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Abstract. It was proved in an earlier paper by the author that the Hochschild
cohomology algebras of self-injective algebras are invariant under stable equiv-
alences of Morita type. In this note we show that the orbit algebra of a self-
injective algebra A (considered as an A-A-bimodule) is also invariant under
stable equivalences of Morita type, where the orbit algebra is the algebra of
all stable A-A-bimodule morphisms from the non-negative Auslander-Reiten
translations of A to A.

1. Introduction

Let K be a fixed field. In representation theory of finite-dimensional associative
K-algebras with identity elements, stable equivalences of Morita type seem to be
of particular interest. They arose in representation theory of finite groups (see [4]).
Rickard proved that if two self-injective K-algebras are derived equivalent, then
they are stably equivalent of Morita type [15]. Moreover, in [15] Rickard general-
ized a result of Happel [7] and proved that the Hochschild cohomology algebras of
finite-dimensional K-algebras are invariant under derived equivalences. Rickard’s
result was generalized in [13], where it was proved that the Hochschild cohomol-
ogy algebras of finite-dimensional self-injective K-algebras are also invariant under
stable equivalences of Morita type.

Now suppose that A is an additive K-category. Then for any K-linear endo-
functor F : A → A and any fixed object X we define an algebra A(F ;X) of F in
X as follows. The algebra A(F ;X) =

⊕∞
n=0 HomA(Fn(X), X) as K-linear spaces

and the multiplication of a homogeneous element u : Fn(X) → X of degree n by
a homogeneous element v : Fm(X) → X of degree m is given by the composition

vu = [Fm+n(X)
Fn(v)−→ Fn(X) u−→ X ]. Such algebras were studied by Lenzing in

[10] and Kerner in [9]. A particular example of such an algebra is the Hochschild
cohomology algebra HH(A) of a finite-dimensional self-injective K-algebra A. In
fact HH(A) ∼= A(ΩAe ;A) where Ae = A⊗K Aop is the enveloping algebra of A and
ΩAe : mod(Ae)→ mod(Ae) is the Heller’s loop-space functor on the stable category
of the right finite-dimensional Ae-modules.
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344 ZYGMUNT POGORZA LY

The main result of [13] shows that if A is a symmetric K-algebra, then the
algebra A(τAe ;A) is also invariant under stable equivalences of Morita type, where
τAe : mod(Ae) → mod(Ae) is the Auslander-Reiten translation [3]. Our objective
is to prove a similar result for stable equivalences of Morita type between arbitrary
self-injective K-algebras.

The main result of this note is the following.

Theorem 1.1. Let A, B be self-injective, finite-dimensional K-algebras. If A and
B are stably equivalent of Morita type, then the algebras A(τAe ;A) and A(τBe ;B)
are isomorphic.

As a consequence of this result we also obtain the following.

Theorem 1.2. Let A, B be self-injective, finite-dimensional K-algebras which are
derived equivalent. Then the algebras A(τAe ;A) and A(τBe ;B) are isomorphic.

A special case of a stable equivalence of Morita type is a Morita equivalence. In
this case the above results are obvious.

2. Preliminaries

For a finite-dimensionalK-algebraA denote by mod(A) the category of the finite-
dimensional right A-modules. The stable category mod(A) of mod(A) (or shortly of
A) modulo projectives is the quotient category mod(A)/P , where P is the two-sided
ideal in mod(A) consisting of the morphisms which factorize through projective A-
modules. For any two objects X , Y of mod(A) we denote the morphism space
Hommod(A)(X,Y ) by HomA(X,Y ). Every element of HomA(X,Y ) is a coset f of
a morphism f ∈ HomA(X,Y ) modulo P(X,Y ).

The enveloping algebra Ae of an algebra A is the algebra A ⊗K Aop, where
Aop stands for the opposite algebra. We shall use D for the usual duality. Thus
D = HomK(−,K).

We have two self-equivalences on mod(A) in case A is self-injective. One of them
is Heller’s loop-space functor ΩA : mod(A) → mod(A) [8]. The other one is the
Auslander-Reiten translation τA : mod(A) → mod(A) [3]. These two functors are
related to one another by the following well-known formula [5]:

τA ∼= Ω2
A ◦ (−⊗A D(A)).

