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MBEKHTA’S SUBSPACES AND A SPECTRAL THEORY
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Abstract. Let A be an operator on an infinite-dimensional complex Banach
space. By means of Mbekhta’s subspaces H0(A) and K(A), we give a spectral
theory of compact operators. The main results are: Let A be compact. 1.
The following assertions are all equivalent: (1) 0 is an isolated point in the
spectrum of A; (2) K(A) is closed; (3) K(A) is of finite dimension; (4) K(A∗)
is closed; (5) K(A∗) is of finite dimension; 2. sufficient conditions for 0 to be
an isolated point in σ(A); 3. sufficient and necessary conditions for 0 to be a
pole of the resolvent of A.

0. Terminology and introduction

Throughout this paper, X will denote an infinite-dimensional complex Banach
space and we shall denote the algebra of all bounded linear operators on X by
B(X) and the ideal of all compact operators in B(X) by K(X). Let A ∈ B(X).
The nullspace and the range of A will be denoted respectively by N(A) and R(A).
σ(A) is the spectrum of A, ρ(A) is the resolvent set of A and for each λ ∈ ρ(A),
the resolvent of A (λI − A)−1 is denoted by Rλ(A). If λ0 is an isolated point in
σ(A), Pλ0 denotes the spectral projection corresponding to λ0. We say that A is
invertible if A−1 ∈ B(X). AM means the restriction of A to an invariant subspace
M of X and A∗ the conjugate of A. C and N denote respectively the set of complex
numbers and the set of positive integers. Finally, ⊆ is used for “is contained in”,
while ⊂ is reserved for “is strictly contained in”.

The authors of this paper learned the two important subspaces H0(A) and K(A)
(see definitions in section 1) from [5]; they were first introduced by Mostafa Mbekhta
in [3]. In [2, Prop. 49. 1], there is an assertion: Let A ∈ B(X). If λ0 is an isolated
point in σ(A), then

R(Pλ0) = {x : limn→∞‖((λ0I −A)nx‖
1
n = 0}

or, in the symbols used here,

R(Pλ0) = H0(λ0I −A).
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If someone, knowing this fact, had posed the question: what should be the ex-
pression for R(Pλ0)’s partner N(Pλ0)?, then Mbekhta’s subspaces would have been
formulated a few years earlier. An already known theorem quoted in [5] as Theorem
3 says: The pole of Rλ(A) can be characterised by means of the nullspace and the
range and for a pole λ0 of Rλ(A), both N(Pλ0) and R(Pλ0) can be expressed in
terms of the nullspace and the range of (λ0I − A)α, in which α is the order of λ0.
But we didn’t see that the nullspace and the range played a similar role for the
isolated point in σ(A). In [5], K(A) and its partner H0(A) fill the gap. Proposition
4 and Theorem 4 there are remarkable additions to the spectral theory of bounded
linear operators.

Motivated by [5], we come to renew a research of the spectrum of the compact
operator, the simplest spectrum, in terms of K(A) and H0(A).

1. Preliminary results

Mbekhta’s subspaces of X referred to in the title of this paper are: if A ∈ B(X),

K(A) = {x ∈ X : there exist C > 0 and a sequence {xn}n≥1 ⊆ X such that

Ax1 = x,Axn+1 = xn and ‖xn‖ ≤ Cn‖x‖ for all n ∈ N},

H0(A) = {x ∈ X : lim
n→∞

‖Anx‖
1
n = 0}.

The following facts are easy to verify and are useful in this paper: for all n ∈ N,
K(A) ⊆ R(An), N(An) ⊆ H0(A);

for all λ 6= 0,

N(λI −A) ⊆ K(A);

if B ∈ B(X) and AB = BA, then

H0(A) ⊆ H0(AB);

and by this we can prove that A is invertible if and only if K(A) = X and H0(A) =
{0}; finally, [5, Prop. 1] implies that for A ∈ B(X), if λ 6= 0,

H0(A) ⊆ R(λI −A).

Here in the case that λ0 ∈ σ(A) is isolated, we have

Theorem 1.1. Let A ∈ B(X). If λ0 is an isolated point in σ(A), then for all
λ 6= λ0,

{0} ⊂ H0(λ0I −A) ⊆ K(λI −A).

