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ON PRO-UNIPOTENT GROUPS SATISFYING
THE GOLOD–SHAFAREVICH CONDITION

M. KASSABOV

(Communicated by Lance W. Small)

Abstract. We prove that a pro-unipotent group satisfying the Golod–Shafa-
revich condition contains a free non-abelian pro-unipotent group. Together
with the result of A. Magid this implies that such a group is not linear.

1. Introduction

In [4] Golod and Shafarevich found a sufficient condition for a (pro-p) group
represented by generators and relations to be infinite. Recently, Zelmanov [12] con-
firmed an earlier conjecture by Wilson [11] by showing that a pro-p group satisfying
the Golod–Shafarevich condition contains a free non-abelian pro-p group.

In the early 80’s Lubotzky and Magid (see [6, 5, 7]) developed a theory of pro-
unipotent groups presented by generators and relators. They also extended the
Golod–Shafarevich result to pro-unipotent groups.

In this article we prove that if G is a pro-unipotent group satisfying the Golod–
Shafarevich condition, then it contains a free pro-unipotent group (Theorem 5.3).

The proof in the pro-p case cannot be translated directly to the pro-unipotent
case because it relies on the fact that a free pro-p group contains a countable dense
subset, which is not true in the pro-unipotent case. To avoid this problem we need
some facts about ideals in free Lie algebras.

This result can be combined with the result of Magid [7], who showed that a
free pro-unipotent group is not linear. Together, these results imply that a pro-
unipotent group satisfying the Golod–Shafarevich condition is not linear.

A large class of pro-unipotent groups satisfying the Golod–Shafarevich condition
can be constructed from fundamental groups of 3-manifolds (see [2]).

The outline of this paper is as follows: §2 gives the definition and basic properties
of pro-unipotent and free pro-unipotent groups; §3 presents the Golod–Shafarevich
condition for pro-unipotent groups; §4 is supplementary and states some facts about
free Lie algebras which are used in the proofs that follow; §5 gives the proof of the
main result.
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2. Pro-unipotent groups

Let G be a pro-unipotent group, which is an inverse limit of a series Gi of
unipotent groups. A Lie algebra Lie(G) of G is defined as a (projective) limit of Lie
algebras corresponding to the groups Gi. There exists a map log : G→ Lie(G) and
its inverse exp : Lie(G) → G, which satisfies the usual properties of the logarithm
map in the case of unipotent Lie groups; for example, it is an isomorphism between
pro-affine varieties. As in the case of nilpotent groups, it is convenient instead of
working with the group to pass to (the completion of) the universal enveloping
algebra of Lie(G). This algebra is denoted by k〈〈G〉〉, and is called a group algebra
of G. In [6] it is proved that there exists a group embedding ρ : G ↪→ k〈〈G〉〉∗, such
that the image of G generates k〈〈G〉〉 as a pro-nilpotent algebra. Moreover, if the
group G is generated by the elements gi, then its group algebra k〈〈G〉〉 is generated
by si = ρ(gi)− 1.

Let G = U(X) be the free pro-unipotent group (the free object in the category
of the pro-unipotent groups whose existence is proved in [5, 6]) on the finite set
X = {g1, . . . , gn}. Its group algebra, k〈〈U(X)〉〉, is isomorphic to k〈〈s1, . . . , sn〉〉,
the pro-nilpotent completion of the free associative algebra generated by si. Also,
the group U(X) can be considered as a subgroup of the multiplicative group of
k〈〈s1, . . . , sn〉〉.

For a more detailed introduction to pro-unipotent groups the reader is referred
to [5, 6, 7].

3. The Golod–Shafarevich condition

Let G be the category of pro-unipotent groups over a field k of characteristic
zero. Let FG(n) denote the free (in G) group on n generators. Let G be a finitely
generated pro-unipotent group.

The commutator subgroups of G form a filtration

G = G1 ⊃ G2 ⊃ · · · ⊃ Gn ⊃ · · ·

defined by G1 = G and Gi+1 = [G,Gi]. Here [A,B] is the closure of the subgroup
generated by the commutators [a, b] = aba−1b−1 for a ∈ A and b ∈ B. These
subgroups form a basis of the pro-unipotent topology on G and the group G is
complete in this topology.