We shall frequently use the following properties. If two finite-dimensional K-
algebras A and B are self-injective, then the tensor product algebra A ⊗K Bop

is also self-injective. In particular the enveloping algebra Ae of a self-injective
algebra A is also self-injective. Every right, finite-dimensional A ⊗K Bop-module
can be interpreted as a finite-dimensional B-A-bimodule with a central action of K,
and conversely, every such bimodule can be considered as a right A⊗KBop-module.
Then we shall not distinguish between right A⊗KBop-modules and B-A-bimodules.

A finite-dimensional B-A-bimodule X is said to be left-right projective if it is
projective as a left B-module and as a right A-module. In general there is a lot
of indecomposable B-A-bimodules which are left-right projective (see [14]). The
A-A-bimodule A is a good example of a left-right projective A-A-bimodule which
is not a projective one.

Lemma 2.1. Let A be a finite-dimensional, self-injective K-algebra. Then τAe(A)
∼= A⊗Ae D(Ae)⊗A Ω2

Ae(A) in mod(Ae).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



NEW INVARIANT OF STABLE EQUIVALENCES OF MORITA TYPE 345

Proof. We infer from τAe ∼= Ω2
Ae ◦(−⊗AeD(Ae)) that τAe(A) ∼= Ω2

Ae(A⊗AeD(Ae)).
But we know from [11] that for any left-right projective A-A-bimodule X it holds
that Ω2

Ae(X) ∼= X⊗AΩ2
Ae(A) in mod(Ae). Thus τAe(A) ∼= A⊗AeD(Ae)⊗AΩ2

Ae(A)
in mod(Ae) which finishes our proof.

We also have the following dual version of the above lemma.

Lemma 2.2. Let A be a finite-dimensional, self-injective K-algebra. Then τ−1
Ae(A)

∼= A⊗Ae D(Ae)⊗A Ω−2
Ae (A) in mod(Ae).

Proof. Use dual arguments to those in the proof of Lemma 2.1.

Lemma 2.3. Let A be a finite-dimensional, self-injective K-algebra. Then for
every indecomposable, left-right projective A-A-bimodule X which is not projective
there is an isomorphism τAe(X) ∼= X ⊗A τAe(A) in mod(Ae).

Proof. We infer by the above formula that τAe(X) ∼= Ω2
Ae(X ⊗Ae D(Ae)). But

X ∼= X ⊗A A as A-A-bimodules. Moreover, we obtain that Ω2
Ae(X ⊗Ae D(Ae)) ∼=

Ω2
Ae(X⊗AA⊗AeD(Ae)) ∼= X⊗AA⊗AeD(Ae)⊗AΩ2

Ae(A) in mod(Ae) by [11]. Then
we deduce from Lemma 2.1 that A ⊗Ae D(Ae) ⊗A Ω2

Ae(A) ∼= τAe(A) in mod(Ae).
Thus τAe(X) ∼= X ⊗A τAe(A) in mod(Ae).

We also have the following dual version of the above lemma.

Lemma 2.4. Let A be a finite-dimensional, self-injective K-algebra. Then for
every indecomposable, left-right projective A-A-bimodule X which is not projective
there is an isomorphism τ−1

Ae (X) ∼= X ⊗A τ−1
Ae (A) in mod(Ae).

Proof. Using Lemma 2.2, repeat the arguments from the proof of Lemma 2.3.

3. Stable equivalences of Morita type

Two finite-dimensional K-algebras A and B are said to be stably equivalent of
Morita type provided that there is an A-B-bimodule N and a B-A-bimodule M
such that the following conditions are satisfied:

(i) M , N are left-right projective bimodules,
(ii) M ⊗A N ∼= B ⊕Π as B-B-bimodules for some projective B-B-bimodule Π,
(iii) N ⊗BM ∼= A⊕Π′ as A-A-bimodules for some projective A-A-bimodule Π′.

Lemma 3.1. Let A, B be finite-dimensional K-algebras. Then for every right,
finite-dimensional A⊗K Bop-module X there is an isomorphism

X ⊗A⊗KBop D(A ⊗K Bop) ∼= X ⊗A D(A)

of right A⊗K Bop-modules.

