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ABSTRACT. If « and 3 are countable ordinals such that 8 # 0, denote by %a,ﬂ
the completion of cog with respect to the implicitly defined norm

1 J
llll = max{flz]ls,.. 5 sup ) _ || Eiz]|},
i=1

where the supremum is taken over all finite subsets E1, ..., E; of N such that
FE1 <---<Ejand {minE1,...,min E;} € Sg. It is shown that the Bourgain
¢1-index of %aﬂ is watPw In particular, if w; > @ = Wt -my+---+wW My
in Cantor normal form and «, is not a limit ordinal, then there exists a Banach
space whose ¢1-index is w®.

Let E be a separable Banach space not containing a copy of ¢!. There are
several measures of the complexity of ¢! (n)’s inside E. These include the Bourgain
¢*-index [4], the existence of so-called ¢%-spreading models ([2] and [9]) and the
asymptotic constants as defined by Odell, Tomczak-Jaegermann, and Wagner [11].
In this paper, we concentrate on the first two measures in Tsirelson type spaces. It
is easy to see that the existence of £1-spreading models implies a large ¢!-index. In
general, the implication is not reversible [8, Remark 6.6(i)]. However, suppose that
T is the standard Tsirelson space constructed by Figiel and Johnson [6] (the dual of
the original Tsirelson space [12]). It is known that there is a constant K such that
every normalized block basic sequence in T' is K-equivalent to a subsequence of the
unit vector basis of T' (see e.g., [5]). Using this observation, one can show that the
existence of ¢!-block trees in T with large indices leads to the existence of large
¢! -spreading models. The result can be used to calculate the ¢!-index of 7. In this
paper, we show that a similar method can be applied to certain general Tsirelson
type spaces. In particular, it is shown that if wy > a« = w® -mq +-- - +wW* -m, in
Cantor normal form and «, is not a limit ordinal, then there exists a Banach space
whose ¢!-index is w®. This gives a partial answer to Question 1 in [8]. The authors
have extended the method to compute the Bourgain ¢!-indices of mixed Tsirelson
spaces [I0]. In particular, it is shown there that if « is not of the form w? for some
limit ordinal 3, then there exists a Banach space whose ¢!-index is w®.

If M is an infinite subset of N, denote the set of all finite, respectively infinite,
subsets of M by [M]<*, respectively [M]. A subset F of [N|<* is hereditary if
G € F whenever G C F € F. F is spreading if whenever F' = {ny,...,np} € F
with ny < -+ < ng and m; < --- < my satisfies m; > n; for 1 < i < k, then
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512 DENNY H. LEUNG AND WEE-KEE TANG

{m1,...,my} € F. F is compact if it is compact in the product topology in 2.
A set F of finite subsets of N is called regular if it has all three properties. If
E and F are finite subsets of N, we write F < F, respectively E < F, to mean
max F < min F', respectively max £ < min F' (max() = 0 and min® = oo). We
abbreviate {n} < E and {n} < E to n < E and n < E respectively. Given
F C [N]<*°, a sequence of finite subsets { E1, . .., E, } of Nis said to be F-admissible
if By < - < FE,and {minFy,..., minE,} € F. If M and N are regular subsets
of [N]<*°, we let

k

MIN| = {U F;: F, € N for all i and {F}, ..., Fy} M-admissible}

i=1

and
MN)={MUN:M<N,MeMand N eN}.

We also write M? for (M, M) . Of primary importance are the Schreier classes as
defined in [I]. Let Sg = {{n} : n € N}U{0} and S; = {F C N : |[F| < min F'}. Here
|F'| denotes the cardinality of F'. The higher Schreier classes are defined inductively

as follows. Sp41 = S1[Sa] for all @ < wq. If « is a countable limit ordinal, choose
a sequence (av,) strictly increasing to o and set

So={F:F€S8,, for somen < |F|}.

It is clear that S, is a regular family for all « < wy. If M = (mq,ma,...) is a
subsequence of N, let So(M) = {{m; : i € F} : F € S,}. Since S, is spreading,
Sa(M) CS,.

Let ¢go be the space of all finitely supported sequences. If F' € [N]<°° and
a = (an) € coo, let Fa = (by,) € coo, where b, = a,, if n € F and 0 otherwise; also
set 0r((an)) = >, cr |an|. Finally, if S € F C [N]<*, define an associated norm
|- 1l7 on coo by [[(an)ll7 = supperor((an)).

