]) = ([z,y],2) ), we can construct a Lax-pair for the
Hamiltonian system. This is always possible if g is semi-simple. Thus the Killing
form has the desired properties.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE KOWALEVSKI TOP 611

Proposition 3.1. Assume the Lie algebra g admits a non-degenerate invariant
bilinear form: (, ) :gxg — R. Let p(t) be a curve in g* and L(t) be the curve
obtained from p(t) by the identification (L(t),L') = p(t)(L') VL' € g. If p(t) is
an integral curve of the Hamiltonian system, then L(t) is an integral curve of the
system written in the Laz-pair form

(3.8) L(t) = [dH,, L(t)].
Proof.
(L(t), L) = p(t)(L') = —ad"(dH,)(p(t))(L') = —p(t)([dH,, L'])
(3.9) = —(L(t),[dHy, L']) = —([L(t), dH,], L)
= L(t) = [dH,, L(t)]. O

4. THE STRUCTURE OF THE LIE ALGEBRA sp(4,R)

We will be particularly interested in the Lie algebra sp(4,R). The Lie algebra
g = sp(4,R) of the Lie group Sp(4,R), the group of 4 x 4 real symplectic matrices,
can be described as follows:

(4.1) g=sp(4,R) = {X € gl(4,R)[JXJ = X"}
where J = 1 ® ioy has the property that J? = —id.

The Cartan decomposition of sp(4,R) with respect to the involutive automor-
phism 7:g — g, 7(X) = - X7 is

g==t+p
where
t = (XIX=7(X)}={X =401+ S ®i0s|AT = —-A,S] = S},
p = (X[ X=—7X)}={X=51®0 +S53®03/S] =851,5 =53}

The matrices A, Si, Sz and Sz involved in € and p belong to gl(2,R). ¢ is a
4-dimensional Lie subalgebra of g and is Lie isomorphic with u(2). The center of ¢
is a 1-dimensional subspace spanned by

1
Ay = 51 ® 109.

p is a 6-dimensional vector subspace of g.
An invariant symmetric nondegenerate pairing ( , ) : sp(4,R) x sp(4,R) — R is
the Killing form

(4.2) (X,Y) = Tr(XY).

The next ten matrices form a basis of sp(4,R). With respect to this basis the
quadratic form (X, X} is completely diagonal.

A1:%01®i02, Agz%i@@l, A3=—%03®i02, A4:%1®i025
(4.3) Bi=303®03, By=31®01, Bs3=3101®o03,
Cr=303®0, Cr=-31®03, C3=301Q0.

Table 4.1 gives the brackets between different elements of the above basis. The
bracket of two matrices is taken to be [4, B] = BA — AB.
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612 C. IVANESCU AND A. SAVU

TABLE 4.1. [A,B] = BA— AB

] Av Ay A3 Ay By By Bs| O Cy (s
Ay 0 —Aj3 As 0 0 —Bs B 0 —Cs Cy
As Az 0 —-A4; 0 B3 0 —-B; Cs 0o -4
As | —As Ay 0 0| —Bs B, 0| —Cy C1 0
Ay 0 0 0 0 & Cy C3|—-B;y —Bys —Bs
B 0 —Bs B, —Ci| 0 As —A,| -4, 0 0
B B3 0 —B; —-Cy| —A;s 0 —A4; 0 —Ay 0
B3 | —Bs By 0 —C5 As Ay 0 0 0 —Ay
o 0 —Cs Csy B1 Ay 0 0 0 Az —As
Cy Cs 0 -4 By 0 Ay 0| —As 0 Aq
Cs | —C5 4 0 Bs 0 0 Ay Ay —A 0

On the dual g* we have the dual coordinates defined by the basis elements
Hj(p) =p(4;), Pj(p)=p(B;), Q;p)=p(C)),

for all p € g" and all j =1,2,3 or 4.

The dual coordinates are functions on g* and can be viewed as left-invariant
functions on T*Sp(4, R).