This filtration satisfies the condition
⋂
Gi = (1), since G is a pro-unipotent

group. Hence, every non-trivial element g ∈ G falls into some gap g ∈ Gi\Gi+1 for
some unique i. We will call i the degree of the element g and denote it by deg g. The
Hilbert series of G is defined using this filtration by HG(t) =

∑
dim(Gi/Gi+1) · ti.

Consider a group G = 〈x1, . . . , xn|r = 1, r ∈ R0〉 in the category G presented
by generators xi and relators R0 ⊂ FG , i.e., G = FG/N , where N is the minimal
closed normal subgroup of FG which contains R0.

Without loss of generality, we may assume that R0 ⊂ (FG)2, because relations
in (FG)1\(FG)2 are equivalent to an elimination of a generator. Define the Hilbert
series of R0 by HR0(t) =

∑
rit

i, where ri is the number of elements in R0 which
have degree i.

Lubotzky and Magid [6] extended the Golod and Shafarevich result [4] (see
also [9, 11]) from the case of discrete groups and associative algebras to unipotent
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groups. They proved that
HG(t)
1− t (1− nt+HR0(t)) ≥ 1

1− t ,

where the inequality of formal series is termwise.
If there exists a real number 0 < t0 < 1 such that HR0(t0) converges and

1− nt0 +HR0(t0) < 0,

we will say that the presentation for the group G satisfies the Golod–Shafarevich
condition. In this case HG(t0) cannot converge; in particular, the group G is infinite
dimensional.

Remark 3.1. If the number of elements in R0 is less than n2/4, the presentation
satisfies the Golod–Shafarevich condition because 1 − nt0 + HR0(t0) ≤ 1 − nt0 +
n2t0/4 for all 0 < t0 < 1, and the last expression is zero for some t0.

For example, the pro-unipotent completion of the fundamental group of a
3-dimensional manifold satisfies the Golod–Shafarevich condition (except in few
cases) because they are balanced, i.e., they have presentation with n generators
and n relations (see [2]).

Remark 3.2. The Golod–Shafarevich condition was originally defined for associative
algebras. A presentation of a pro-nilpotent algebra A = 〈si|r = 0, r ∈ R〉 is said to
satisfy the Golod–Shafarevich condition if there exists 0 < t0 < 1 such that HR(t0)
converges and 1− nt0 +HR(t0) < 0.

Remark 3.3. Having the presentation of a pro-unipotent group G, we can obtain
a presentation of its (pro-nilpotent) group algebra k〈〈G〉〉 in the following way:
for each r0 ∈ R0 ⊂ FG(X) we construct r ∈ k〈〈T 〉〉 by r = r0|gi→1+si − 1, i.e., we
substitute every generator gi with 1+si and expand the result as a series in the non-
commutative variables si. Thus, we have that deg r = deg r0. Let R be the set of
all r for r0 ∈ R0. The group algebra k〈〈G〉〉 has a presentation k〈〈si|r = 0, r ∈ R〉〉
(see [6]). Therefore, the group algebra (with that presentation) satisfies the Golod–
Shafarevich condition if and only if the group satisfies it. This result allows us to
work mainly with the group algebra k〈〈G〉〉 for the remainder of the article.

The following lemma is a generalization of Golod’s result (see [3]). In the case
of a countable field, it was proven by Zelmanov in [12].

Lemma 3.4. For any ε > 0 and any 0 < t0 < 1, there exists a subset J of
K〈s1, . . . , sm〉 and an increasing function i→ h(i) such that:

(1) HJ (t0) ≤ ε,
(2) every i elements from the algebra k〈s1, . . . , sm | v = 0, v ∈ J〉 of degree

higher than h(i) generate a nilpotent subalgebra.

Proof. A proof in the case of a countable field can be found in [12]. That proof
relies on the fact that the free algebra k〈X〉 is a countable set. The proof that
follows uses only that this algebra has a countable dimension, i.e., any element can
be expressed as a finite linear combination of countably many basis elements.