Definition 1. Let «,3 be countable ordinals such that 3 # 0. Define |[-||,, and
[, » € N, inductively as follows. Let ||-[|o = |-l = Ills, - If = € coo, set

1 J
[Ea— max{|x|n , sup {5 Z |E:z|,, : {En, ..., Ej} Sg—admissible}}
i=1

and
2|, = max{ ||z, , sup L Ej |Eiz| : {E1, ..., E;} (S)”-admissible p ¢ .
n+1 n°’ 2 — n ’ » )

Note that (||z][,,),cy and ([[[l},) are increasing sequences majorized by the

neN
¢t-norm of x. Let |\x||% = nlirrgo [|lz||,, and ||:c||; = nlirrgo ||, . Denote by T4 5 and

~

Ta,p respectively the completion of coo under the norms [|-||5 and ||||; Clearly,

Zw“oyl is the Tsirelson space constructed by Figiel and Johnson [6] and 5’0,5 is the
space denoted by T (Sg, %) in [§]. The ¢'-index of i’oﬁ is shown to be w?* in [§].

Here, we use a different argument to compute the ¢!-indices of the spaces ng.
The next proposition can be verified immediately.
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THE ¢'-INDICES OF TSIRELSON TYPE SPACES 513

Proposition 2. The norms |-[|z and ||H; satisfy the implicit equations

1 -
llz]l5 = max{||x|su , Sup {5 Z |Eizl5 : {Ex, ..., Ej} Sg-admzsszble}}
i=1

and

1 .
||x||; = max{|x|su , Sup {5 Z HEMH% {E, ... B} (S5)? -admzsszble}}
i=1

for all x € cqo.

Proposition [is a close relative of Lemma 5 in [5]. It is the key observation that

allows us to reduce ¢!-block trees on %a7 s to subsequences of the unit vector basis
(en) of ’f(y? 3. The following lemma is easily established by induction.

Lemma 3. Suppose that n1 < I) < ng < Iy < ... < ng < I and |I;| < 2 for
1<j<k. If{ni,ne,..,ni} € Sg for some < w1, then U?:l I; € (85)2.

Obviously, the sequence of coordinate unit vectors (u,) forms a normalized 1-
unconditional basis of T'w,g. The support of an element & = > apun € T g is the
set supp z = {n : a, # 0}.

Proposition 4. For every ||-[|z-normalized block basis (x1, 2, ..., xp) in ng and

all (ak) € Coo,

<2

?

P
E arTk
k=1

p
E ALCiy,
k=1

T T
where i, = maxsupp xx, and (ey,) is the unit vector basis of i’aﬁg.

Proof. With the notation as above, we prove by induction that ||Y}_; arak|, <

2|50 _, akei, H:l for all n € NU{0}, (ax) € coo. To establish the inequality for the
case n =0, let I € S,. Define J = {k: I Nsuppxy # 0}. Then

p p
or <Z ak$k> = Z lak| o1 (k)
k=1 k=1
<> lal ekl

keJ
P
< Z lak| = oL <Zakeik> , where L = {iy : k € J},
keJ k=1

/
< , since L € S,.

0

p
E QA Ciy,
k=1

Suppose the proposition holds for some n. Let {Eq, ..., E;} be Sg-admissible.
Without loss of generality, we may assume that Ei,..., E,; are successive integer
intervals, that for all j, E;Nsuppxy # 0 for some k, and that i, < max E,. Also
let I, be the integer interval [i_1 + 1,4] (ig = 0). Let A = {j : E; € I, for any k}
and B={j:j¢ A}.For je€ A, set Hj ={k:I; CE;} and G; = {ix, : k € H;}.
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514 DENNY H. LEUNG AND WEE-KEE TANG

Then define F; = (E; N {i1,...,ip}) \ G;j. Note that F; < G, forall j € A. If j € B,
set Gj = E; N {zl,..., o)
It follows from Lemma[3that (F}); ., U(G ) is (S)*-admissible. Finally, let

€A
:{k:kgéujeAHj LN (UE)) # } Now

i (Z) 5 (S 5w e

n J=1 J'€EAkEH keJ n
q
< E E E apTk E axT
j=1 J'€AkEH keJ
q
= Ej E kT + E Ej E ATl
jeA keH,; . =l keJ n
q
< > " arzn| Y lakl Y IEll,
JEA ||kEH; n keJ j=1
<SS arn|| +2) 7 anl okl
JEA ||keH; " keJ

<2 Z Z age;, || + Z lak| | by the inductive hypothesis,

JEA ||keH, . ked

N

P /
~2 (e (S )| + o
jEA k=1 n keJ
If k € J, then either {iy} = F; for some j € A or {ix} = G; for some j € B.
Therefore
p ! p !

