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NONEXISTENCE RESULTS FOR HIGHER–ORDER
EVOLUTION PARTIAL DIFFERENTIAL INEQUALITIES

GENNADY G. LAPTEV

(Communicated by David S. Tartakoff)

Abstract. Nonexistence of global solutions to semilinear higher-order (with

respect to t) evolution partial differential inequalities u
(k)
t −∆u ≥ |x|σ|u|q with

k = 1, 2, . . . in the complement of a ball is studied. The critical exponents
q∗ are found and the nonexistence results are proved for 1 < q ≤ q∗. The
corresponding results for k = 1 (parabolic problem) are sharp.

Introduction

In this paper we study the nonexistence of global solutions for higher-order (with
respect to t) semilinear partial differential inequalities

∂ku

∂tk
−∆u ≥ |x|σ|u|q, (x, t) ∈ Ω× (0,∞).

Let us introduce the “critical singularity” σ∗ = −2. We consider the problem in
the complement of a ball Ω = RN \ BR, R > 0, and in the case +∞ > σ > σ∗ we
obtain the critical exponent q∗. In another case, −∞ < σ ≤ σ∗, for the problem
in the ball Ω = BR we formulate some results from the author’s paper [17] (see
also [6, 29]) on nonexistence for all q > 1.

Corresponding investigations for parabolic equations were initiated by Bandle
and Levine [2] (see also the references therein).

Nonexistence theory for evolution equations is well developed. We do not cite
all the results, but let us mention the book [30] and the surveys [20, 8] (parabolic
problems), and the books [1, 12, 24] and the papers [7, 10] (hyperbolic problems).

In this paper we obtain some generalization for higher-order evolution equations
and inequalities, which includes, among others, parabolic and hyperbolic problems.
We use the nonlinear test-function method, developed by Pohozaev [27], Mitidieri
and Pohozaev [22, 23, 24], Pohozaev and Tesei [28], Veron and Pohozaev [32],
and Zhang [33, 34, 35] (see also the papers by Bandle, Levine and Zhang [3],
Kurta [14, 15], Levine and Zhang [21] and author’s papers [16, 17, 18, 19]).

Let N ≥ 3, Q be an (unbounded) domain in RN+1 with piecewise smooth
boundary. We will use the well-known Sobolev spaces W 2

q (Q) and the local space
Lq,loc(Q), the elements of which belong to Lq(Q′) for any compact subset Q′: Q′ ⊂
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Q. Denote the space of continuous functions by C(Q) and the space of smooth
functions by Cm(Q). Similar anisotropic spaces W 2,k

q (Q) and C2,k(Q) are also
introduced.

The symbol ∆ stands for the Laplace operator. The expression ∂u
∂n denotes the

derivative of u in the direction of the outward normal n to the boundary of the
domain under consideration. Indexed c’s and C’s are used to designate constants.

1. Main results

Let R > 0, k ∈ N and −2 < σ < +∞. Let us introduce the domain Ω = RN \BR
and consider the problem

(1.1)


∂ku
∂tk
−∆u ≥ |x|σ |u|q, (x, t) ∈ Ω× (0,∞),

u(x, t) ≥ 0, (x, t) ∈ ∂Ω× (0,∞),
∂k−1u
∂tk−1 (x, 0) ≥ 0, x ∈ Ω.

Definition 1.1. Let u(x, t) ∈ C(Ω × [0,∞)) and the locally integrable traces
∂iu
∂ti (x, 0), i = 1, . . . , k−1, are well defined. The function u(x, t) is called a weak solu-
tion to problem (1.1) if, for any nonnegative test-function ϕ(x, t) ∈W 2,k

∞ (Ω×(0,∞))
with compact support, such that ϕ|∂Ω×(0,∞) = 0, the integral inequality

(1.2)
∫ ∞

0

∫
∂Ω

u
∂ϕ

∂n
dxdt+

∫ ∞
0

∫
Ω

u

(
(−1)k

∂kϕ

∂tk
−∆ϕ

)
dxdt

≥
∫ ∞

0

∫
Ω

|x|σ |u|qϕdxdt+
k−1∑
i=1

(−1)i
∫

Ω

∂k−1−iu

∂tk−1−i (x, 0)
∂iϕ

∂ti
(x, 0) dx

+
∫

Ω

∂k−1u

∂tk−1
(x, 0)ϕ(x, 0) dx

holds.

