PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 131, Number 2, Pages 523-531

S 0002-9939(02)06601-7

Article electronically published on June 3, 2002

IRRATIONAL ROTATION NUMBERS AND UNBOUNDEDNESS
OF SOLUTIONS OF THE SECOND ORDER DIFFERENTIAL
EQUATIONS WITH ASYMMETRIC NONLINEARITIES

ZATHONG WANG

(Communicated by Carmen C. Chicone)

ABSTRACT. In this paper, we study the dynamics of the mappings

01 =0+ 2am + %ul(G) +o(r—1),

ri=r+ua(0)+o(l), T — oo,
where « is a irrational rotation number. We prove the existence of orbits that
go to infinity in the future or in the past by using the well-known Birkhoff

Ergodic Theorem. Applying this conclusion, we deal with the unboundedness
of solutions of Liénard equations with asymmetric nonlinearities.

1. INTRODUCTION

We are concerned with the unboundedness of solutions of the second order dif-
ferential equations

(1.1) 2"+ f(x)x +axt — b =p(t),

where a and b are positive constants, 7 = max{x,0}, z= = max{—=z,0}, f(z) is
a continuous function and p(t) is a continuous 2m-periodic function. Throughout
this paper, we define F(z) = [ f(z)dz and so F(z) € C'(R).

When f(z) =0, Eq. (1.1) becomes

(1.2) 2" +azxt — b =p(t),

which was first studied by Dancer in [I], [2] and Fucik in [3]. Up to now, there have
appeared many results about the existence of periodic solutions and boundedness
(or unboundedness) of solutions of Eq. (1.2) [4], [I2]. When a and b are different
and satisfy

1 n 1
va b
J. M. Alonso and R. Ortega [12] proved the existence of periodic functions p(t) such
that all the solutions of (1.2) with large initial conditions are unbounded. In order
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to prove the unboundedness of solutions of Eq. (1.2), they studied the dynamics of
a class of mappings defined on the plane, which have an asymptotic expression

01=0+2rL + 1101(0) + o(r™1),
r1 =1+ p2(0) +o(1), T — 100,

where p/q is a rational number and p1, ps are continuous and 2z-periodic functions.
They proved the existence of orbits that go to infinity in the future provided that
there exists w € R such that

po(w) >0, pu1(w) =0, 11 (0)(0 —w) <0 for § # w and |6 — w| is small
or in the past provided that there exists w € R such that
pa(w) < 0, p1(w) =0,11(0)(0 —w) > 0 for § # w and |6 — w| is small.

In the present paper, we will study the unboundedness of solutions of Eq. (1.1)
when a and b satisfy

1 1
4+ — €R\Q.
va TR
Similarly, we will study the dynamics of mappings
0, =0+ 2ar + %m(e) +o(r 1),
r1 =1+ pu2(f) + o(1), r — +00,

where « is an irrational number. Under certain conditions, we prove the existence
of orbits that go to infinity in the future or in the past by using the well-known
Birkhoff Ergodic Theorem. On the basis of this conclusion, we obtain the following
theorems.

Theorem 1. Assume that 1/\/a +1/vb € R\Q and the limits lim, ., o, F(z) =
F(400), limg_,_o F(x) = F(—00) exist and are finite. Moreover, F(4+00) < 0 <
F(—00). Then there exists Ry > 0 such that every solution z(t) of (1.1) with

z(tg)* + 2’ (to)* > R2
with some ty € R goes to infinity in the future.

Theorem 2. Assume that 1/\/a +1/vb € R\Q and the limits lim,_., o, F(z) =
F(400), limy o F(z) = F(—00) exist and are finite. Moreover, F(—o0) < 0 <
F(400). Then there exists Ry > 0 such that every solution z(t) of (1.1) with

(E(to)Q + (E/(to)Q > R(Q)
with some ty € R goes to infinity in the past.

