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ABSTRACT. In this paper, the authors obtain the endpoint estimates for a class
of non-standard commutators with higher order remainders and their variants.
Moreover, the authors show that these operators are actually not bounded in
certain cases.

1. INTRODUCTION AND MAIN RESULTS

During the development of Calderén-Zygmund operators and their commuta-
tors, a class of non-standard singular integrals and commutators with higher order
remainders were well studied. There are many works on these topics; see [1], [2],
[4], [6], etc. In this paper, we study the non-standard commutator defined by

Qz —y)
T (@) = [ R (i) () dy,

T — y|n7a+m71

where 0 < o < n, Q € Lip;(S"~!) is homogeneous of degree zero, m € N, A has
derivatives of order m — 1 in BMO(R™) and

Ro(Asz,y) = Alr) = Y %Dm(y)(m—y)v.
[v|<m

Here and in what follows, for any locally integrable function f on R", Fefferman-
Stein’s sharp function of f is defined by

(@) = sup = /B F@) — ms(f)] dy,

BCRn B|

where B is any ball centered at x and mp(f) = |B|™! [ f(z) dz. Moreover, f
is said to belong to BMO(R™) if f# € L>°(R") and define ||f||smo = ||f*]loo- A
well-known property of BMO(R™) is that it is the dual space of the Hardy space
HY(R™). When o = 0, T2 is bounded on LP(R") if 1 < p < oo and ) satisfies the
additional moment conditions

(1.1) / Qz)z" do(x) =0 forall |y]=m—1,
Sn—1
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468 SHANZHEN LU AND QIANG WU

and when 0 < a < n, it maps LP(R™) continuously into L4(R™) if 1 < p, ¢ < o0
and 1/q = 1/p — a/n since Q € L>(S"1); see [4] and [9], respectively. In this
paper, we will study the boundedness properties of these kinds of commutators for
the extreme values of p. In what follows, to avoid distinguishing the case a = 0 and
the case 0 < a < n and to simplify the statements, we will constantly use a general
boundedness assumption of T2 and let n/a = oo when a = 0.

Note that when m = 1, T4 degenerates into the classical commutator of the
fractional or singular integral

Qz —y)
T.f@) = | )y
with the BMO(R™) function A. It is shown in [5] that, in general, this commutator
does not map H'(R") into L™ (»=*)(R"™) and L"/*(R") into BMO(R"). However,
this is not the case when m > 2.

Theorem 1. Let m > 2, Q € Lip,(S™" ') and assume that A has derivatives of

order m — 1 in BMOR™). If 1 < p, q < o0, é = %— > and T2 maps LP(R™)

continuously into LI(R™), then T2 maps L™ *(R™) continuously into BMO(R™).

We also consider the variant of T4, which is defined by

T2 f(x) = / _ 0@ o Aia ) f () dy

" |J) _ yln—oz+m—1

with 1
Qm(A;2,y) = Ry 1 (A, y) — ) ;D”A(a?)(x —y)".
lyl=m-1 "
T4 is closely related to T4 since
_ 1
(1.2) Tf() =T @) = Y S[DVA Taslf(2),
lyl=m-1 "

where T, - is the singular or fractional integral with the kernel

Qz —y)(z—y)"
|J? _ y|n—a+m—1

Kaﬁ(xv y) =
and for any suitable functions b and f and any suitable linear operator T,

[b,T]f(x) = b(x)T f(x) — T(bf) ().
By this, we see that if 1 < p, ¢ < coand 1/¢ = 1/p—a/n, the (LP, L?)-boundedness

of TA and T2 is almost equivalent. Unlike the classical commutators, T2 has a
better property on H*(R™).

Theorem 2. Let m > 2, Q € Lip,(S"™") and assume that A has derwatives of
order m — 1 in BMO(R"™). If 1 < p, q¢ < o0, % = % — 2 and T2 maps LP(R")
continuously into LY(R™), then T maps H'(R™) continuously into L™/ ("=*)(R™).