Theorem 1.2. For σ > −2 and

(1.3) 1 < q ≤ q∗k =
N + 2/k + σ

N − 2 + 2/k
= 1 +

2 + σ

N − 2 + 2/k

problem (1.1) has no nontrivial global weak solution.

This theorem includes, among others, the sharp results for parabolic problems
(k = 1, Fujita–Hayakawa’s critical exponent q∗1 = 1+ 2+σ

N ; see also [25, 4, 26, 20, 25,
8, 3, 21]) and hyperbolic problems (k = 2, Kato’s critical exponent q∗2 = 1 + 2+σ

N−1 ;
see also [32, 34, 9]). It is interesting that formally passing to the limit as k → ∞
in Theorem 1.2 we arrive at the sharp elliptic critical exponent q∗∞ = N+σ

N−2 (see, for
example, [22, 23, 24, 13, 16, 5] and the references therein).

Now let −∞ < σ ≤ −2. Let us consider the problem (1.1) in the ball BR, i.e.
Ω = BR.

Definition 1.3. Let u(x, t) ∈ C(Ω \ {0} × [0,∞)) and let the traces ∂iu
∂ti (x, 0) ∈

Lloc(Ω \ {0}), i = 1, . . . , k − 1, be well defined. The function u(x, t) is called
a weak solution to problem (1.1) if, for any nonnegative test-function ϕ(x, t) ∈
W 2,k
∞ (Ω × (0,∞)), such that ϕ(x, t) ≡ 0 in a neighborhood of x = 0 for all t ≥ 0

and ϕ|∂Ω×(0,∞) = 0, the integral inequality (1.2) holds.
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Theorem 1.4 ([17]). For −∞ < σ ≤ −2 and

1 < q < +∞
problem (1.1) in the ball Ω = BR has no global (with respect to t) nontrivial solution.

Let us explain the meaning of the above theorem. To do this, it is convenient
to use an analogy with Theorem 1.2. In the case σ ≤ −2, the solution has a
singularity at x = 0 rather than at infinity. Accordingly, the test function vanishes
in a neighborhood of x = 0, and no assumption is made about the integrability of
u(x, t) at zero. This argument can be formalized by applying the Kelvin transform
in order to proceed to an exterior problem in RN \BR.

2. Auxiliary estimates

In this section we obtain some estimates depending on the parameter ρ, ρ→∞.
These estimates play a fundamental role in the test function method.

Let us consider the “standard cut-off function” ζ(y) ∈ C∞(R+) with the follow-
ing properties:

0 ≤ ζ(y) ≤ 1, ζ(y) =

{
1, if 0 ≤ y ≤ 1,
0, if y ≥ 2.

For the function
η(y) = (ζ(y))kp0

with some positive p0 and k ∈ N, by direct calculation one can obtain the estimates
(for 1 < p ≤ p0)

|η′(y)|p = (kp0)pζkp0(p−1)ζkp0−p|ζ′|p ≤ cηηp−1(y),

|η′′(y)|p ≤ (kp0)pζkp0(p−1)ζkp0−2p((kp0 − 1)|ζ′|2 + ζ|ζ′′|)p ≤ cηηp−1(y),
. . .

|η(k)(y)|p ≤ cηηp−1(y)

with a positive constant cη.
Now let us introduce the change of variables y = t/ρθ, with θ > 0, ρ > 2R. For

the function η(t/ρθ) we have

supp
∣∣∣∣η( t

ρθ

)∣∣∣∣ = {t < 2ρθ}, supp
∣∣∣∣dkη(t/ρθ)

dtk

∣∣∣∣ = {ρθ < t < 2ρθ},

and

(2.1)
∫

supp | dkη(t/ρθ)
dtk

|

|d
kη(t/ρθ)
dtk

|p
ηp−1(t/ρθ)

dt ≤ cηρ−θ(kp−1).

The parameter θ will be chosen later.
For the variable x, |x| = r, we introduce the functions η(r/ρ),

(2.2) ξ(x) ≡ ξ(r) =
1
Rs
− 1
rs
,

and

(2.3) ψρ(x) ≡ ψρ(r) =
(

1
Rs
− 1
rs

)
η

(
r

ρ

)
.