Sl <X |1 (Yo ) |+ 3 e (3o

keJ jeA k=1 n jEB k=1 n
Hence

!/

<2y

n JEA

+2> |IF,

n JEA

o (350)

p
Gj (Z akeik>
k=1

p ’
+ 2 Z Gj (Z akeik>
jeB k=1 n
/ p /
= Z (Zakezk> Z Gj (Zakeik>
JEA n j=1 k=1 n
cas (Fy);c, U(GH)T, s (S5)? -admissible.
n+1
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THE ¢'-INDICES OF TSIRELSON TYPE SPACES 515

5l (5e).

whenever {E1, ..., Eq} is Sg-admissible. It follows that

Thus

n+1

n+1 n+1

This completes the induction. O

Let a, 3 be countable ordinals. Define the families (F,,), (F)), (G,) and (G),)
inductively as follows: Fo = F) = Sa, G1 = S, §1 = (85)2 , for all m € N,
Fos1 =S Fals Frr = (85)° [F1], Gnr = 85 (Gal, and Gy = (Sp)” [G1]-
It is easily verified that G, [Sa] = Fun, G, [Sal = Fl, Gn[Ss] = Gny1 and
g, [(8[3)2} = G, for all n € N. For each n € N, denote the norms ||| and
[l 7 by pn and p;, respectively.

Proposition 5. For all a € coo and all n € NU{0}, [|al|5 > 5= pn (a) .

Proof. The proof is by induction on n. The case n = 0 is clearly true by definition.
Suppose the result holds for some n. Let £ € F,, 1. Then E = ngl E;, where
E\,...,E; € 7, E1 < .. < Ej, and {Ex,...,E;} is Sg-admissible. For any a =

(ax) € coo,
ESINIE an (Ea) < 2”Z||Ea|\~ <27 ally
kEE i=1 k€ E;
Since E € F, 41 is arbitrary, the result follows. O

Proposition 6. For all a € coo and all n € NU {0},

=0 i=1

n
el 5 < 2n+1 sup {Z | E; aHN {En, ..., E;} ggﬂ-admissible} .

Proof. The proof is by induction on n. The case n = 0 follows immediately from
the definition of ||||; Assume the result holds for some n. Let a € cgo. Sup-

pose {E1,...,E;} is G -admissible. Let I = {z : ||Eia|\; =p} (Eia)} and J =
{1,2,...,5} \ I. For each i € I, choose D; C E;, D; € S,, such that p{, (E;a) =
> ke, lak|. Now D = U;c; Di € G, 41 [Sa] = F, 11 Hence

(1) Y Bl =" larl < phys (a).

el keD

On the other hand, for each i € J, there exist (Sg)Q—admissible sets {E1, ..., EL },
E{ U...u E}c C F; such that

k.
1 «— .
IBiallz = 3 3 | Bal
p=1
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516 DENNY H. LEUNG AND WEE-KEE TANG

Now
{minE, i€ J, 1<p<hki}eg,, [(&3) } Gt
Hence (Ei)zeJ L<p<i, 18 G, o-admissible. Thus
1 (o
@) Y lEallz =533 [ Bl
eJ ieJ p=1
<

Y4

1 ..

5 Sup { E 1 HFN”% AR, .. Fi} g;l+2—adm1551ble} .
=

From the inductive hypothesis and inequalities ([Il) and (2]) we get

A
fall; < Z pla) , L <pn+l sup{Z|Fa||~}>
n+1 p,
Z 121 T3 sup{Z|Fa||~}

i=1

where both suprema are taken over all G;, , ,-admissible sets {F1, ..., Fy} . This com-
pletes the induction. [l

Endow [N]=*° with the product topology inherited from 2N. If F is a closed
subset of [N]=°°, let F be the set of all limit points of F. Define a transfinite
sequence of sets (.7-'(0‘))(y<w1 as follows: F(O) = F, Flatl) = (.7-"(0‘)), for all o < wy;
Flo) = ﬂ5<a FB)if o is a countable limit ordinal.

Definition 7 ([T1]). Let F C [N]*° be regular. Define ¢ (F) to be the unique
countable ordinal o such that F(®) = {(}.