Theorems 1 and 2 indicate the non-standard commutators with higher order
remainders. Their variants have better properties than the classical commutators,
although they are more like commutators than the classical Calderén-Zygmund
operators. As it is well known that the classical Calderén-Zygmund operators are
both (H', L™ ("=®)) bounded and (L™/*,BMO) bounded. But this is not true for
the non-standard commutators and their variants. In fact, by Theorems 1 and 2,
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the equality (1.2) and the unboundedness properties of classical commutators for
the extreme values of p, we may expect that, in general, T2 does not map H'(R")
into L™/ (»=*)(R™) and T4 does not map L™/®(R") into BMO(R™). This is indeed
true. To state our results, we need the concept of an atom. A function a is called an
H' atom if there exists a ball B C R™ such that a is supported on B, ||aljc < |B|7}
and [a(z)dx = 0. It is well known that the Hardy space H'(R") has the atomic
decomposition characterization; see [8] Chapter 3] for details.

Theorem 3. Let m > 2, Q € Lip;(S™™!) and assume that A has derivatives of
order m — 1 in BMO(R"™). If 1 < p, ¢ < o0, % = % — 2 and T2 maps LP(R")
continuously into LI(R™), then the following two statements are equivalent:

(i) T2 maps H'(R™) continuously into L™/ ("= (R™);
(ii) for any H' atom a supported on certain ball B and u € 3B\2B, there is

n/(n—a)

1 Y
(13) /(43)6 > SHan(ew [ D7 AGa) dy dr < C.

lyl=m—1 "

Theorem 4. Let m > 2, Q € Lip;(S™~!) and assume that A has derivatives of
order m — 1 in BMOR™). If 1 < p, q < o0, % = %— > and T2 maps LP(R™)
continuously into LI(R™), then the following two statements are equivalent:

(i) TA maps L™ *(R™) continuously into BMO(R™);
(ii) for any ball B and uw € 3B\2B, there is

F L X Sjiprae - msoray

(1.4) frl=m=1"

y / Ko (uw,9)F(9) dy| dz < C|[]ln/a-
(4B)°

We remark that Theorems 1-4 are still true if the homogeneous kernels of the

Qz—y) are replaced by the non-homogeneous kernels K (z,y) satisfying

form ——r=tm=r

K(z,y) < Cla —y|~("motm=D
and
VoK (2,9)] + |V, K (2,y)] < Cla —y|~ "m0,
However, when these operators have homogeneous kernels, we can obtain a more
significant result.

Theorem 5. Let m > 2, let Q € Lip;(S™~ 1) not be zero, and, if « = 0, let Q
satisfy the additional moment conditions (1.1). Suppose that A has derivatives of
order m — 1 in BMO(R™). Then the following three statements are equivalent:

(i) T2 maps H*(R™) continuously into L™/ ("=

(ii) T2 maps L™ *(R™) continuously into BMO(R™);

(iii) A is a polynomial of degree no more than m — 1.

It should be noted that the higher order derivatives of A are needed to be in
BMO(R™) for our results to be true. This assumption may probably not be removed
since there is no criterion on the boundedness of these non-standard commutators
analogous with the well-known Coifman-Rochberg-Weiss’ theorem for the classical
commutators.
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By Theorem 5, one can easily deduce that Tf is not (H*, L”/("’a)) bounded
and T2 is not (L™, BMO) bounded unless T = T2 = 0. This conclusion
follows from the fact that if A is a polynomial of degree no more than m — 1,
there is R,,(A;7,y) = Qm(A;x,y) = 0. However, we remark that although T2 is
not (H', L™ (=) bounded, we can prove that it maps H'(R™) continuously into
weak L™/ (=) (R™). In fact, in their recent paper [3], Chen and Hu have proved
this for the case e = 0. The proof for the case 0 < a < n is much similar. We will
not give the details here.

2. PROOF OF THE THEOREMS

We will prove the theorems in this section. We remark that Theorem 1 can
be proved by a standard sharp estimate. As for Theorem 2, because it has been
essentially proved in [7] for the case & = 0 and in [9] for the case 0 < a < n, we will
omit its proof. The ideas to prove Theorems 3 and 4 mainly come from [5]. However,
the proof of Theorem 5 is not so trivial as that of the classical commutators in [5].
Now let us turn to the proof of the Theorems. We start with a key lemma.

