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ABSTRACT. Nonexistence of global solutions to semilinear higher-order (with
respect to t) evolution partial differential inequalities u,(gk) —Au > |z|7|u|? with
k = 1,2,... in the complement of a ball is studied. The critical exponents
q* are found and the nonexistence results are proved for 1 < ¢ < ¢*. The
corresponding results for kK = 1 (parabolic problem) are sharp.

INTRODUCTION

In this paper we study the nonexistence of global solutions for higher-order (with
respect to t) semilinear partial differential inequalities

TUAus s (@) € 2% (0.00)
— — Au > |z|7|u|?, x, ,00).
otk -
Let us introduce the “critical singularity” ¢* = —2. We consider the problem in

the complement of a ball Q@ = R¥ \ B, R > 0, and in the case +0co > o > o* we
obtain the critical exponent ¢*. In another case, —oco < o < ¢*, for the problem
in the ball = B we formulate some results from the author’s paper [I7] (see
also [6,129]) on nonexistence for all ¢ > 1.

Corresponding investigations for parabolic equations were initiated by Bandle
and Levine [2] (see also the references therein).

Nonexistence theory for evolution equations is well developed. We do not cite
all the results, but let us mention the book [30] and the surveys [20] [§] (parabolic
problems), and the books [I] 12} [24] and the papers [7, [10] (hyperbolic problems).

In this paper we obtain some generalization for higher-order evolution equations
and inequalities, which includes, among others, parabolic and hyperbolic problems.
We use the nonlinear test-function method, developed by Pohozaev [27], Mitidieri
and Pohozaev [22], 23] 24], Pohozaev and Tesei [28], Veron and Pohozaev [32],
and Zhang [33], [34, [35] (see also the papers by Bandle, Levine and Zhang [3],
Kurta [14] [I5], Levine and Zhang [21] and author’s papers [16], [17, [18, [19]).

Let N > 3, Q be an (unbounded) domain in R¥*! with piecewise smooth
boundary. We will use the well-known Sobolev spaces Wq2 (Q) and the local space
Ly 10c(Q), the elements of which belong to L,(Q’) for any compact subset Q": Q' C
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Q. Denote the space of continuous functions by C(Q) and the space of smooth
functions by C™(Q). Similar anisotropic spaces WqQ’k(Q) and C%*(Q) are also
introduced.

The symbol A stands for the Laplace operator. The expression 8—“ denotes the
derivative of u in the direction of the outward normal n to the boundary of the
domain under consideration. Indexed ¢’s and C’s are used to designate constants.

1. MAIN RESULTS

Let R> 0,k € Nand —2 < 0 < +00. Let us introduce the domain Q = RV \ Bg
and consider the problem

— Au > [effult, (1) € Q x (0,00),

at’c

(1.1) w(z,t) >0, (z,t) € 9 x (0, 00),
k—
atkl(m0)>0, z € .

Deﬁnition 1.1. Let u(z,t) € C(Q x [0,00)) and the locally integrable traces
Bt’ 4(x,0),i=1,...,k—1, are well defined. The function u(z,t) is called a weak solu-
tion to problem (L)) if, for any nonnegative test-function ¢(z,t) € W2k (Q2x (0, 00))
with compact support, such that ¢|sox(0,00) = 0, the integral inequality

oA
)k
(1.2) / /852 I ? dudt +/ / < Dk Aga) dxdt

oF 1=y O
/ /|a:| |u|qgadxdt+z W(m 052 (@,0)da
8k Ly
+ = (x 0)¢(x,0) dx
holds.
Theorem 1.2. For o > —2 and
(1.3) 1<q<qk_%—l #—f?/k}

problem (ILT]) has no nontrivial global weak solution.

This theorem includes, among others, the sharp results for parabolic problems
(k = 1, Fujita—Hayakawa’s critical exponent ¢; = 1+ Q'FT"; see also [25} 4, 26 [20] 25]

8| B} 21]) and hyperbolic problems (k = 2, Kato’s critical exponent g5 = 1 + 12v+01;
see also [32, B4] [@]). Tt is interesting that formally passing to the limit as & — oo

in Theorem [[L2 we arrive at the sharp elliptic critical exponent ¢*, = %f; (see, for

example, [22, 23, 24], T3], T6l, 5] and the references therein).
Now let —oo < 0 < —2. Let us consider the problem (1) in the ball Bpg, i.e.
2 = Bp.

Definition 1.3. Let u(z,t) € C(Q\ {0} x [0,00)) and let the traces %(m,O) €
Lioc(2\{0}), i = 1,...,k — 1, be well defined. The function wu(z,t) is called
a weak solution to problem (L)) if, for any nonnegative test-function p(z,t) €
W2k (Q x (0,00)), such that ¢(x,t) = 0 in a neighborhood of x = 0 for all ¢ > 0
and ¢[pax (0,00) = 0, the integral inequality (C2) holds.
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NONEXISTENCE RESULTS 417

Theorem 1.4 ([I7]). For —oco < 0 < —2 and
1<qg<4o0
problem (LTl) in the ball @ = Br has no global (with respect to t) nontrivial solution.