Here we will put s = N − 2. It is evident that ψρ = 0 and ∂ψρ
∂r ≥ 0 as r = R.
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For the derivatives of the function ψρ(r) (as r > 2R) we have∣∣∣∣∂ψρ∂r
∣∣∣∣p ≤ ∣∣∣∣ s

rs+1
η

(
r

ρ

)
+
(

1
Rs
− 1
rs

)
η′
(
r

ρ

)
1
ρ

∣∣∣∣p ≤ cηp−1

(
r

ρ

)
1

Rpsrp

(
1 +

rp

ρp

)
,

∣∣∣∣∂2ψρ
∂r2

∣∣∣∣p ≤ ∣∣∣∣−s(s+ 1)
rs+2

η

(
r

ρ

)
+

2s
rs+1ρ

η′
(
r

ρ

)
+
(

1
Rs
− 1
rs

)
1
ρ2
η′′
(
r

ρ

)∣∣∣∣p
≤ cηp−1

(
r

ρ

)
1

Rspr2p

(
1 +

rp

ρp
+
r2p

ρ2p

)
;

here c does not depend on r and ρ. Using these estimates we arrive at the inequality
for the Laplace operator:

(2.4) |∆ψρ(x)|p =
∣∣∣∣∂2ψρ
∂r2

+
N − 1
r

∂ψρ
∂r

∣∣∣∣p ≤ c ∣∣∣∣∂2ψρ
∂r2

∣∣∣∣p + c
1
rp

∣∣∣∣∂ψρ∂r
∣∣∣∣p

≤ cηp−1

(
r

ρ

)
1

Rspr2p

(
1 +

rp

ρp
+
r2p

ρ2p

)
≤ cψp−1

ρ (x)
1
r2p

(
1 +

rp

ρp
+
r2p

ρ2p

)
.

Now we take s = N − 2. Due to

∆
(

1
rN−2

)
= 0, r 6= 0,

we have ∆ψρ = 0 for r < ρ and

supp |∆ψρ| = {ρ < r < 2ρ}.

On the set supp |∆ψρ| the estimate

1 +
rp

ρp
+
r2p

ρ2p
≤ c

holds, where c does not depend on r and ρ. Therefore, it follows from (2.4) (for
ρ < r < 2ρ) that

|∆ψρ(x)|p ≤ cψp−1
ρ (x)

1
ρ2p

;

hence for σ ∈ R we get

(2.5)
∫

supp |∆ψρ|

|∆ψρ(x)|p

ψp−1
ρ (x)|x|σ(p−1)

dx

≤ c
∫ 2ρ

ρ

ψp−1
ρ (x)

ψp−1
ρ (x)

rN−1

ρ2p+σ(p−1)
dr ≤ cψρ−p(σ+2)+N+σ.

Finally, for the general test-function

(2.6) ϕρ(x, t) = η

(
t

ρθ

)
ψρ(x)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



NONEXISTENCE RESULTS 419

we obtain the inequality

(2.7)
∫∫

supp |∆ϕρ|

|∆ϕρ(x, t)|p

ϕp−1
ρ (x, t)|x|σ(p−1)

dx dt

≤
∫ 2ρθ

0

η(t/ρθ) dt
∫

supp |∆ψρ|

|∆ψρ|p

ψp−1
ρ |x|σ(p−1)

dx ≤ cϕρθ−p(σ+2)+N+σ.

Analogously, using (2.1), we obtain

(2.8)
∫∫

supp | ∂
kϕρ

∂tk
|

∣∣∣∣∂kϕρ(x, t)∂tk

∣∣∣∣p 1
ϕp−1
ρ (x, t)|x|σ(p−1)

dx dt

≤
∫

supp | dkη(t/ρθ )
dtk

|

∣∣∣∣dkη(t/ρθ)
dtk

∣∣∣∣p 1
ηp−1(t/ρθ)

dt

∫
R<|x|<2ρ

ψρ(x)
|x|σ(p−1)

dx

≤ cηρ−θ(kp−1)c

∫ 2ρ

R

rN−1

rσ(p−1)
dr ≤ cϕ


ρN−σ(p−1)−θ(kp−1), N − σ(p− 1) > 0,
ρ−θ(kp−1) ln ρ, N − σ(p− 1) = 0,
ρ−θ(kp−1)RN−σ(p−1), N − σ(p− 1) < 0.