Lemma 2.1 (see [4]). Let b(x) be a function on R™ with m-th order derivatives in
L (R™) for some ¢ > n. Then

loc

1/q
1
| R (b3 2, y)| < Crnlz —y[™ > <m o )|Dab(2)|qdz> ;
’ z,Y

laj=m
where Q(x,y) is the cube centered at = and having diameter 5\/n|x — y|.
Proof of Theorem 1. Noting that

@) <2 sup inf — /B F@) — cldy

BCRn» cER |B|

with the supremum taken over all balls centered at x on R", we need only show
that there exists cp so that

1
EL'TM@/)—CBI@SC 17w+ 22 1D Allssio | 1l

[v|[=m—1

holds for any ball B = B(z,r) on R with C independent of B and f. To do this,
write fi = fxup and fo = f — f1, choose yo € 3B\2B, and take cg = T2 fo(yo).

Write X 1
1 / TAF () — T2 falyo) dy < — [ T2 1,(9)] dy
o 1 1B| /s
+®/BIT(§‘fz(y) —TA fy(yo)|dy = T + I

Take 1 < p < n/a and g such that 1/¢ = 1/p—a/n. By the (L?, L?) boundedness
of Tf, the term I; can be well estimated:

1/q
1 _
I < <—|B| /B ITof‘fl(y)lqdy> < OB T oy 1 F1llp < CINT M gy 11 1

To estimate the term I, let

i) =AW~ Y Sms(D A

[y|=m—1
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Obviously there is Ry, (A;y,2) = Ry (A;y, z). By the formula (see [I])

(21) Rm(A;xvy) - Rm(A;xvz) = Z %Rm—\ﬂl(DﬁA;zvy)(x - Z)ﬁ'

[Bl<m

It follows from Lemma 2.1 that when |y — z| < r and 2Fr < |z — x| < 2¥+1r with

k>2,
Qy — 2) 7 Qyo — 2) x
ly — z|"~ "+m 1R (A9.2) = lyo — z|"—a+m—1Rm(A;yO’Z)
) Qyo — 2) p
‘ Iy - z|” atm=1 " Jy, — zn—afm-1 [Bm—1(A; 9, 2)]

-2z - -
|y0 _(j(; O¢+)m 1 |Rm*1(Ay’Z) _Rmfl(A;yOaZ”
Ay =27 Qyo —2)(yo = 2)"
+ZW| -1 DYA(2)] ‘ |y Z|n atm—1 " |y — z[n—atm—1

< CYpyj=m—1 ID7AllBMo [kly —yolly — 2|~ (rmo

o — 2~ m=D (fy — ot 27 Kly — yol'lyo — 2™ 1“)]

+CZW|:m71 |D’Y‘Z1(Z)||y - y0~||y - Z|TL—O¢+1
< O jm-1 (1D Allpyo + [ DYA(z) k27 |y — 2|~ (=),

where we have omitted some well-known technical computations. Therefore, taking
s,t > 1so that 1/s+ 1/t + a/n =1 and using Holder’s inequality, we obtain

|T(;4f2(y) - Té?fz(yoﬂ

S Qy — 2) .
= T—inarm T Bm(Ay, 2
;;2 /2k+1B\2kB |y — Zln—(y+m_1 ( )
Qyo — 2) N
_ (Ao,
|y0 - z|n*a+m71Q ( Yo Z) fQ(Z) dz
1/s
< C k2 k f n/a / —z *(nfa)s dZ
Z I fellny ( a1

1/t

/ S (1D Allssro + DA d
2k+1pB

ly|=m—1
<C 3 D Alsrol follaja Y K227
[y|=m—1 k=2

=C Y ID"Alsmoll folln/a-

ly|=m—1
Thus,
IQ S C Z ||D,YA||BMO||f2||n/a

Iy[=m—1
Combining the estimate for I; and I3, we finish the proof.
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Proof of Theorem 3. Because of the atomic decomposition theory of the space
H'(R"), a linear operator T being bounded from H'(R") to LI(R"), ¢ > 1, is
equivalent to the fact that for any H' atom a there is ||Tal|; < C. So we need only
consider the behavior of T acting on an H' atom. Suppose that a is such an atom
supported on B = B(xg,10). Let

Az) = A@x) - > l,mB(DvA)xv;
ly|=m—1 "

then R, (A;z,y) = Ry (A;z,y). For u € 3B\2B, let

p1(z) = xap(2) T a(z), 0
p2(z,u) = X(@B)- () [pn <|m_y(|i%

—%le(ﬁ;x,w) a(y) dy,
p) = X2 (2) o 57 [ Ko (00) = Koo 0 0}D" Alp)alo) iy

1 ~
M4(xa U) = X(4B)G ((E) Z\ﬂ:mfl ? 5 Ka,“/(xa U)D’YA(y)a(y) dy

Rmfl(A; z, y)

Then by the vanishing condition of a, it is not difficult to verify that
T2a(z) = p1(2) + po(r,u) — ps(z,u) — pa(w, u).