Let h : N→ N be an increasing function such that rth(r)
0 < 1/4 for any r. Let us

fix r. Then, for any l, the expression (N + rl)rl(rth(r)
0 )N converges to 0 as N tends

to ∞. Therefore, for any integer s ≥ 1, there exists a number Nr,l,s such that

(Nr,l,s + rl)rl(rth(r)
0 )Nr,l,s ≤ 2−(r+l+s)ε.
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Let Wn be the set of all words on letters s1, . . . , sm of length greater than n.
Also, denote by (Wh(r))(r,l) the set of all rl-tuples of elements in Wn of the form
{wi,j}j=1,l

i=1,r. The set (Wh(r))(r,l) is countable for any r and l. Let γr,l be a bijection
from this set to N . Given an element α = {wi,j}, we can define the formal sum
b(α)p as b(α)p =

∑
j tp,jwp,j , where {tp,j} are formal commuting variables.

Let α = γ−1
r,l (s) ∈ (Wh(r))(r,l) be an element such that γr,l(α) = s. Let u be

a word of length Nr,l,s composed of letters y1, . . . , yr. Then, for any such word,
denote by J(α,u) the set of the coefficients of the monomial in ti,j in the expansion
of

u|yi→b(α)i ,

which is just a product of length Nr,l,s on b(α)i-es. The set Jα,u contains less
than (Nr,l,s + rl)rl elements (since this is greater than the number of monomials
of degree Nr,l,s of rl commuting variables), and each element is of degree greater
than Nr,l,sh(r). Let

Jα =
⋃
u

J(α,u), Jr,l =
⋃

α∈(Wh(r))(l,r)

Jα, Jr =
⋃
l

Jr,l, J =
⋃
r

Jr.

Then,

HJ(t0) ≤
∑
r,l,α,u

HJ(α,u)(t0) <
∑
r,l,s

rNr,l,s(Nr,l,s + rl)rltNr,l,sh(r)
0

≤
∑
r,l,s

2−r−l−sε = (
∑
r

2−r)3ε = ε.

It remains to be shown that the set J satisfies the conditions of the lemma. Let
y1, . . . , yr be r elements in k〈s1, . . . , sm〉, each of degree greater than h(r). Then
there exists l such that each element can be expressed as a linear combination of
at most l monomials, i.e.,

yi =
l∑

j=1

ti,jwi,j ,

where wi,j are monomials and ti,j are elements of the field k. Let α = {wi,j} be
the element in (Wh(r))l,r corresponding to the monomials wi,j . Then yi can be
obtained from b(α)i by substituting ti,j-es with suitable elements from the field
k. By construction, any product of length Nr,l,γk,l(α) on b(α)i-es is in the ideal
generated by the set J , i.e., any product of this length on yi-es lies in 〈J〉. Therefore,
every r elements of degree greater than h(r) generate a nilpotent subalgebra of
k〈s1, . . . , sm | v = 0, v ∈ J〉. �

4. Some facts about free Lie algebras

Let L[X ] be the free Lie algebra generated by the set X . Define the ideals In by
I0 = L and In+1 = [L, In]. These ideals form a basis of the pro-nilpotent topology
on L[X ] and its completion in this topology is denoted by L[[X ]]. Each nonzero
element f ∈ L[[X ]] lies in In\In+1 for some n, which is called the degree of f
and denoted by deg f . The homogeneous component of f of degree n is called the
leading term.

The algebra L[[X ]] is a non-compact topological algebra and its topology is
equivalent to the one defined by the norm ||f || = exp(− deg f).
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Let d(n) be the dimension of the space of homogeneous elements of degree n
in the free Lie algebra L[x, y]. There is an explicit formula for d(n) which can be
found in [8].

Lemma 4.1. There exists a nonzero element ln in the free Lie algebra

L[x1, . . . , xn, y]

which is poly-linear and skew symmetric in the xi-es.