The identification of sp(4, R)* with sp(4,R) via the Killing form is

p€sp(4,R)" — L €sp(4,R)

where

3
(4.4) L=> (—H;(p)A; + P;(p)B; + Q;(p)C;) — Ha(p)Au.
j=1
The above follows in a straightforward way from the formula of the Killing form
(4.5)
3

(S;A;+P;B;j+Q;Cj)+S1As, Y (SjA;+PBj+Q;C;)+ S, As)

1 j=1

NE

(X, Y)=(

(—SjS;» + PjP]( + Q]Q;) — 54311

M5

Il
i

J

There are two other Lie algebras isomorphic to the Lie algebra sp(4,R), namely
50(2,3) and (R',[, ]). These Lie algebras are defined below.

0(2,3) = a b |a:—aT,b:cT,d:—dT,
VS c d a € gl(2,R), bisareal 3 x 2 matrix, d € gl(3,R) [~

The vector space R0 = R3 x R? x R? x R with coordinates (S,P,Q,R) can be
made into a Lie algebra by defining a Lie bracket [, | by

(5’7 P7 Q, R), (51,7 P/,QA/,R/)]
(4.6) =(-Sx8+PxP +0QxQ, —-PxS8 —-8xP —RQ +ROQ,

QxS -SxQ —RP'+RP, Q-P—P-Q).
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THE KOWALEVSKI TOP 613
The Lie algebra isomorphism between (R, [, ]) and sp(4,R) is the map

(4.7) (S,P,Q,R) —

J

3
(Sj4; + PBj + Q;C;) + RA,.

=1

The isomorphisms between the three Lie algebra mentioned above are just real
forms of the low dimensional isomorphism Cy = By, [3]. Because of the existence of
these isomorphisms, the discussion in the next sections can be done using sp(4, R),
50(2,3) or (R, [, ]). We prefer sp(4,R) because we can then use the tensor
product of matrices and hence the computations and the form of the results are
greatly simplified.

5. A CLASS OF HAMILTONIAN SYSTEMS ON sp(4,R)*

Using the dual coordinates, we can construct a family of Hamiltonian functions
defined on sp(4,R)*. This family depends on 7 parameters, v, b;, ¢;, j =1,2,3.

1

HAY2

(H12 + H22 + 2H§) =+ ’}/Hg + b1 Py + by Py + b3 P + ClQl + CQQQ + 63Q3.

Theorem 5.1. The Hamiltonian system generated by the Hamiltonian function H,
is the system of differential equation (5.1):

% = X (@t res) + Pxb+Qxe

(5.1) % = Px(Q+n7es)— H xb— Hye,
% = Qx (Q+~es)— H x é+ Hyb,
M hg-er

Q) is the column vector Q) = (Hy, Ha,2H3)T and e3 = (0,0,1)7.

Proof. The integral curve p(t) of the Hamiltonian system p(t) = Xg_ (p(t)) can be
identified via the Killing form with a curve L(t) living inside of the Lie algebra
sp(4,R). Moreover L(t) is an integral curve of L(t) = [dH,, L(t)].

We know that

3
L(t) = > (=Hi(p(t))As + Pi(p(t)) B; + Qi(p(1))Ci) — Ha(p(t)) As
i=1
and
3
dH, = Z((Q + ves)i4; + b;B; + ¢;C;),
i=1
or, viewed as elements of the Lie algebra (R'?, [ ,]) mentioned in section 4, L(t) =

(=H,P,Q,—H,) and dH, = () + ~es, b, ¢,0).
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614 C. IVANESCU AND A. SAVU

Now is easy to expand the system L(t) = [dH,, L(t)] and to get the equations
(5.1):
dH dP dQ dH, . . o
B A : “H,P.Q,—-H
( dt 5 dt ’ dt ’ dt ) [( +'Y@37bac7 0) 5 ( B 7Q7 4)]
= (—(Q+7es) x (—H)+bx P+éxQ,—(Q+es) x P—bx (—H) — Hyé,
—(Q+7e3) x Q—éx (—H)+ Hyb,é-P—b-Q)

= (—Hx (Q+47e3) —Pxb—Qxé&Px(Q+4vyes3) — H x b— Hyé
Q x (U +~es) — H x é+ Hyb,—(b-Q — é- P)).