2. UNBOUNDED ORBITS OF PLANAR MAPPINGS
Let 0 > 0 be a sufficiently large constant. Set
Ey = {(z,y) : 2 +y* > o?}.

Assume that P : E, — R? is a one-to-one and continuous mapping, whose lift
can be expressed in the form

{91 = 0+ 2am + Ly (0) + H(O,7),

(21) r=r-+ /LQ(@) + G(Q,T),
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where

(2.2) a € R\Q, p1,pu:S* — S* are Lipschitz continuous , S* = R/27wZ
and H, G are 2m-periodic in € and satisfy

(2.3) r|H(0,r)| +|G(0,r)] — 0 as r — 400,

uniformly with respect to 6 € R.
Given a point (6o, o), denote by {(6,,r,)} the orbit of the mapping P through
the point (Ay,79). That is to say

(9n+177”n+1) = ,P(Hmrn)-
Proposition 2.1. Assume that conditions (2.2), (2.3) hold and

2
/ 12(0)d6 > 0.
0

Then there exists Ry > o such that if ro > Ro, the orbit {(0,,r,)} satisfies

lim 7, = +oo.
n—-+00

Proof. From the expression of the mapping P we have that
0y = 01 + 2o + %ul(f)l) + H(91,7“1),
ro =11+ p2(01) + G(61,711).

Therefore,
02 = 0o + dam + =1 (60) + H(0o, 70) + 711 (61) + H(61,71),
ro =10 + p2(0o) + G(6o,70) + p2(61) + G(61,71).
Since
1 1 1 1
R = — 4+ O(—
71 70 + [1,2(00) -+ G(@o,?“o) 70 (7’(2))
and

1 1
p1(61) = pi(6o + 2am + 5”1(90) + H(6o,70)) = p11(0o + 2am) + O(%),

we know that

1 1 1
L (01) = — (B0 + 2 ).
rlul( 1) Toul( o+ OZW)JFO(?%)

Then 0 can be expressed in the form
1
0> = 0y + dam + %[,Lu(go) + ul(go + 2a7r)] + Hz(go,ro),
where Hy (6o, r0) = H(00,70) + H(61,71) + %ul(Ql) — %#1(90 + 2am). Obviously,
we have that
lim ’I“QlHQ(HQ,To)| =0.

ro—-+00

On the other hand, since

1 1
p2(61) = p2(bo + 2am + %Ml(eo) + H(6o,70)) = p2(0o + 2am) + O(%),

we get that
T2 = 10 + p2(00) + p2(00 + 2am) + G2(6o, 10),
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where G2 (6o, r0) = G(00,70) + G(01,71) + p2(01) — p2(6o + 2amr). It is easy to check
that

lim |G2(90,T0)| =0.

T0—+00

Inductively, we have that

On = 0o + 2nam + - Zz =n-1 w1 (6o + 2iamr) + Hy, (00, 70),
{rn =79+ 21:0_ m(eo + 2iam) + G (00, 10),
where H,,(6p,r0) and G, (09, 70) satisly
ro|Hn (00, 70)| + |Gn(6o,70)| — 0 as 1o — +o0.

Next, we define a transformation 7 : S* — S, T(0) = 6 + 2an. Since « is an
irrational number, T is ergodic. By the Birkhoff Ergodic Theorem [I3] we get that

1 i=n—1 1 i=n—1 1 2
lim — 0+ 2iar) = lim — T0) = — 6)df > 0
dim ; pa (0 + 2iom) = lim — ; na(T'0) = o /0 2 (6)
for almost every # € S*. Since uy is continuous and S* is compact, we can further
obtain that
1 i=n—1 1 2w
lim — 0+ 2i = — 0)do >0
nir—l{lwn ; H2(0 + 2iam) 27r/0 2(6)

uniformly for every 6 € S'. Therefore, there exist a positive integer m >> 1 and a
constant ¢ > 0 such that

Z 2(fp + 2iar) > ¢ >0
=0
for all 0y € St. Recalling that lim,, 1 G (0o, 70) = 0, we have that there exists
a constant Ry > o such that for o > Ro, |G (6o, 70)| < ¢. Then for ro > Ry, we
get that
i=m—1

Tm = To +Mm u2(0o + 2ian) + G (00,70) > ro + me + G (6o, 710)

1
m i3

>ro+ (m—1)c
Meanwhile, we have that
1 i=m—1

Tom = Tm + M- — p2(0m + 2iam) + G (O, Tm)
m
i=0

> rm+me+ Gu(Om,rm) = rm + (m—1)e > rg+2(m —1)c.