Let F € MN], F # 0, where M and N are regular families. There exists a
largest k € F such that FN[1,k] € N. Set Fy = FN[1,k]. If Fy, F, ..., Fj,_1 have

been defined and F\ J!,' Fi # 0, set F, = (F\Uf;ll Fi) N [1,k'], where £ is

the largest integer in F' such that (F \ U;:ll Fz> N[1,k] € N. Since F is finite,
there exists an n such that F' = |J_, F;. Now F € M [N] implies that there exists
an M-admissible collection {G1,...,Gp,} such that F = U;nzl G, and G; € N,
1 < j < m. By the choice of F; and the fact that A is hereditary, it is easy to
see that min G; < minF;, 1 < ¢ < n. Thus {F1,..., F,} is M-admissible, as M
is spreading. We call (F;)!, the standard representation of F' (as an element of

MN]).

Remark 8. Suppose that (F})!_, and (G;)!~, are the standard representations of F
and G respectively. If £,k € N are such that FN[1,{] = GNI[1,{] and max F}, < ¢,
then by construction, F; = G;, 1 <i < k.

Lemma 9. Let M, N' C [N]~%° be regular. Suppose that 1 (N') = «. Then

MV = (M©D) V]
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THE ¢'-INDICES OF TSIRELSON TYPE SPACES 517

Proof. Let F € (MW) [N]. Then F can be written as F' = |J;_, F}, where I <
Fy<..<F,, F,..,F, € N and {min F}, ..., min F,,} € M), In particular, there
exists kg > max F' such that {min F, ..., min F},, k} € M for all k > k. Therefore,

(3) for all G € NyminG > ko, FUG € M [N].
Note that as N is spreading,
(4) t({GeN :minG > ko}) =1t (N) = a.
From (B),

{FUG:GeN, minG >k} C (MN).

But from @), F € {FUG:G €N, minG > k})'* . Hence F € (M [N])'™.

Conversely, we prove by induction that (M [N])) C (MDY IN],ND) for all
v < a. The cases where v = 0 is clear.

Suppose the claim is true for some v < . Let F € (M[N])7 with stan-
dard representation (F;);_; as an element of M [N]. Choose a sequence (Gj) in
MM < (MW) V], ND) that converges nontrivially to . We may assume
that G, N [1, min F,,] = F N [1,min F,,] for all k. Now we may write G, = P, U Qp,
where P, < Q, Py € (M(l)) N] and Qr € N, Let P = U?;ll F;. Note that
P c (./\/l(l)) [NV]. We consider two cases.

Case 1. There exists k£ such that min F,, € Pj.

In this case, PN [l,maxF,_1] = FN[l,maxF,_1] = G N [l,max F,_;] =
P N [1,max F,,_1]. It is clear that (Fi)?:_ll is the standard representation of P as
an element of (M(l)) [NM]. By Remark [§] the standard representation of Py as an
element of (M) [V] has the form (Fy, ..., F,—1, P, ..., P") . In particular,

{min F, ...,min F,,_;, min F,, } = {min Fy,...,min F,,_;, min P’} € MO,

Thus F = J_, F; € (MW) [N] C (MD) N],NO+D) | as required.

Case 2. Suppose min F,, ¢ P, for all k € N.

In this case, Gj N [min F},, 00) C Q, for all k. Hence G N[min F,, 00) € N for
all k. Furthermore, Gj.N[min F,, c0) converges to FN[min F,,, c0) = F,, nontrivially.
Thus F,, € NOFY. Therefore F = PUF, € (M) [N],NOTD) | as required.

Suppose v < « is a limit ordinal and the result holds for all n < ~. Let
F e (M [./\/})(7) have standard representation (F;)"_, as an element of M [N].
By the inductive hypothesis, for each n < v, F = P, U Q,, where P, < @,
P, € (MW)[N] and @, € N, By the argument in Case 1 above, if there exists
n such that min F, € P,, then F € (MW) [N] C ((MD) [N],N™) . Otherwise,

F, CQ, € N for all n < 5. Hence F = (U;:ll Fi) UF, € (MD)IN],ND).
This completes the induction. [l

Proposition 10. Let M, N' C [N]** be regular. Suppose that o (N) = o Then
for all B < wi, (MNP = (MP)[N].
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518 DENNY H. LEUNG AND WEE-KEE TANG