For θ = 2/k the powers in these estimates (under condition N − σ(p− 1) > 0) are
equal:

N − σ(p− 1)− θ(kp− 1) = θ − p(σ + 2) +N + σ ≡ −p(σ + 2) +N + σ + 2/k.

3. Proof of Theorem 1.2

Let u(x, t) be a global nontrivial solution of problem (1.1). From Definition 1.1
with the test function ϕ(x, t) = ϕρ(x, t), defined by (2.6) with p = q′ > 1 and
θ = 2/k, using the equalities

∂iϕρ
∂ti

(x, 0) ≡ 0, i = 1, . . . , k − 1,

we obtain

(3.1)
∫

Ω

∂k−1u

∂tk−1
(x, 0)ϕρ(x, 0) dx+

∫ ∞
0

∫
Ω

|u|q|x|σϕρ dxdt

≤ −
∫ ∞

0

∫
∂BR

u
∂ϕρ
∂r

dxdt+ (−1)k
∫∫

∂kϕρ

∂tk
=0

u
∂kϕρ
∂tk

dxdt−
∫∫

∆ϕρ=0

u∆ϕρ dxdt

+ (−1)k
∫∫

∂kϕρ

∂tk
6=0

u
∂kϕρ
∂tk

dxdt−
∫∫

∆ϕρ 6=0

u∆ϕρ dxdt.

As it was mentioned above ∂ψρ
∂r |r=R ≥ 0, so that ∂ϕρ

∂r |r=R ≥ 0 and the first integral
on the right-hand side is nonpositive due to our assumption u|∂Ω×(0,∞) ≥ 0. The
second and the third integrals equal zero.
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Using the Hölder inequality we obtain

(3.2)
∫

Ω

∂k−1u

∂tk−1
(x, 0)ϕρ(x, 0) dx+

∫ ∞
0

∫
Ω

|u|q|x|σϕρ dxdt

=
∫

Ω

∂k−1u

∂tk−1
(x, 0)ϕρ(x, 0) dx+

∫∫
ϕρ(x,t) 6=ξ(x)

|u|q|x|σϕρ dxdt

+
∫∫

ϕρ(x,t)=ξ(x)

|u|q|x|σξ(x) dxdt

≤
∫∫

supp |∂
kϕρ

∂tk
|
|u|
∣∣∣∣∂kϕρ∂tk

∣∣∣∣ dxdt +
∫∫

supp |∆ϕρ|
|u||∆ϕρ| dxdt

≤
( ∫∫

supp | ∂
kϕρ

∂tk
|
|u|q|x|σϕρ dxdt

)1/q
 ∫∫

supp |∂
kϕρ

∂tk
|

∣∣∣∂kϕρ∂tk

∣∣∣q′
ϕq
′−1
ρ |x|σ(q′−1)

dxdt


1/q′

+

( ∫∫
supp |∆ϕρ|

|u|q|x|σϕρ dxdt
)1/q( ∫∫

supp |∆ϕρ|

|∆ϕρ|q
′

ϕq
′−1
ρ |x|σ(q′−1)

dxdt

)1/q′

.

Finally, using the Young inequality, we get

(3.3)
∫∫

ϕρ(x,t)=ξ(x)

|u|q|x|σξ(x) dxdt ≤ c
∫∫

supp | ∂
kϕρ

∂tk
|

∣∣∣∂kϕρ∂tk

∣∣∣q′
ϕq
′−1
ρ |x|σ(q′−1)

dxdt

+ c

∫∫
supp |∆ϕρ|

|∆ϕρ|q
′

ϕq
′−1
ρ |x|σ(q′−1)

dxdt.

The last term due to (2.7) (p = q′, θ = 2/k) is less than

cρ−q
′(σ+2)+N+σ+2/k.

If

(3.4) −q′(σ + 2) +N + σ + 2/k ≤ 0,

then the last integral in (3.3) is bounded as ρ→∞. As for the first integral in the
right-hand side of (3.3), it is easy to see that under condition (3.4) this integral is
bounded. Passing to the limit as ρ→∞ in the case (3.4) we obtain∫ ∞

0

∫
Ω

|u|q|x|σξ dxdt ≤ c0.