Inductively, we have that

1t .
Thm = T(k—1ym + M- — (H(k m T 2iam) + Gm(e(k—l)m) T(kﬂ)m)
i=0
> P(k=1)m +MC + G (O(—1)m, T(k=1)m) = T0 + k(m — 1)c.
Therefore, we get that
2.4 li = .
(2.4) k—1>r—|r-1<>o Tkm = +00
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Because p2(6) is continuous and lim,, 4o G(0o,79) = 0, there exists a constant
d > 0 such that

l2(6o) + G(0o,10)| < d,

for 8y € S! and ry > 0. From
T(km—+i) = Tkmti—1) T 12O km+i—1)) + G(Okm+i—1)s Thm+i-1)), 1 = 1,--- ,m —1,
we get that

|7 (kmti) = Thmai—n)| < d, i=1,--- ,m—1
Consequently, we have that
(25) |r(km+i) —Tkm| Sld, i:1,~'~ ,m—l.
From (2.4) and (2.5) we know that

lim 7, = +oo.
n—-+o0o

Proposition 2.2. Assume that conditions (2.2), (2.3) hold and

27
/ 12(60)d6 < 0.
0

Then there exists Ry > o such that if ro > Rg, the orbit {(0,,r,)} satisfies

lim 7, = +o0.
n——oo

The proof of Proposition 2.2 is identical to the proof of Proposition 2.1. We only
give some explanations. At first, from (2.2), (2.3) we know that P(E,) contains a
neighborhood of infinity. Next, by using the inductive method, we can also obtain
that

T _
ren =10~ Yizg  H2(fo — 2iam) — G_p(80,70),
where H_,,(0p,79) and G_,,(0p,70) satisly
rolH-n(60,70)| + |G—n(00,70)] — 0 as ro — +oo.

{Gn = 0o — 2nam — L =1 4 (0 — 2iam) — Ho_ (60, 70),

Thus, by applying the same ideas in proving Proposition 2.1, we can prove that the
conclusion of Proposition 2.2 holds.

3. ACTION AND ANGLE VARIABLES

At first, we consider the piecewise linear equation
(3.1) 2" +art —brT =0
and denote by C(t) the solution of (3.1) satisfying the initial condition z(0) =

1,2'(0) = 0. It is a periodic function with period
T T

BRVCARY

T

and can be expressed by

O(t) =
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The derivative of C(t) will be denoted by S(¢) = C’(t). Obviously, C(t) and S(t)
satisfy the following properties,

(i) Ct+7)=C(t), S(t+7) =S5(t) and C(0) =1, S(0) = 0.

(ii) C(t) € C*(R), S(t) € CL(R).

(iii) C'(t) = S(t), S'(t) = —(aCT(t) — bC~(t)).

(iv) S)? +aCT(t)>+bC~(t)* =a, VteR.

Define the mapping

d: (0,I)€ S x(0,400) — (z,y) € R:\{0}

with
0 1 0
=~I2C(— =~I25(—
z=I2C(=), y=7I25(7),
with w = 27”, v = 27“ It is easy to check that ® is an area-preserving C'-
diffeomorphism.
Now, we deal with Eq. (1.1). Consider the equivalent system of Eq. (1.1)

(3.2) i =y—F@), y =—(az* —ba) +p(t).

Under the transformation ®, Eq. (3.2) becomes

0 — v+ Jrirqred)sd) - Jrmed),
(3.3)
4l — Z1H-aCH(8) + b0 (DIFIECE) + Z IS (E).

Denote by (0(t; 0o, In), I(t; 00, Io)) the solution of (3.3) satisfying an initial condition

0(0) = by, 1(0) = Iy. If F(x) is bounded, then for large values of Iy, this solution

is defined for all ¢ € [0, 27]. Thus we can define the Poincaré mapping
9129(27{';90,[@), 11 21(271';60,]0).

From the second equality of (3.3) we get that

T = sl @)+ (GFeTe) s

It follows from (3.4) that

9

(3.4) —l

1
I(t)? = IF +0(1),t € [0,27], Iy — +cc.

Furthermore, we have that

(3.5) ()% =% +O(I; V).t € [0, 27], Ty — +oc.
From (3.5) and the first equality of (3.3) we know that
de _1
a =w + O(IO 2 )
Consequently,
(3.6) 8(t) = 0y + wt + O(I; %), t € [0, 2],
which, together with (3.4), yields
arz: 4 L6 _ b 1 6o 9o
— (- 20 DNF(yI2 Xyyo0 2
=l @ R0 (e + ENFOI Ol + )+ 0W) +p(0S(E+ )
+O0(1, ?).
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An integration shows that

1 L4 7 0 0 o
IP =17 + —/ (—aCH(t+ 22) +bC (t + —0))F(71 C(t+ )+O( ))dt
avy Jo w w
R OS5t + 2vat + o7 )
ay Jo b w on

Similarly, substituting (3.6) in the first equality of (3.3), we obtain that for ¢ €
[0, 2]
O _ Vi tperion s boy 23 oy ou;
et 210 F(yIGCO(t + w)+0(1))5(t+ w) 210 p(t)C(t + " )+O(Iy ).