Proposition 5.1. The Hamiltonian system described in Theorem 5.1 has a Lax-
pair representation without spectral parameter. In other words the system is equiv-
alent to the Lax equation L = [M, L] where

(5 2) I = 1 (Hg—H4)i0’2 —H21—H1i0’2
) 9 Hs1 — Hyioo —(H3+H4)i02
I L[ (P —Q2)o3 + (P2 + Q1)on Pso3 + Q301
2 P3o3 + Q301 —(P1 + Q2)o3 + (P2 — Q1)01
and

(5.3) M= 1 ( —(2H3 +~)ico H>1+ Hyioy )

5 —H>1 + Hyioo (2H3+’y)i02
+ 1 (bl - 02)03 + (bz + 01)01 bsos + c301
2 b3os + c301 —(b1 + c2)o3 + (ba — c1)o1

Proof. The proof follows in a straightforward way from Proposition 3.1. L is exactly
the identification of a dual element p with an element of the Lie algebra, using the
trace form (4.2). M = d,H, and

dyHy=H 1A\ +HyA+(2H3 + v) A3 +b1B1 + by Ba + b3 B3 + ¢1C1 + ¢2C3 + ¢3C5.
O

Theorem 5.2. The Hamiltonian system (5.1) has Hs — Hy as integral of motion
iff between the b’s and c’s there is the relation

(54) b3 = C3 — 0, b1 = C2 and bg = —C1.
Proof.
d
ﬁ(H:s —Hy) = baPi =01 P+ c2Q1 — c1Q2 — b1Q1 — b2Q2 — b3Q3

+c1Pr+coPo+c3Ps
= (ba+c1)Pr— (by —ca)Pa+c3Ps+ (co —b1)Q1
—(e1 +02)Q2 + b3Qs,

—(Hg—H4) = 0 iff b3203:0, b1:CQ and bQZ_Cl. O
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THE KOWALEVSKI TOP 615

We should note that the condition b3 = c3 = 0,b; = co and by = —c1 implies that
the vectors b and ¢ are perpendicular and the Hamiltonian H, has the particular
form

(5.5) H, = ~(Hf + H3 +2H3) + vH3 + b1(Py + Q2) + b2(P> — Q1).

N =

6. REDUCTION OF THE HAMILTONIAN SYSTEM ON sp(4)*
TO THE KOWALEVSKI TOP

In this section we show how the class of Hamiltonian systems defined in section
5 can be reduced to the Kowalevski top and gyrostat. This reduction completely
explains the Lax-pair representation of the top found by A. Reyman and M.A.
Semenov-Tian-Shansky. Recall that our assumption (5.4) holds.

Theorem 6.1. Assume that the value of the integral of motion Hs — Hy is —.
Then the Hamiltonian system (5.1) can be transformed into the Kowalevski gyrostat
by the affine transformation (6.1):

(6.1) H—H P+b—h Q+é—g.

Proof. To shorten notation, let QA, =0+ ~ves. Then

H e A L o
Cii_t = HxQu+Pxb+Qxé=HxQ,+(h—0)xb+(§—¢) x¢é
= HxQ, +hxb+gxé
P -
% = C;—t:PxQV—be—Hzlé:(h—b)XQV—be—(Hg—f—'y)c
= hxQ,+(Q, — H) xb— (Hs +7)é
= hxQ,+ (Hs+7)es xb— (Hs +7)é=hxQ,,
% = %:Qxﬂv—ﬁxé—i—H&:(g—é)xfly—ﬁxé—k(Hg—k'y)B
= x4+ Q- H) xé+ (Hs + )b
= Gx Q4 (Hs+7)es x é+ (Hs +7)b=§ x Q.
Weusedthategxgzéandegxé:—g. O

Theorem 6.2. Assume that the value of the integral of motion Hs — Hy is —v.
Then the Hamiltonian system (5.1) reduces to the Kowalevski top using the affine
transformation (6.2):

(6.2) H—-H P+b—h Q—)—é.
Proof. The proof is based on the fact that the top is obtained from the gyrostat by
imposing the invariant condition g = 0 together with v = 0. O

Proposition 6.1. The Laz-pair representation of the system (5.1) exhibited in
Proposition 5.1 can be modified into a Lazx-pair representation without spectral pa-
rameter for both the Kowalevski gyrostat and the Kowalevski top.
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616 C. IVANESCU AND A. SAVU

The transformation which produces the Lax-pair for the gyrostat is that of The-
orem 6.1. The transformation which produces the Lazx-pair for the top is that of
Theorem 6.2.