Proof. The proof is by induction on 3. The case § = 0 is clear. Suppose the result
is true for some 3. Then

(MIND ™ = (M7
A ﬁ))“”

(0
((M(ﬁ)) )(a by the inductive hypothesis,
( ) by Lemma, 0]

- (Mml)) V]

Suppose the proposition is true for all 5 < Gy, where 5y < w; is some limit ordinal.
Clearly,

(M(ﬁo)) wic N (Mm) W= () MIND©E? = (M@,
B<Bo

B<Bo

On the other hand, let I € (5_4, (M) [N] have standard representation (F;)’-_,
as an element of M [N] . It is clear that (F;);__, is also the standard representation of
F as an element of (M) [N] for any 8 < fy. In particular, {min F; : 1 <i < n} €
M®) for all B < fy. Hence {minF; : 1 <i<n} € MP) Tt follows that F €
(MBo)) [N]. This completes the proof. O

It is well known that +(S,) = w” for all v < wy ([I, Proposition 4.10]). The
indices of F,, and F] can be computed readily with the help of Proposition

Corollary 11. ¢ (F,) = w8 and 1 (F) = wotFm .2,

Before proceeding further, let us recall the relevant terminology concerning trees.
A tree on a set X is a subset T of | J;2_; X" such that (z1,...,z,) € T whenever n €
Nand (21,...,2Znt+1) € T. These are the only kind of trees we will consider. A tree
T is well-founded if there is no infinite sequence (z,,) in X such that (x1,...,2,) € T
for all n. Given a well-founded tree T', we define the derived tree D(T') to be the set
of all (z1,...,2,) € T such that (z1,...,z,,2) € T for some z € X. Inductively,
we let DO(T) = T, D**Y(T) = D(D*(T)), and D*(T) = g, DP(T) if o is a
limit ordinal. The order of a well-founded tree T is the smallest ordinal o(T") such
that D°T)(T) = (). If E is a Banach space and 1 < K < oo, an ¢'-K tree on F
isatree T on S(E) = {z € E: ||z|| = 1} such that || Y7, a;z;|| > K'Y |ai
whenever (21,...,2,) € T and (a;) C R. If E has a basis (e;), a block tree on E
is a tree T on E so that every (z1,...,2,) € T is a finite block basis of (e;). An
¢1-K-block tree on E is a block tree that is also an £!-K tree. The index I(E, K) is
defined to be sup{o(T) : T is an £*-K tree on E}. If E has a basis (e;), the index
Iy(E, K) is defined similarly, with the supremum taken over all £!-K-block trees.
The Bourgain £*-indez of E is the ordinal I(E) = sup{I(E,K) :1 < K < co}. The
index I(F) is defined similarly. Bourgain proved that if E is a separable Banach
space not containing a copy of ¢!, then I(E) < w; [4]. More on these and related
indices can be found in [§] and [3].

Proposition 12. Let T be a well-founded block tree on some basis (e;). Define
F(T) ={{maxsuppz; :i=1,....,n}: (x1,22,....,2,) €T}
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THE ¢'-INDICES OF TSIRELSON TYPE SPACES 519

and
G(T)={G:3qF € F(T), f : N = N strictly increasing, such that G C f (F)}.
Then ¢ (G (T)) > o(T).

Proof. Let £ = o(T). The proof is by induction on . If o (T) = 1, then G (T)
{{k} : k > n} for some n € N. Therefore (G (T))(l) D {0} and hence ¢ (G (T)) > 1
o(T).

Suppose the proposition holds for some £ < wy. Let T be a well-founded block
tree with o (T') = £ + 1 such that G(T) is compact. For each (z) € T, let

Iy

(oo}
Tp = J {(z1, i zn) 2 (.21, 0) €T}
n=1

According to [, Proposition 4], o(T) = sup(,)er {0 (Tx) + 1} . Therefore, there
exists (zg) € T such that o (Ty,) = £. By the inductive hypothesis, ¢ (G (T%,)) > &.
Let kg = max supp zg. Then G € G (T,) implies {ko} UG € G(T). Thus {ko} €
(G (T)® . Since (G (T))® is spreading, {k} € (G (T))"® for all k > ko. It follows
that 0 € (G (T))™™ . Hence ¢ (G (T)) > €+ 1=o(T).

