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ABSTRACT. We show that every extreme point of the unit ball of 2-homogene-
ous polynomials on a separable real Hilbert space is its exposed point and that
the unit ball of 2-homogeneous polynomials on a non-separable real Hilbert
space contains no exposed points. We also show that the unit ball of 2-
homogeneous polynomials on any infinite dimensional real Hilbert space con-
tains no strongly exposed points.

We recall that a unit vector x in a real Banach space F is ezposed if there is a
unit vector f € E* so that f(z) =1 and f(y) < 1 for each y € Bg with y # «x,
where Bp is the closed unit ball of E. It is easy to see that every exposed point
of Bg is an extreme point. A unit vector x in a real Banach space E is strongly
exposed if there is a unit vector f € E* so that f(xz) = 1 and given any sequence
(zx) in Bg with f(zp) — 1 we can conclude that x; —  in norm. It is easy to
see that every strongly exposed point of Bp is its exposed point. We denote by
extBg, expBg and sexpBpg the sets of extreme points, exposed points and strongly
exposed points of Bg, respectively.

Let P(2H) be the Banach space of continuous 2-homogeneous polynomials on a
real Hilbert space H. Recently many authors (see [I]-[7]) studied extremal problems
for polynomials on a Banach space. The extreme points of the unit ball of this space
has been characterized by Grecu [6]. The object of this note is to determine the
exposed and strongly exposed points of the unit ball of P(2H). Grecu showed that
for a real Hilbert space H, P € extBp(2p) if and only if there exists an orthogonal
decomposition of H = H; @ Hy such that P(x) = ||m1(z)||? — ||me(z)||?, where
7 + H — H; are the orthogonal projections of H onto H; (j = 1,2). Using this
result we show the following results:

(1) If H is a separable real Hilbert space, then every extreme point of the unit
ball of P(?H) is exposed.

(2) If H is a non-separable real Hilbert space, then the unit ball of P(?H)
contains no exposed points.

(3) If H is an infinite dimensional real Hilbert space, then the unit ball of P(2H)
contains no strongly exposed points.
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Theorem 1. Let H be a separable real Hilbert space. Then every extreme point of
the unit ball of P(*H) is exposed.

Proof. Since expBp(2py C extBp(zp, it suffices to show that if P € extBp@p),
then P € expBpzp-

Let P € extBp2y). By Theorem 1.6 of [6], P(z) = ||mi(2)]|? — ||m2(z)||* where
H = H, & H, and 7j : H — H; are the orthogonal projections of H onto H; (j =
1,2). Clearly ||7;]| = 1. Let {ea}aca and {tg}gep be orthonormal bases of H; and
Hj, respectively. It is clear that {eq,?3}aca,sep is an orthonormal basis of H.
Then for each x € H, we have

r = Z <$7ea>eoz + Z <J),t5>t5

acA pseB

and

P(z) =Y (zea)® = > (z,15)".

a€cA peB

Note that P(eq) =1 for all @« € A and P(tg) = —1 for all 8 € B. Let {aa}aca and
{bs}seB be collections of reals such that a, > 0,b3 < 0 and

Zaa—Zbgzl.

acA BeB

Define f € P(2H)" such that for each Q € P(2H),
(@) =) Qlea)aa + Y Qlts)bs:

a€cA BeB
Then || f|| = 1. Indeed, for each Q € P(2H) with ||Q| = 1, we have |Q(ea)| < 1 for
all a € A,|Q(tg)] <1 for all 8 € B and

7@ < ) 1Q(ea)laa + Y 1QUI(=bg) < D 1-aa— Y bs=1

aEA BeB acA 1-8€B

and

f(P)= ZP(ea)aa—l— ZP(tg)bgz Zl-aa— Zl-bg:l.

acA BeB acA BeB

We will show that this functional f exposes the polynomial P.
Let Q € P(H) be such that f(Q) =1 = ||Q||. We claim that Q(e,) = 1 for all
a € Aand Q(tg) = —1 for all 5 € B. Indeed,

1=f(@Q) =) Qlea)ta+ D> Qlig)bs =D 1-aa—y 1-bg=1,

acA BEB acA BEB

50 Q(eq) =1foralla € A and Q(ts) = —1 for all 3 € B because of a, > 0,b3 < 0.
Let Q be the corresponding continuous symmetric bilinear form to the polyno-
mial Q.
We claim:

(1) Qea,ear) =0 (a#a €A)

(2) Qtp,tp) =0 (5# 0 € B);