The matrices L, M of the Lazx-pair for the gyrostat are

B 0 0 1 —’yiO'Q —Hgl — HliO'Q
(6.3) L= ( 0 bios — byoy > t3 ( Hs1 — Hyioy  —(2H; + yios)ios

i 1 < (h1 — g2)os + (ha + g1)o1 hsos + gso1 >
2 hzos + g3o1 —(h1 + g2)03 + (ha — g1)o1
and
(6 4) M= 0 0 l —(2H3+’y)i02 Hs1 + Hyiog
' o 0 boo1 —biog 2 —Hs1 + Hyios (2H3+’y)i02

The matrices L, M of the Laz-pair for the top are the matrices L, M of the Laz-pair
for the gyrostat on which we impose the condition g =0, v = 0.

Next we show how we can modify the Lax-pairs from Proposition 6.1 in such a
way that they contain a spectral parameter. We will only show the work for the
gyrostat. The same reasoning can be carried out for the top. The explanation for
the appearance of the spectral parameter is based on a symmetry of the gyrostat.

Theorem 6.3. If (H', fz, g) is a solution of the gyrostat fized by the parameters b

and ¢, then (I:I, %ﬁ, %Q) is a solution of the gyrostat fixed by the parameters b
and A¢.

Proof. The proof follows from the form of the equations (2.4) of the gyrostat. The
decisive property of these equations is the pair of relations

I N 1
(6.5) hxb:XhXAb and gxézxgx)\é. O

Observe that the matrices L and M in Proposition 6.1 of the Lax-pair representation
for the gyrostat, without spectral parameter, are of the form

L a+ f1(H) + fa(h, ),
M = Cm+f3(ﬁ)a

where ¢;, ¢, are constants involving b’s and f1, fs, f3 are linear functions of H'’s,
h’s, g’s and . Their particular form allows us to prove the next theorem.

Theorem 6.4. There is a Laz-pair representation with spectral parameter L(\) =
[M(X), L(N)] for the Kowalevski gyrostat. The matrices L(\), M ()) have the form

(6.6) LY = et fi(H) + 5 falhd)
(6.7) M) = Aem+ f3(H).

Proof. The proof is based on Theorem 6.3. Since L = [M, L] is equivalent with the

gyrostat then L(\) = [M(\), L(\)] will still be equivalent with the same gyrostat.
Hence L(A) = [M(X), L(N)] is a Lax-pair with spectral parameter for the gyrostat
and coincides with the Lax-pair found by A. Reyman and M.A. Semenov-Tian-

Shansky [11]. O
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THE KOWALEVSKI TOP 617

As a byproduct of the reduction of the Hamiltonian system on sp(4)* to the
Kowalevski top we can relate the Casimir functions of sp(4)* to the Hamiltonian
of the top and the nontrivial integral of motion (2.3) of the top.

The Poisson manifold sp(4)* has two independent Casimir functions,

(6.8) Tr(L?) and Tr(L*),

where L is the matrix given by equation (5.2). They are integrals of motion for the
Hamiltonian system (5.1). Therefore if we impose the conditions

(6.9) Hy=H,, P=h-b Q=-¢ ~=0

on Tr(L?) and Tr(L*) we obtain the following integrals of motion for the Kowalevski
top. Indeed under these conditions

(6.10) Tr(L?) = —2Ham + ||2]]? + 2(b% + b2),

(6.11)
A PN 1, -
Tr(LY) = Iy + [[h][*(2b7 + 205 — Ham) + 2(Ham — b7 — b3)* — (hH)* + Z[h][*,

where by Ham we mean the Hamiltonian of the top (2.2) and I3 is the integral of
motion (2.3) of the top with the complicated form described in Section 2.

Hence we have shown that the nontrivial integral of motion of the Kowalevski’s
top comes from one of the Casimir functions of the Poisson-Lie algebra sp(4, R)*.
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