Suppose o (T) = &, where & is a countable limit ordinal and the proposition
holds for all £ < &. Since o(T') > £ for all & < &, by the inductive hypothesis,
L (G(T)) > & for all & < &. Hence ¢(G(T)) > & = o(T'). This completes the
induction. O

If (z1),—; and (yx),_, are sequences in possibly different normed spaces and
K
0 < K < oo, we write (z1)p_; = (Yk)p—y to mean K |37, arzi] > X p_; arykll
for all (ax) CR.

Theorem 13. [ (%a76> = Ib (T&ﬂ) — wOH‘ﬁ.w.

Proof. If I (ix,ﬁ) > wtA then I, (i“a,g, K) > wtA¢ for some K > 1. Hence

there exists an ¢*-K-block tree T on T3 such that o(T) = £ > w*™_ Given
F ¢ F(T), there exists (x1,z2,...,x,) € T such that F = {maxsuppx;}}' ;. Ac-

n
cording to Proposition E (ex);cp é (21,2, ...,2,), where (e)p., is the unit
vector basis of %aﬂ. Since (x1,%2,...,xn) € T, (T1,22, ..., Tn) g 0t (|F|)-basis.
Therefore, (ex)cp Qé( L (|F|)-basis for all F € F(T). Since it is clear that
||Z akef(k)H% > > akekH% for all (ag) € coo whenever f : N — N is strictly
increasing, it follows that (ex),cq zg ¢ (|G|)-basis for all G € G (T) . By Proposi-

tion T2 (G (T))(waﬂmﬂ) # (0. Thus by [7, Corollary 1.2], there exists L € [N] such
that Sa4g.0 N [L]<Oo C G(T) . Hence, for all (ax) € coo and all G € Sa14.0N [L]<°° ,

Zakek Z%ZMH

keG T keG
Choose m € N such that 2™ > 2K. According to Corollary 11 ¢ (F!) = w®*51.2

for all ¢ = 1,2,...,m. Applying [1, Corollary 1.2], we obtain M € [L] such that
FIN[M]™%° C Satpgomsr for all i = 1,2, ...,m. By [L1} Proposition 3.6], there exists

()
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520 DENNY H. LEUNG AND WEE-KEE TANG

F € Suipw (M) C Sarpwn[M]= and (a5);er € R such that Y a; =1 and if

G C F with G € Sayg.m+1, then 3, g a; < 57 Consider = > jer ajej € %aﬁ.
If1<i<mand € F/ then INF € F/ N[M]~*° C Satpms1. Hence o7 () =
ornr (z) < 5. It follows that p] (z) < g for 1 < i < m. By Proposition [6]

NE

J
pi (x) 1 o
||a:||% < 121‘ T Smy1 SUP E ||sz||% A{E1, ..., E;} G, -admissible
i=0 i=1
S 1
S Z 2i + 2m+1 ”x”el < 2K7

(3

Il
o

contrary to (B). This proves that I (ix,ﬁ) < w*F«_ On the other hand, ac-
cording to Proposition [, for any n € N, lallz = 3= llall 7 for any a € cop.
By Corollary [, ¢ (F,) = w**#™. Therefore, there exists an ¢'-2"-block basis
tree T,, on %aﬁ with o(T,) = w®™#™. Hence I, (fa,g,2”> > w*tBfn Thus

I, (i’aﬁ) = supg Iy (ng, K) > wtF @ We conclude that I, (i’a75> = wothw,
As T (T(yﬁ) > I (Taﬂ) > w*, it follows from [8] Corollary 5.13] that I (%a75> =
I (T’aﬂ> . O

For the final corollary, recall that the Schreier space X, a < wy, is the comple-
tion of coo with respect to the norm ||-[|s_-

Corollary 14. Suppose « is a countable ordinal whose Cantor mormal form is
w* - my + ...+ w* - my. If ag is not a limit ordinal, then there exists a Banach
space X such that I (X) = w®.

Proof. If ay, = 0, then « is a successor ordinal and ¢ (Xq—1) = w® ([3]). If ay is a
successor ordinal, let v = w® -mq +... +w - (my — 1) and n = w* 1. By Theorem

31 1 (Tv,n) = WYY =, a

Remark 15. The following analog of Proposition[4 for the space X, a < wy, holds
obviously: If (z;)?_, is a normalized block basis of the unit vector basis (e) of
X, and k; = max suppz;, 1 < i < p, then |[>F , azaif| < ||X0_, aier, | for all
(a;) € cop. Therefore the arguments in Proposition [21and Theorem [I3] can be used
to compute I, (X,) (with respect to the basis (eg)).
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