Proof. For all λ 6= λ0, λ ∈ ρ(AR(Pλ0 )), i.e., (λI −A)R(Pλ0 ) is invertible [2, Th.
49.1], and so

(λI −A)R(Pλ0 ) = R(Pλ0);

since R(Pλ0)is closed, R(Pλ0) ⊆ K(λI −A) [5, Prop. 2], while

{0} ⊂ R(Pλ0) = H0(λ0I −A) [5, Prop. 4].

Theorem 1.1 reveals a few facts that are worth noting. First of all, its proof also
tells
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Corollary 1.2. Let A ∈ B(X). If λ0 6= 0 is an isolated point in σ(A), then

A[H0(λ0I −A)] = H0(λ0I −A).

Corollary 1.3. Let A ∈ B(X). If λ0 ∈ σ(A) satisfies K(λ0I − A) = {0}, then λ0

is the only possible isolated point in σ(A).

Proof. If λ′ is an isolated point different from λ0, we have, by Theorem 1.1,

{0} ⊂ H0(λ′I −A) ⊆ K(λ0I −A)

which contradicts the hypothesis.

The following simple necessary condition for σ(A) to have more than one isolated
point is an immediate consequence of Corollary 1.3.

Corollary 1.4. Let A ∈ B(X). If σ(A) has more than one isolated point, then for
all λ ∈ C, {0} ⊂ K(λI −A).

2. A spectral theory of compact operators

We know that if A ∈ K(X), then σ(A) is countable and has no cluster point
except possibly 0; every non-zero number in σ(A) is an eigenvalue ofA and moreover
a pole of Rλ(A). But little is known about how to characterize 0 to be an isolated
point in σ(A) with the help of the nullspace and the range of A. The following
theorem shows that we can do it with K(A), a particular subspace of R(A).

Theorem 2.1. Let A ∈ K(X). Then the following statements are equivalent:
(1) 0 is an isolated point in σ(A);
(2) K(A) is closed;
(3) K(A) is of finite dimension;
(4) K(A∗) is closed;
(5) K(A∗) is of finite dimension.

Proof. Since σ(A∗) = σ(A), it is easy to see that the equivalence of (1), (2), and
(3) implies that of all the statements.

(1)=⇒(2). See [5, Th. 4].
(2)=⇒(3). Clearly, since K(A) is closed, AK(A) is compact. Hence, it follows

that AK(A) is surjective ([4] or [5, Th. 2(a)]) and that K(A) is of finite dimension
([6, Th. V7.4]).

(3)=⇒(1). Since AK(A) is surjective and K(A) is of finite dimension, AK(A) is
invertible. So there exists δ > 0 such that (λI −A)K(A) is invertible for |λ| < δ.

On the other hand, for λ 6= 0, N(λI −A) ⊆ K(A), so we can assert

N(λI −A) = N((λI −A)K(A)) = {0} if 0 < |λ| < δ.

Thus, by the Fredholm Alternative (see [6, p. 334, below]), we have

R(λI −A) = X if 0 < |λ| < δ.

Consequently, λ ∈ ρ(A) if 0 < |λ| < δ. Hence 0 is an isolated point in σ(A).

Corollary 2.2. Let A ∈ K(X). Then:
(1) σ(A) = {0}, A is quasinilpotent, and K(A) = {0} are equivalent;
(2) σ(A) = {0, λ1, λ2, · · · , λn} if and only if K(A) is closed and K(A) 6= {0};
(3) σ(A) = {0, λ1, λ2, · · · , λn, · · · } if and only if K(A) is not closed.
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Proof. (1) It is well-known that for A ∈ B(X), A is quasinilpotent if and only if
σ(A) = {0}. If σ(A) = {0}, by [5, Remarque 1.1] we have H0(A) = X , and by [5,
Prop. 4 or Th. 4] we have H0(A)∩K(A) = {0}. Hence K(A) = {0}. If, on the other
hand, K(A) = {0}, by Corollary 1.3, 0 is the only possible isolated point in σ(A).
Now, A is compact, so we have σ(A) = {0}.

(2) follows from Theorem 2.1 and (1) above.
(3) follows from Theorem 2.1.

If A ∈ K(X) and R(A) is closed, then 0 is an isolated point in σ(A), since in
this case R(A) is finite-dimensional. What can be said about 0 ∈ σ(A), if R(A) is
not closed? Let us see the example on p. 280 of [6] which throws light on the role
of K(A) that cannot be occasionally replaced by R(A).

Example 2.3. Let X = l1. Define an operator A on X by

A(x1, x2, x3, · · · ) = (0, x1,
1
2
x2,

1
3
x3, · · · ) (x1, x2, x3, · · · ) ∈ X.