Therefore, we have that
6= 6o+ 2mw+ 30,7 7 F(IEC+2) + 01)S(t + D)ar
-5 POt + %)dt +0(I; ).
Set = I''/2. Then we get
0= 0o+ 27mw+ %ral fo% F(yroC(t + %) +0(1)S(t+ %O)dt
—%r51 2P0+ )dt +0(r?),

r= ro+ gk [ (a0t (t+ 92) b0t + D)) F(yroC(t + D) + O(1))at

+% 2T () S(t + 20)dt + O(rg ).

Write

norm)= [ Fmct+ %)+ opse+ Dyar
a(00. 7o) (

290,7“0 = aC+t+9)+bC ( 0)) (7T00(t+9)+0( ))d

r
| e

0o

s(00) = / PHC(E + 2,

90)d

2
wilo) = [ p)S(e+
0
Lemma 1. Assume that the limits lim, 4o F(x) = F(400), lim,_,_o F(z) =
F(—o00) exist and are finite. Then, for ro — 400,

U1(60,70) = F(+00) | S(t+ i)dt+F( ) | S(t+i)dt+o( ),

0 0

V3 (60, 70) = —aF(+00) [ CT(t+ O)dt—i— bF(—o0) | C(t+ >
Jl J2

where Jy = {t 1t € (0,27), C(t+ %) > 0}, Jo = {t: t € (0,27), C(t + %) < 0},

Proof. We only check that

=)dt + (1),

lim F(yroC(t + % ) +0(1))S(t+ Q—O)dt = F(4o00) | S(t+ i—o)dt.

ro—-—+o00 T w J1
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From limg_, 4o F'(z) = F(+00) we have that, for any sufficiently small n > 0,

lim F(yroC(t + o )+ O(1))S(t+ H—O)dt = F(+0) S(t+ i?

T0—+00 Ji1 w Ji1

)dt,

with Ji; = {t:t € (0,2m),C(t+ ‘Z}—O) > n}. On the other hand, it is easy to see that

0o

lim F(erC(t+i—O)+O(1))S(t+eo)d t=0, lm [ S(t+=2)dt=0,

n—0+ Jia n—0+ Ji2

where Jio = {t:t € (0,27),0 < C(t + O 2) <n}. Thus we get the conclusion. O

Lemma 2. foﬂ' w4(90)d90 =0.

Proof. Since 14(00) = ¥5(00) and ¢4(6p), ¥3(0o) are 2m-periodic functions, we have
2 ba(0o)dby = 0. O

Now, we prove Theorem 1. The proof of Theorem 2 can be treated similarly.

Proof of Theorem 1. Consider the Poincaré mapping P : (6p,79) — (01,71). From
Lemma 1 we know that P can be expressed in the form:

{ 01 = 90+2WW+T61M1(90)+H(90,T0),

r1= 7o+ p2(bo) + G(0o,70),

where H, G are continuous functions and satisfy

1
H(0y,7r0) = 0(%), G(6p,70) = o(1) as ro — +o0

and 11 (60) = 3 [#1(60) —(00)]. 12(60) = 5 [#2(60) + (o)) with

6o 0
$1(00) = F(+00) [ S(t+ —)dt + F(—o0) [ S(t+ —)dt,
J1 w Ja w
" 6o 6o
@2(0p) = —aF(+o0) [ CT(t+ )dt +bF(—o00) | C™(t+ )dt,
J1 Ja2
where J; and Jo are defined in Lemma 1. Clearly, pq,p2 : St — St are Lipschitz
continuous. Since 1/v/a +1/vb € R\Q and w = 27/7, 7 = 7/y/a + 7/v/b, we have
that w is an irrational number. On the other hand, it follows from F(+0c0) < 0 <
F(—o0) that ¢2(6p) > 0 for 6y € S*. Therefore, from Lemma 2 we get that

27 4 27
/ /.Lg(eo)deo = — ¢2(60)d90 > 0.
0 a7y Jo

Applying the result of Proposition 2.1, we obtain the conclusion of
Theorem 1. |
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