Proof. Let ln be the element

ln(x1, . . . , xn, y) =
∑
σ∈Sn

(−1)σ[y, xσ(1), xσ(2), . . . , xσ(n)],

where [z1, z2, . . . , zk] is the left normed commutator of the elements z1, . . . , zk de-
fined inductively by [z1, z2, . . . , zk] = [[z1, z2, . . . , zk−1], zk].

By construction, the element ln is poly-linear and skew symmetric in xi. This
element is not zero because in the lexicographic order such that y > x1 > x2 >
· · · > xn, its leading term (in the free associative algebra) is yx1x2 . . . xn. �

Remark 4.2. In the decompositon of L[xi, y] under the natural action of the group
GLn+1, there is a unique submodule which corresponds to the partition (2, 1n−1).
This shows that the element ln is unique up to a scalar multiplication.

Lemma 4.3. For an arbitrary integer n, there exists an element fn ∈ L[x, y]
with the following property: Let x, y ∈ L be elements of a Lie algebra L such that
there exists a homogeneous element g ∈ L[x, y] of degree n for which the condition
g(x, y) = 0 in L holds. Then fn(x, y) = 0 in L.

Proof. If n = 1 or n = 2 we may take f1 = f2 = [x, y], which is the only homoge-
neous Lie polynomial of degree 2 and, therefore, has the property in the lemma.

Let n > 2. Let the elements g1, . . . , gd(n) form a basis of the space of homoge-
neous elements of degree n in the free Lie algebra L[x, y].

Using degree arguments one can see that none of the elements x, gi can be ex-
pressed as a Lie polynomial of the others. This implies that elements x, gi freely
generate a Lie subalgebra. Hence, there is no non-trivial Lie polynomial of x, gi
which is zero in L[x, y] (see [8]). Therefore, the element

fn = ld(n)(g1, . . . , gd(n), x)

is nonzero. (Here, ld(n) is the element from Lemma 4.1.)
If elements x and y in the Lie algebra L satisfy the condition of this lemma, then

the elements gi(x, y) are linearly dependent in L. Therefore, any skew symmetric
expression of them vanishes, which implies that fn(x, y) = 0 in L. �

Remark 4.4. The statement of the lemma is equivalent to the following: Let h ∈
L[x, y] be a homogeneous element of degree n. Then fn lies in the ideal generated
by h.

Lemma 4.5. Let J be a homogeneous ideal of L[x, y]. Then J contains the ideal
〈fn〉 for some n.
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5. On pro-unipotent groups satisfying

the Golod–Shafarevich condition

Let G = 〈g1, . . . , gm|R0 = 0〉 be a pro-unipotent group satisfying the Golod–
Shafarevich condition. Therefore, there exists a real number t0 such that HR0(t0) <
0. Let p be an integer which satisfies HR0(t0)+2tp0 < 0 (such an integer exists since
t0 < 1).

Let L be the Lie algebra of G and let A be the group algebra

k〈〈G〉〉 = k〈〈s1, . . . , sm|r = 0, r ∈ R〉〉.
Thus, L ↪→ A− and L is the Lie subalgebra in A generated by the generators si of
A (see [6]).

Assume that G does not contain a free pro-unipotent group. Then L does not
contain a free (pro-nilpotent) Lie algebra L[[x, y]], i.e., for any l1, l2 ∈ L, there
exists an element m(l1,l2) ∈ L[[x, y]] such that m(l1,l2)(l1, l2) = 0.

For any homogeneous Lie polynomial h, let (L × L)h denote the set of all pairs
(l1, l2) ∈ L × L such that there exists an h′ ∈ L[[x, y]] with deg h′ > deg h and
h(l1, l2) = h′(l1, l2) in L. This set is closed in the pro-nilpotent topology on L.
Since every element in L[[x, y]] has a leading term, we have that

(L × L) =
⋃
h

(L × L)h.

Let Īi be the ideal in L which is the image of the ideal Ii ⊂ L[[s1, . . . , sm]] for
any integer i.

The first step in the proof is to show that the set (L × L)h cannot contain an
open subset of (Īp × Īp) ⊂ (L× L). The proof is by contradiction.

Lemma 5.1. For any homogeneous element h of degree N in L[x, y], the set
(L× L)h does not contain an open subset of (Īp × Īp).