Let us explain the meaning of the above theorem. To do this, it is convenient
to use an analogy with Theorem In the case 0 < —2, the solution has a
singularity at = 0 rather than at infinity. Accordingly, the test function vanishes
in a neighborhood of x = 0, and no assumption is made about the integrability of
u(x,t) at zero. This argument can be formalized by applying the Kelvin transform
in order to proceed to an exterior problem in R" \ Bg.

2. AUXILIARY ESTIMATES

In this section we obtain some estimates depending on the parameter p, p — oo.
These estimates play a fundamental role in the test function method.

Let us consider the “standard cut-off function” ((y) € C*°(R4) with the follow-
ing properties:
1, if0<y<1,

0<((y) <1, C(y)—{o ity > 2.

For the function

n(y) = (C(y))*e

with some positive py and k € N, by direct calculation one can obtain the estimates
(for 1 < p < po)

0 ()P = (kpo)P¢FPo= D FPomp | |P < e~ (y),

0" (W)IP < (kpo)PCFPe =1 CRPo=20 (kpy — 1)[C'2 + CICN)P < eqn”™ (),
W )P < e (y)
with a positive constant c,,.

Now let us introduce the change of variables y = t/p?, with § > 0, p > 2R. For
the function 7(t/p?) we have

t dknt p9
supp ‘n (F)‘ ={t<2p"},  supp % ={p? <t <2,
and
|dk77(§t£l)9)|p o)
(2.1) / — A dt < ¢, p P,
supp\%\ nP l(t/pe) K

The parameter 6 will be chosen later.
For the variable z, |z| = r, we introduce the functions 7(r/p),

(2.2) @) =€) = = — —

“m
and

(2.3 B = 0,00 = (7 - % )u (%)

Here we will put s = N — 2. It is evident that 1, = 0 and % >0asr=R.
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For the derivatives of the function ¢,(r) (as r > 2R) we have

o, s r 1 1\ ,/r\ 1" (T 1 rP
7P <« Z - _ — )2l < epP Z 14 —
‘ or | = | p + R )" p)pl — n p) Rpsrp + pP )’
D%, |” s(s+1 r 2s r 1 1\ 1 r\ [P
‘ 52| S D, (—) + (‘) + <—s - —5) =1 (‘)
r r p)  rtipT \p Rsrs ) p p

< 1 [T 1 1 rP 2P )
<cn ; Topy2p +p—p+pr ;

here ¢ does not depend on r and p. Using these estimates we arrive at the inequality
for the Laplace operator:

P 1 p
+Cr—p

L LT e L

or? r Or or2 or
1 P 2P 1 P 2P
p—1 (T T, p—1(.\_*_ . r
= (p) Repr2p (1 Tt p2p) = ) (1 Tt p2p) '

Now we take s = N — 2. Due to

1
A<7’“’V—_2>_O’ 7'#0,

we have Ay, = 0 for r < p and

(2.4) mwxmw=\

supp |Atpp| = {p <1 < 2p}.
On the set supp |Ay,| the estimate

7P r2p
1+p—p+p7p§0

holds, where ¢ does not depend on r and p. Therefore, it follows from (24) (for
p <r < 2p) that

1

| A ()" < cwg—l(prp;

hence for o € R we get

upp [Ag,| ¢571($)|x|0(p71)

20 hp=1 (g N-1
= c/ w’;—l( ) 2: o I = cypp  POTIENF
b Vp (x) pPTIR

Finally, for the general test-function

t

(2.6) wA%ﬂ=n<w)¢A@
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we obtain the inequality

A ot
supp |Ap,| 90/1 (xat)|x|g(p b

A P
< / n(t/p?) dt/ I)JIL”' dx < cpp? POt TN+o,
0 supp|Ag,| Yp |z~

Analogously, using (2.1]), we obtain
(2.8) // ‘3’%(%0 !
supp| 222 | ot
- d*n(t/p%)|"
~ supp | £y
pN—ew=D=6kr=1) N —o(p—1) >0,

dtk
2p ,.N—1
< cyp e % dr < cy,q p~0P=Dnp, N-o(p-1)=0,
rR T (p=1) pfe(kpfl)RNfa(pfl) N — U(p _ 1) <0

dx dt

oh (a,t)|z|7@=D)

Y S
nP (t/p ) R<|z|<2p |x|a P

For 6 = 2/k the powers in these estimates (under condition N — o(p — 1) > 0) are
equal:

N—-op-1)—-0kp—1)=0—-plc+2)+ N+oc=-plc+2)+N+o+2/k.