Taking n/(n — a) < ¢ < oo and p so that 1/¢ = 1/p — a/n, it follows from the
(LP, L9) boundedness of T2 that

it lnsn—ay < [4B|C=/"=Ya| T kally < O|BI* VP a]l, < C.

In what follows, we assume that k& > 2. When 2 € 2¥*1 B\2¥ B, using the formula
(2.1) and Lemma 2.1 we obtain

Qx —y) Qx —u)

WRm—l(A; z,y) — WRm_l(A; x,u)
Uz —y) Q(x —u) -
=l —ylrmetmot g —yfradmeT | Bm—1(4; 2, y)]
Qz —u ~ -
+ |x_15|n—a+)m1 |Rin—1(A;2,y) — R 1 (A; 2, u))|

<O e 1D Al (k|x gty oy

—2 —(n— _ 11—
+27;0 |£L‘—y| (n—a+m 1)+l|y_u|m 1-1

<CY 1 jem1 IDY Allzmok2 ¥z — y[ (=),
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Thus, we have

l12(s ) [l (n—a)

<C Z ||D7AHBMOZI<:2_
7=

n/(n—a)
x[/’ (/Wx—y|m<”mwn@0 d4
2k+1\2tB \JB

<C Z ||D7A|\BMOZI<:2 K

lv|=

=C Z | D7 AllBmo-

[v|[=m—1

(n—a)/n

Concerning the term pg(z,u), since  is Lipschitz, we obtain

”1“’3 ('au)”n/(nfa)
<C

= Z\ﬂ:mfl ZI;“;Q
|y_u| ) n/(n—a) (n—a)/n
X f2k+lB\2kB (fB WlDVA(y)a(y” dy)
<O pymm—1 ID7AllBymo 3232, 27F
S Cz‘ﬂzm—l HDA/A”BMO
Now we see that [|T2'all,/(n—a) < C is equivalent to ||pa(-,w)|[n/(n—a) < C. Using

the vanishing condition of a, we see the last expression is just (1.3). This finishes
the proof.

Proof of Theorem 4. Let f € L™/ *(R™) and for any ball B C R", write

f=fi+fo=fxas+ fxup)e-
Also, as in the proof of Theorems 1 and 3, let
1

Alw) = A@@) = Y —mp(DTA)x"
vl ’
For u € 3B\2B, put
oi(x) = T(ffl(x)é
@@%ﬂwﬁjﬁgﬁ%:&nﬂ&%wh@M%
1

o3(@,u) = 31 11 (D7 A)(@) = mp(DY A)|(Tay f2(2) = Taqy fo(u),
o4 (2, u) = Do) 2 15 (D7 A) (@) = mp (DY A)|Taq f2(u).
Then obviously there is
T3 f(x) = o1(2) + 02(2) — o3(,u) — 0a(, u).
Noting that mp(o4(-,u)) = 0, we have
T f(2) = mp(Tf) = o1(x) — mp(o1) + [02(x) — 02(u)]
)

—mg([o2()) — o2(u)]) — o5(z,u) + mp(os(-,u) — oa(x, u).
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Like the estimate for I; in the proof of Theorem 1, it follows from the (LP,L9)
boundedness of T4 that

1
& /B 03 (2)] dz < C\ DY Allatol| /e

By the method of estimating the term I in the proof of Theorem 1, but a little
simpler here, we can show

o2 () —oa(w)| < C Y ID" Allsmol|flln/a-
lv|=m—1
Finally, since €2 is Lipschitz, a standard computation leads to
17 [, e lde ¢ 50 1D sl oo
Ivl=

Then integrating in « on B and using the above estimates we obtain the equivalence
of the estimate

1 _ _
B /B TAf () = mp(TAf)] dz < C|[ ]l
and the estimate
1
& /B o4, 0)| d < Cl| 1o

Since B is arbitrary, we finish the proof.