Then by the inequality ϕρ ≤ ξ and taking into account that the Lebesgue integral
is absolutely continuous with respect to the Lebesgue measure, we have∫∫

supp |∂
kϕρ

∂tk
|
|u|q|x|σϕρ dxdt ≤

∫∫
supp | ∂

kϕρ

∂tk
|
|u|q|x|σξ dxdt < ε(ρ)→ 0,∫∫

supp |∆ϕρ|
|u|q|x|σϕρ dxdt ≤

∫∫
supp |∆ϕρ|

|u|q|x|σξ dxdt < ε(ρ)→ 0

as ρ→∞.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



NONEXISTENCE RESULTS 421

Then from inequality (3.2) we finally get∫∫
ϕρ(x,t)=ξ(x)

|u|q|x|σξ(x) dxdt ≤ 2ε1/q(ρ)c1/q
′

0 → 0

as ρ→∞, and ∫ ∞
0

∫
Ω

|u|q|x|σξ dxdt = 0,

that is, the solution u(x, t) must be trivial under condition (3.4), which is equivalent
to the condition of Theorem 1.2. �

4. Possible generalizations

Using the described technique one can obtain nonexistence results for more gen-
eral quasilinear equations and systems. Let us mention some examples in this
direction.

For the inequality with damping

(4.1)


∂k1u
∂tk1 + ∂k2u

∂tk2 −∆u ≥ |x|σ|u|q, (x, t) ∈ Ω× (0,∞),
u(x, t) ≥ 0, (x, t) ∈ ∂Ω× (0,∞),
∂k1−1u
∂tk1−1 (x, 0) ≥ 0, ∂k2−1u

∂tk2−1 (x, 0) ≥ 0, x ∈ Ω,

where k1 ≥ 1, k2 ≥ 1, we have

Theorem 4.1. Let Ω = RN \BR, −2 < σ < +∞, k = min{k1, k2} and 1 < q ≤ q∗k,
where q∗k is defined in (1.3). Then problem (4.1) has no nontrivial global solution.

The special case of this problem (k1 = 1, k2 = 2, σ = 0) was investigated in [31]
(on RN ) and in [35] (on some noncompact manifolds) with additional assumption
that initial data are compactly supported.

Lemma 4.2. Let Ω = RN \BR and

1 ≤ m < q ≤ q∗ = m+ 2
m− (m− 1)/k
N − 2 + 2/k

.

Then the problem

(4.2)


∂ku
∂tk
−∆um ≥ |u|q, (x, t) ∈ Ω× (0,∞),

u(x, t) ≥ 0, (x, t) ∈ ∂Ω× (0,∞),
∂k−1u
∂tk−1 (x, 0) ≥ 0, x ∈ Ω,

has no nontrivial global solution.

Lemma 4.3. Let Ω = RN \BR, q1 > 1, q2 > 1, and

max{γ1, γ2} ≥
N − 2 + 2/k

2
, γ1 =

q1 + 1
q1q2 − 1

, γ2 =
q2 + 1
q1q2 − 1

.

Then the problem

(4.3)


∂ku
∂tk
−∆u ≥ |v|q1 , (x, t) ∈ Ω× (0,∞),

∂kv
∂tk
−∆v ≥ |u|q2 , (x, t) ∈ Ω× (0,∞),

u(x, t) ≥ 0, v(x, t) ≥ 0, (x, t) ∈ ∂Ω× (0,∞),
∂k−1u
∂tk−1 (x, 0) ≥ 0, ∂k−1v

∂tk−1 (x, 0) ≥ 0, x ∈ Ω,

has no nontrivial global solution.
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Remark 4.4. The referee’s report on the earlier version of this paper contained a
very useful remark that the method works if the complement of a circular cylinder
(with respect to t) is replaced by the complement of other cylinder. In this case
R = R(t) and we have to assume that R(t) ≥ R0 > 0 (so the domain under
consideration is infinite with respect to time t).

Finally it should be mentioned that the nonlinear test function method can be
applied also to semilinear inequalities in cone-like domains (see, for example, the
author’s papers [16, 18, 19]).

Acknowledgment

The author is grateful to Professor H. Levine for bibliographic and historic re-
marks, Professor S. Pohozaev for setting up the problem and helpful discussion
of the results, and the anonymous referee for useful comments which led to an
improvement of the presentation of the results.

References

[1] S. Alinhac, Blowup for nonlinear hyperbolic equations, Birkhäuser, Boston, 1995. MR
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