A is a compact quasinilpotent operator. By Corollary 2.2, K(A) = {0}, so 0 is
isolated in σ(A). By the definition of A, however, A is one-to-one, thus R(A) is not
closed.

Proposition 2.4. Let A ∈ K(X). If there exists λ0 6= 0 such that

H0(λ0I −A) +H0(A) = X,

then 0 is an isolated point in σ(A).

Proof. By [3, Remarque 1.7] and see [6, p. 334, below], for A ∈ K(X) and λ0 6= 0,
there is d ≥ 1 such that

K(λ0I −A) = R((λ0I −A)d) and H0(λ0I −A) = N((λ0I −A)d).

By [6, Th. V.7.6], H0(λ0I − A) is of finite dimension. Since A(H0(λ0I − A)) =
H0(λ0I−A) (if λ0 ∈ σ(A), it follows from Corollary 1.2; if λ0 ∈ ρ(A), it is obvious),
there exists δ > 0 such that

(λI −A)H0(λ0I −A) = H0(λ0I −A) if |λ| < δ.

Since for all λ 6= 0, H0(A) ⊆ R(λI −A), we have

X = H0(λ0I −A) +H0(A) ⊆ R(λI −A) if 0 < |λ| < δ.

By the Fredholm Alternative, N(λI − A) = {0}. Thus if 0 < |λ| < δ, λ ∈ ρ(A).
Hence 0 is an isolated point in σ(A).

Corollary 2.5. Let A ∈ K(X). If there exists λ0 6= 0 such that

H0(A) = K(λ0I −A),

then 0 is an isolated point in σ(A).

Proof. If λ0 ∈ ρ(A), then K(λ0I − A) = X, H0(λ0I − A) = {0}. If, on the other
hand, λ0 ∈ σ(A), by [5, Th. 4],

X = K(λ0I −A) +H0(λ0I −A).

Hence for λ0 6= 0, we have

X = K(λ0I −A) +H0(λ0I −A) = H0(A) +H0(λ0I −A).

By Proposition 2.4, 0 is an isolated point in σ(A).
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The remainder of this paper deals with the pole of the resolvent of A.

Theorem 2.6. Let A ∈ K(X). Then the following statements are equivalent:
(1) 0 ∈ σ(A) is a pole of Rλ(A);
(2) there exists q ∈ N such that dimR(Aq) <∞;
(3) there exists n ∈ N such that K(A) = R(An);
(4) A has finite descent.

Proof. (1)⇒ (2). By [2, Prop. 50.2] or [6, Th. V.10.1], the descent of A is the order
of 0 as a pole of Rλ(A) and if we denote the order by q, we have R(Aq) = N(P0),
where N(P0) is closed. Hence, dimR(Aq) <∞, since Aq is compact.

(2) ⇒ (3). In this case, there exists a finite n ≥ q such that

R(An+1) = R(An), i.e., AR(An) = R(An).

Since R(An) is closed, we have K(A) ⊇ R(An); while K(A) ⊆ R(An) is always
true, we obtain K(A) = R(An).

(3) ⇒ (4). If R(An) takes the place of K(A) in the equality AK(A) = K(A),
we have AR(An) = R(An). This tells us that A has finite descent.

(4) ⇒ (1). By [6, Th. V10.5].

Let A ∈ B(X). We call the number

γ(A) = inf
x∈X\N(A)

‖Ax‖
d(x, N(A))

the minimum modulus of A, where d(· , ·) denotes distance (see [1] or [6]).

Proposition 2.7. Let A ∈ K(X). If

lim
n→∞

[γ(An)]
1
n > 0,

then 0 is a pole of Rλ(A) and σ(A) 6= {0}.

Proof. If 0 is not a pole of Rλ(A), then by Theorem 2.6, for n ∈ N, R(An) is not
closed. Thus, by [6, Th. IV 5.9], we have for n ∈ N, γ(An) = 0 and so

lim
n→∞

[γ(An)]
1
n = 0

which contradicts our assumption.
Now we know that 0 is a pole of Rλ(A). Denote by p its order; we have by

[5, Th. 5] N(Ap) = H0(A). If σ(A) = {0}, then, by Corollary 2.2 and [5, Th. 4]
H0(A) = X , and so N(Ap) = X i.e., Ap = 0. We again have for n ≥ p, γ(An) = 0
which yields the same contradiction.
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