3. PROOF OF THEOREM

Let u(x,t) be a global nontrivial solution of problem (LIJ). From Definition 1]
with the test function ¢(z,t) = ¢,(z,t), defined by (Z8) with p = ¢’ > 1 and
6 = 2/k, using the equalities

o, - .
9t (z,0) =0, i=1,...,k—1,

we obtain

8k—1u 0
(3.1) /W(m,o)gop(x,o)da:—i—/ /|u|q|x|“<ppda:dt
Q 0o Jo
/ / %0 gudt + (- / a“"”d dt—// ulhp, dudt
dBRr 37‘ Ap,=0

Sﬁp //
dzxdt — ulAp, dxdt.
/i&;ﬁo otk App#0 P

As it was mentioned above 2 o Wy lr=r > 0, so that ‘P" lr=r > 0 and the first integral
on the right-hand side is nonpositive due to our assumptlon ulpox (0,00) > 0. The
second and the third integrals equal zero.
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Using the Holder inequality we obtain
81971” 00
(3.2) /Q W(m, 0)¢,(z,0) dz + / / |ul?]z|? ¢, dzdt

ak 1
= (x 0)¢,(z,0) dx—f—// |ul?]x|? ¢, dxdt
/ Ath—1 g o (2,1)E ()
+ff [ul]a]€ () dadt
o (2,t)=E(2)

ak%)
< .yl | dadt + |ul|Ap,| dzdt
supp | 42| supp |Agp,|
ak@p

ql
otk

<( [ . el drit) / | . :
< supp | 27 | supp 2252 | o L |a]o(@-1)
1/q
A
+ // lul?]z|” ¢, dadt // | 30p| —— dxdt .
supp [Ap,| supp |Ae,| @p |$|U(q —1)

Finally, using the Young inequality, we get
(3.3) // | ullal7€(e) doa < /
Polz,t)=

A
supp |Ag,| Pp |x|a(q -1

The last term due to (1) (p = ¢/, 8 = 2/k) is less than

1/q'

—— dxdt

’
ak@p 1
otk

—dxdt
|x|a(q'—1>

’
Cp—q (c+2)+N+o+2/k )

If
(3.4) —q'(04+2)+ N+0o+2/k<0,

then the last integral in (B.3)) is bounded as p — oo. As for the first integral in the
right-hand side of ([B3)), it is easy to see that under condition (B.4) this integral is
bounded. Passing to the limit as p — oo in the case (3.4) we obtain

/ / |u]?)z|7€ dadt < cp.
o Ja

Then by the inequality ¢, < ¢ and taking into account that the Lebesgue integral
is absolutely continuous with respect to the Lebesgue measure, we have

// ) |u|q|x|“gapdxdt§//  Julfelg dedt < <(p) — O,
ke, 9%vp
supp | 7> | supp | 7% |

// ul?)2]7 o, dvdt < // (||| ¢ dadt < £(p) — 0
supp |Ap,| supp |Ap,|

as p — 00.
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Then from inequality (3.2)) we finally get
// [u|?|x|7&(x) dedt < 251/q(p)0(1)/q’ =0
wp(z,t)=E£(x)

/ / |u|?|x|7 € daxdt = 0,
o Jao

that is, the solution u(z,t) must be trivial under condition (4], which is equivalent
to the condition of Theorem O

as p — oo, and

4. POSSIBLE GENERALIZATIONS

Using the described technique one can obtain nonexistence results for more gen-
eral quasilinear equations and systems. Let us mention some examples in this
direction.

For the inequality with damping

F1q u o

Ot + 228 — Au > fa]|uls, (x,) € 2 x (0,00),
(4.1) ulz,t) >0, (z,1) € 99 x (0, 00),

k1—1,,

gtkﬁ(x 0) > O7 gtiz T (l‘ 0) 0 T € Q,

where k1 > 1, ko > 1, we have

Theorem 4.1. Let Q = RV\ B, —2 < 0 < 400, k = min{ky, k2} and 1 < ¢ < gj,
where g is defined in ([[L3). Then problem @I) has no nontrivial global solution.

The special case of this problem (k; = 1, k2 = 2, 0 = 0) was investigated in [31]
(on RY) and in [35] (on some noncompact manifolds) with additional assumption
that initial data are compactly supported.

Lemma 4.2. Let Q = RN \ By and

m—(m—1)/k

1<m<qg<qg"= 2 .
ey v gy

Then the problem
—Au™ > |ul]?, (z,t) € Q x (0,00),

atk
(4.2) u(x,t) >0, (z,1) € 0 x (0, 00),
o (20020, zeq,

has no nontrivial global solution.

Lemma 4.3. Let Q =RN\ Bgr, ¢1 > 1, ¢ > 1, and

max{vva 7_‘117_"1 7_%7_"1
b= 2 ’ a1 P et
Then the problem
dtk — Au > |v|®, (x,t) € Q x (0, 00),
(4.3) dtk — Av > |u|?, (x,t) € Q x (0, 00),
| u(e )20, v(et) 20 £,1) € 99 x (0, 0)
k— —
Ot (x,0)>0, Z¥(2,0)>0, z€Q,

has no nontrivial global solutz’on,
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Remark 4.4. The referee’s report on the earlier version of this paper contained a
very useful remark that the method works if the complement of a circular cylinder
(with respect to t) is replaced by the complement of other cylinder. In this case
R = R(t) and we have to assume that R(t) > Ry > 0 (so the domain under
consideration is infinite with respect to time ¢).

Finally it should be mentioned that the nonlinear test function method can be
applied also to semilinear inequalities in cone-like domains (see, for example, the
author’s papers [16], [I8, [19]).
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