(3) Qeasts) =0 (ave A, Be€B).
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Proof of (1). It follows that
1= HQH > sup |Q(xaea + xa’ea/)|

ngrxi,:l
= sup |Q(xaeoz + oo Tala + xa’ea’”
zi+xi,:1

= Sup |Q(e(¥)x(2y + Q(eﬂl’)xg/ + 2@(60“ ea’)xozxo/l

2 2 _
;cu+9ca,_1

sup |x(2y + xi, + 2(:2(6,17 €a’)Tala
x§+xi,=1

sup |1 + 2@(6047 ea')xaxa’|
ngrxi,:l
which implies Q(ea, eq) =0.
Proof of (2). By the similar proof of (1), we have
1=[QI= suwp [Qpts +apts)l= sup |1+2Q(ts ts)zpzy]
;c%—i—;c?j,:l ;c%—i—;c?j,:l
which implies Q(tg, tg) = 0.
Proof of (3). By the similar proof of (1), we have
1=[QI = sup [Q(zaca+zsts)l

2_
xiJrzﬁfl

sup |Q(ea)xi + Q(tﬁ)xg + ZQ(ea, tg)razpl

x2tad=1

= sup |22 — x% +2Q(ea,tg)zazsl.

22 4z3=1
By Lemma 2.1 of [3], we have Q(ea, tg) = 0. For x € H, it follows that
Q(x) = Q(a, )
=Q0)_ (weadeat Y (mta)ts, Y (wea)ea+ Y (x,t5)tp)

acA BeB acA BeB

Y (@)@ ea)Qleasear) + Y (2,ts) (2,5 Qts, te)

a,a’ €A B,8'eB

+2 Z <x7e(¥><xvtﬂ>@(eaat5)

a€A,BEB

=Y Qlea)wea)’ + Y Qltp)(w,ts)” (by claims (1)-(3))

a€A pBeB

=) (wea)? = Y (x,t5)? = P(a),

a€A BeB

showing that f exposes P. Therefore P € expBp . O

Theorem 2. Let H be an infinite dimensional real Hilbert space. Then the unit
ball of P(2H) contains no strongly exposed points.

Proof. Since sexpBp2pry C extBp2p), it suffices to show that

sexpBp@py) NextBpeg) = 0.
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Let P € extBppy. By Theorem 1.6 of [6] P(z) = ||mi(z)||* — [|[w2(2)||* where
H = Hy ® Hy and 7; : H — Hj are the orthogonal projections of H onto H;
(4 =1,2). Clearly ||7;|| = 1. Without loss of generality, assume that dim(H;) = oo
Let {ea}aca be an orthonormal basis of Hi. Let {a;}32, C A. It is clear that for
each x € H, we have mi(z) = >, (m1(2), €a)eq. Then

P(a) =) (m(x),ea)’ = ||Ima(2)||*.
acA

Suppose that P € sexpBp2p). Then there is an f € P(?H)" such that ||f|| =1 =
J(P) and given any sequence { P;} in Bp(2 ) with f(P;) — 1, we have || P;—P|| — 0.
For each o;, we have

FOY- (m(2),ea)? = (mi(), ea;)? = Ilma(2)|I?) < 1

aFa;

= f(Q_ (m(2),ea)’ = llma()|?),

acA

so f((mi(x),eq,)?) > 0. We will show f((m1(x),eq,)?) — 0 as j — co. For each n,
D fm@)ea;)?) = F(Y (mi(2),€a,)?)

1<j<n 1<j<n
< I DS (m@)ea =11 Y (mi(2)eq,)?l
1<j<n 1<j<n
= sup Y (m(2),eq;)? = sup [mi(@)]? = |lm|* =
llzll= 11<]<n Hx”:l

Thus Zl§j<oo f((wl(x),eaj) ) <1, so we have f((m(x),e%.)Q) — 0.
Define Pj(z) = P(z) — (m1(x), €q,)*> € P(*H). Then ||P;|| =1 and |f(P;) — 1| =
|f(P; — P)| = f((m1(2), eq,)?) — 0. But

1P; = Pl = [[{m1 (), €a,)?|| = Sup (m1(2), €a,)* =1,
x||=

so we have a contradiction. Thus sexpBp@p) = 0. O

Theorem 3. Let H be non-separable real Hilbert space. Then the unit ball of
P(2H) contains no exposed points.

Proof. Let P be an extreme point, so that
2 2
P(x) =) (x,ta)* = (w,1p)
acA BEB

relative to a suitably chosen orthonormal basis whose indexing set is the disjoint
union A U B. Suppose that the functional f exposes P. As in the proof of Theorem
2 it follows that f((z,es)?) > 0 for every a € A and similarly, f((z,e,)?) < 0 for

every a € B. But
S Flta)®) = 1 (o ta)?) < 1,

acA a€cA

and hence A must be countable. Similarly, B is countable. Thus H is separable. [
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