Proof. First of all we have an isomorphismD(A⊗KBop) ∼= D(A)⊗KD(Bop) by [12,
V, Proposition 4.3]. But D(Bop) ∼= B as B-B-bimodules. Then we shall indicate
an isomorphism g : X ⊗A⊗KBop (D(A) ⊗K B)→ B ⊗B X ⊗A D(A).

Consider a K-linear map g : X⊗A⊗KBop (D(A)⊗KB)→ B⊗BX⊗AD(A) given
by g(x⊗ (t⊗ b)) = b⊗ x⊗ t for any x ∈ X , t ∈ D(A), b ∈ B. Then for any x ∈ X ,
t ∈ D(A), a ∈ A, b, b′ ∈ B we have g([x⊗ (t⊗ b)] · (a⊗ b′)) = g(x⊗ t · a⊗ b′ · b) =
b′b⊗x⊗ ta = (b⊗x⊗ t)(a⊗b′) = g(x⊗ (t⊗b)) · (a⊗b′). Thus g is a homomorphism
of right A⊗K Bop-modules.

For any b ∈ B, x ∈ X , t ∈ D(A) consider the element b⊗x⊗t ∈ B⊗BX⊗AD(A).
Then b⊗ x⊗ t = g(x⊗ (t⊗ b)). Thus g is an epimorphism.
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The same reasoning shows that f : B⊗BX⊗AD(A)→ X⊗A⊗KBop (D(A)⊗KB)
given by the formula f(b ⊗ x ⊗ t) = x ⊗ (t ⊗ b), x ∈ X , t ∈ D(A), b ∈ B, is a
homomorphism of right A ⊗K Bop-modules. Furthermore, it is clear that fg = id,
gf = id. Consequently, g is an isomorphism. Since B⊗BX⊗AD(A) ∼= X⊗AD(A),
the lemma is proved.

Lemma 3.2. Let A,B be finite-dimensional K-algebras. Then for every left, finite-
dimensional B ⊗K Aop-module X there is an isomorphism D(B ⊗K Aop)⊗B⊗KAop
X ∼= D(B)⊗B X of left B ⊗K Aop-modules.

Proof. Arguments similar to those used in the proof of Lemma 3.1 show the lemma.

Corollary 3.3. Let A, B be finite-dimensional, self-injective K-algebras. Then for
every indecomposable, left-right projective B-A-module X it holds that τA⊗KBop(X)
∼= X ⊗A τAe(A) ∼= τBe(B)⊗B X in mod(A⊗K Bop).

Proof. We infer by the formula τA⊗KBop ∼= Ω2
A⊗KBop ◦ (−⊗A⊗KBop D(A⊗K Bop))

that τA⊗KBop(X) ∼= Ω2
A⊗KBop(X ⊗A⊗KBop D(A ⊗K Bop)). Then we deduce from

Lemma 3.1 that X ⊗A⊗KBop D(A ⊗K Bop) ∼= X ⊗A D(A). Thus τA⊗KBop(X) ∼=
Ω2
A⊗KBop(X⊗AD(A)). Using [11] we have Ω2

A⊗KBop(X⊗AD(A)) ∼= X⊗AD(A)⊗A
Ω2
Ae(A). Since X ⊗A D(A) ∼= A ⊗A X ⊗A D(A), we conclude by Lemma 3.1 that

X ⊗A D(A) ∼= X ⊗Ae D(Ae). Combining all the above isomorphisms we get that
τA⊗KBop(X) ∼= X ⊗A τAe(A) in mod(A⊗K Bop).

Since X is also a left B⊗K Aop-module and τB⊗KAop(X) ∼= τA⊗KBop(X) then in
view of Lemma 3.2 we can repeat all the above arguments and get that τB⊗KAop(X)
∼= τBe(B)⊗B X in mod(A⊗K Bop). This finishes our proof.

Lemma 3.4. Let A and B be finite-dimensional, self-injective K-algebras which
are stably equivalent of Morita type. Let BMA and ANB be bimodules which estab-
lish this equivalence between A and B. Then for any non-negative integer n there
is an isomorphism M ⊗A τnAe(A) ⊗A N ∼= τnBe(B) in mod(Be).

Proof. We shall show our lemma inductively on n. First observe that for n = 0 we
have M ⊗AA⊗AN ∼= M ⊗AN ∼= B⊕Π, where Π is a right projective Be-module.
Thus M ⊗A A⊗A N ∼= B in mod(Be).