Proof of Theorem 5. First note that (iii) obviously implies both (i) and (ii) since
when A is a polynomial of degree no more than m — 1, T4 = T2 = 0.

Now let us consider the converse. As we have pointed out in Section 1, under
the assumptions of the theorem, both T4 and T2 are bounded from LP(R") to
L%(R™). Thus, by Theorems 3 and 4, we need only show that both (1.3) and (1.4)
imply (iii).

We first show that (1.3) implies (iii). Let a be any H' atom and

¢, == [ DAl

Suppose that a is supported on the ball B = B(zg, ro). By (1.3), for any u € 3B\2B,

n/(n—ca)

dx
n/(n—a)

Q(x u)(x —u)Y

'Y |£L' |n7a+m71

Qx —u)(x — u)?
Eh\ =m—-1>7 |IE u|n a+m 1
da(x)dr

n/(n—
Zm:m—l Cy ()"
n/(n—a)
Z\ﬂ:mfl C.YQ(J?)J)’Y‘ do (),

C = Jup)

=m-—1

dx

= f7ro<\x u|<Nrg

- f7rr0 ! fS" 1

=10g(N/7) [gn-1

where N > 7 is any large positive integer. Noting that log(N/7) — oo as N — oo,
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we must have
n/(n—a)
/ y Q@) do(z) =0.
Sn—l

[vl=m—1

This implies

Z C,Q(z)x” =0.

lv[=m—1

Since € is not zero, as the result of the fact that Q(x)z?, |y| = m — 1, are linear
independent, we obtain C,, = 0 for all v, |y| = m — 1. That is,

[ DAty dy =
B

Since a is arbitrary, DY A must be constant. This means A must be a polynomial
of degree no more than m — 1.

Let us turn to show (1.4) implies (iii). Let {7}, be all the multi-indices such
that |v'] = m — 1. Denote by U the matrix with its coefficients

1 i
Ujj = Uj; = P /Sn_1 Q)22 27 do(x).

Since Q(x)x“’i, 1 <4 < M, are linear independent, we have det(U) # 0. For any

fixed 7, |y| = m — 1, there exists unique i(7) such that v = 4*("). Let €i() be the
i(7)-th unit coordinate basis vector in RM and put

_ —1
(C%h Cy,2," " ac“/,M) = ei('y)U .

Let
M 1 )
gy(z) = Z c%iﬁﬁ(x)x” :
i=1 ’

Suppose that B = B(zo,ro) is any fixed ball on R™. Let

X

hw,N(q’.) = gy <m> |x|7aX{7ro<|x|<N7"o}(x)

and for any u € 3B\2B and any large integer N > 7, let fy n(x) = hyn(u — ).
Then f, y € L"/*(R") and

a/n
1o e = og(N/T)]/ ( [l da<x>) .

Sn —
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At the same time, we note that the left-hand side of (1.4) is larger than

|B|/ J,[ vjA(x)—mB(DW'A)] . Ko i (u,y) fyn(y) dy| dx

1 N .
>®/B ;WD A(z) = mp(D" A)

Qu—y)(u—y)”

|’U, _ y|n—a+m—1

X f7r0<|y—u\<Nr0 f“/,N(y) dy dx

M

_ I%I/ Z L D7 A(z) — mp (DY 4)]

f}/]l

N'r‘()
X Zz_ Cvy.i “/ rt /S"‘ 1 |2x7 2 do(y) dr| dz

10g(N/7)|;?|/B Z[DVjA(x) mp( D” chu”
j=1

— 1og(N/7)|%| /B IDYA(z) — mp(D7 A)| da.
Thus, by (1.4), there is
[1og(N/7)]1*a/”% /B |DYA(z) — mp(DVA)| dz < C.
Letting N — oo, we obtain
ﬁ /B |DYA(z) — mp(DYA)| dz = 0.

Since B is arbitrary, DA must be constant. Hence, A must be a polynomial of
degree no more than m — 1. So far, the proof of Theorem 5 is completed.
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