Now we assume that for some non-negative integer n there is an isomorphism
M ⊗A τnAe(A) ⊗A N ∼= τnBe(B) in mod(Be). Then we infer by Corollary3.3 that
τBe(τnBe(B)) ∼= τBe(M⊗AτnAe(A)⊗AN) ∼= M⊗AτnAe(A)⊗AN⊗BτBe(B). But again
applying Corollary 3.3 to N⊗B τBe(B) we obtain that N⊗B τBe(B) ∼= τAe(A)⊗AN
in mod(B ⊗K Aop). This means that there is a right projective B ⊗K Aop-module
P such that N⊗B τBe(B) ∼= τAe(A)⊗AN⊕P . Therefore we have M ⊗A τnAe(A)⊗A
N ⊗B τBe(B) ∼= M ⊗A τnAe(A) ⊗A τAe(A) ⊗A N ⊕M ⊗A τnAe(A) ⊗A P . Applying
[14, Lemma 1.6] we know that M ⊗A τnAe(A)⊗A P is a projective right Be-module.
Furthermore, we deduce from Corollary3.3 that τnAe(A) ⊗A τAe(A) ∼= τn+1

Ae (A) in
mod(Ae). ThusM⊗AτnAe(A)⊗AτAe(A)⊗AN ∼= M⊗Aτn+1

Ae (A)⊗AN . Consequently,
τn+1
Be (B) ∼= τBe(τnBe(B)) ∼= M⊗A τn+1

Ae (A)⊗AN in mod(Be) and the lemma follows.

Lemma 3.5. Let A and B be finite-dimensional, self-injective K-algebras which
are stably equivalent of Morita type. Let BMA and ANB be bimodules which estab-
lish this equivalence between A and B. Then for every non-negative integer n there
is an isomorphism N ⊗B M ⊗A τnAe(A)⊗A N ⊗B M ∼= τnAe(A) in mod(Ae).

Proof. Apply Lemma 3.4 twice.
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Given a self-injective, finite-dimensional K-algebra C, it is well-known that
its enveloping algebra Ce is also self-injective. Consider the full subcategory in
mod(Ce) which is formed by the finite direct sums of objects isomorphic to τnCe(C)
for non-negative integers n. Denote this subcategory by modτC(Ce). It plays a
crucial role in our proof of the main results.

For two finite-dimensional self-injective K-algebras A and B, assume they are
stably equivalent of Morita type. Suppose that the bimodules BMA and ANB yield
their stable equivalence. Now our goal is to show that the functor M ⊗A − ⊗A
N : mod(Ae) → mod(Be) induces an equivalence of the categories modτA(Ae) and
modτB(Be)

Proposition 3.6. There exists an equivalence F : modτA(Ae) → modτB(Be) such
that for every non-negative integer n it holds that F (τnAe(A))∼=τnBe(B) in modτB(Be).

Proof. In order to prove the proposition we have to define a functor F : modτA(Ae)→
modτB(Be). For every object X of modτA(Ae) we put F (X) = M ⊗A X ⊗A N . For
every morphism f : X → Y of modτA(Ae) we put F (f) = 1M ⊗ f ⊗ 1N . A handy
verification shows that F is well-defined.

Now we can similarly define a functor G : modτB(Be) → modτA(Ae). We put
G(U) = N ⊗B U ⊗B M for every object U of modτB(Be). For every morphism
g : U → V of modτB(Be) we put F (g) = 1N ⊗ g ⊗ 1M .

We infer by Lemma 3.5 that for every object X of modτA(Ae) we have GF (X) ∼=
X in modτA(Ae). Thus the composed functor GF is dense. Now consider a
morphism f : X → Y of modτA(Ae). Then GF (f) = G(1M ⊗ f ⊗ 1N ) =
1N ⊗ 1M ⊗ f ⊗ 1N ⊗ 1M = 1A⊕Π′ ⊗ f ⊗ 1A⊕Π′ = 1A ⊗ f ⊗ 1A = f . Therefore
the composed functor GF is fully faithful. Hence F is an equivalence of categories.

Proof of Theorem 1.1. Let A and B be self-injective, finite-dimensional K-algebras
which are stably equivalent of Morita type. Then we infer by Proposition 3.6 that
A(τAe ;A) ∼= A(τBe ;B) as K-linear spaces.

In order to finish our proof we need to show the following fact. For any morphism
g : τnAe(A) → τmAe(A) it holds that 1M ⊗ τAe(g)⊗ 1N = τBe(1M ⊗ g ⊗ 1N), where
n, m are some non-negative integers and τAe(g) stands for a representative of the
coset τAe(g).

To prove this fact we shall use the natural isomorphism τC ∼= Ω2
C ◦ (−⊗C D(C))

of functors. Then we have

τBe(1M⊗g⊗1N)=Ω2
Be(1M ⊗ g ⊗ 1N ⊗ 1D(Be))= Ω2

Be(1M ⊗ g ⊗ 1D(Ae) ⊗ 1N).

Now we consider the commutative diagram

0 → ΩAe(τnAe(A)⊗Ae D(Ae)) → P → τnAe(A)⊗Ae D(Ae) → 0
↓ ΩAe(g ⊗ 1D(Ae)) ↓ h ↓ g ⊗ 1D(Ae)

0 → ΩAe(τmAe(A)⊗Ae D(Ae)) → Q → τmAe(A)⊗Ae D(Ae) → 0

whose rows are exact, where P → τnAe(A) ⊗Ae D(Ae), Q→ τmAe(A) ⊗Ae D(Ae) are
minimal projective covers in mod(Ae). Hence we obtain the following commutative
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diagram in mod(Be):
0→ M ⊗A ΩAe(τnAe(A)⊗Ae D(Ae))⊗A N →M ⊗A P ⊗A N

↓ f̃ ↓ h̃
0→ M ⊗A ΩAe(τmAe(A)⊗Ae D(Ae))⊗A N →M ⊗A Q⊗A N

→ M ⊗A τnAe(A)⊗Ae D(Ae)⊗A N → 0
↓ g̃

→ M ⊗A τmAe(A)⊗Ae D(Ae)⊗A N → 0

whose rows are exact, where f̃ = 1M ⊗ΩAe(g⊗1D(Ae))⊗1N , h̃ = 1M ⊗h⊗1N , g̃ =
1M⊗g⊗1D(Ae)⊗1N . Since M⊗AP⊗AN , M⊗AQ⊗AN are projective Be-modules
by [14], we have ΩBe(1M ⊗ g ⊗ 1D(Ae) ⊗ 1N ) = 1M ⊗ ΩAe(g ⊗ 1D(Ae))⊗ 1N .

The same reasoning shows that

Ω2
Be(1M ⊗ g ⊗ 1D(Ae) ⊗ 1N) = 1M ⊗ Ω2

Ae(g ⊗ 1D(Ae))⊗ 1N .

Therefore we get the equality

τBe(1M ⊗ g ⊗ 1N) = 1M ⊗ τAe(g)⊗ 1N ,

which shows the above fact.
Using the proved fact and Proposition 3.6 we obtain that for any morphisms

g : τnAe(A)→ A and h : τmAe(A)→ A it holds that F (g ◦τnAe(h)) = F (g)◦τnBe(F (h)),
where F : modτA(Ae)→ modτB(Be) is the equivalence induced by the functor M⊗A
−⊗A N : mod(Ae)→ mod(Be). Thus the K-linear isomorphism of A(τAe ;A) and
A(τBe ;B) is an isomorphism of K-algebras and our proof is finished.

4. Derived equivalences

Let C be a finite-dimensionalK-algebra. One can attach a category Db(Mod(C))
to the category of all right C-modules. The category Db(Mod(C)) is the derived
category of all bounded complexes of right C-modules. It is a well-known trian-
gulated category which was studied by several authors (see [1], [2], [6], [15]). Two
K-algebras A and B are said to be derived equivalent if their derived categories
Db(Mod(A)) and Db(Mod(B)) are equivalent as triangulated categories.

Proof of Theorem 1.2. Suppose that A, B are finite-dimensional, self-injective K-
algebras which are derived equivalent. Then we infer by [15, Corollary 5.5] that A
and B are stably equivalent of Morita type. Thus we deduce by Theorem 1.1 that
the K-algebras A(τAe ;A) and A(τBe ;B) are isomorphic.
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