Proof. Assume that for some h we have the inclusion

(x0 + Īq)× (y0 + Īq) ⊂ (L× L)h,

where x0, y0 ∈ Īp, and q ≥ p (since every open subset of (Īp × Īp) contains a subset
of this type). Then the factor algebra A′ = A/〈x0, y0〉 also satisfies the Golod–
Shafarevich condition because the inequality HR0∩{x0,y0}(t) ≤ HR0 + 2tp holds for
all t < 1, and the last expression is less than 0 for t = t0. Let L′ denote the
Lie subalgebra of A′ generated by the images of si (the generators of A). This
subalgebra is the image of L under projection from A to A′.

The assumption on (L× L)h implies that if x, y are elements of L′ ∩A′(q), then
there exists some h′ ∈ L such that degh′ > N and such that h(x, y) = h′(x, y).

Let f be the full linearization of some (non-trivial) poly-homogeneous compo-
nent of h. It is known (see [1]) that f(z1, . . . , zN) can be expressed as a linear
combination of values of h in which x and y have been substituted by some lin-
ear combinations of the zi-es. Therefore, for any zi ∈ L′ ∩ A′(q), there exists a
f ′ ∈ L[[zi]] of degree greater than N such that f(z1, . . . , zn) = f ′(z1, . . . , zn).

Let A′′ be the factor algebra of A′ obtained by adding relations obtained from
Lemma 3.4. Then the algebraA′′ satisfies the Golod–Shafarevich condition together
with the following conditions:

(1) The algebra A′′ = 〈s1, . . . , sm〉 is a finitely generated associative algebra.
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(2) For all i, there exists an h(i) such that every i elements from A′′
h(i) generate

a nilpotent subalgebra.
(3) Let L′′ be the Lie subalgebra of A′′ generated by si. If we substitute zi

with li ∈ L′′ ∩A′′(q) in f , we have f(l1, . . . , lN ) = f ′(l1, . . . , lN ) for some f ′

in L[[zi]] of degree > N .
In [12] it is proved that if an algebra satisfies the above conditions (1)–(3), then

it is finite dimensional. Using this result we obtain a contradiction since the algebra
A′′ was constructed to satisfy the Golod–Shafarevich condition. �

This Lemma shows that for each h the set (L × L)h ∩ (Īp × Īp) is a Baire set
of first category because it is a closed nowhere dense set. Next, we want to apply
Baire’s theorem to the family of sets {(L × L)h ∩ (Īp × Īp)}. But this family is
not countable, because the set of all homogeneous polynomials is not countable.
Therefore, we need to choose a countable sub-family whose union is still the whole
set (L× L).

Lemma 5.2. Let h be a homogeneous polynomial of degree N . Then

(L× L)h ⊂ (L × L)fN ,

where fN is the element from Lemma 4.3.

Proof. From Remark 4.4 we know that fN lies in the ideal of L[x, y] generated by
h, i.e.,

fN =
∑

w=w1...wk

awh ad(w1) ad(w2) . . . adwk,

where the sum is over the words on letters x, y.
Let (u, v) ∈ (L × L)h. Then, there exists h′ such that h(u, v) = h′(u, v) and

deg h′ > N . If we substitute this equality in the right side of the above expression
for fN , we obtain that fN(u, v) = f ′(u, v), where deg f ′ > deg fN . This shows that
(u, v) ∈ (L × L)fN . �

From the previous lemma together with assumption that G does not contain a
free subgroup, we have that

L× L =
⋃
h

(L× L)h =
⋃
N

(L× L)fN .

But this is impossible by Baire’s Category Theorem (see [10]), because (Īp × Īp) is
a set of second category and by Lemma 5.1 the set (Īp × Īp) ∩ (L× L)fN is of first
category for each N .

Thus, we have proven:

Theorem 5.3. Let G be a pro-unipotent group which satisfies the Golod–Shafare-
vich condition. Then G contains a free pro-unipotent group.

In fact we proved a slightly stronger result:

Corollary 5.4. Let G be as above. Then a set of pairs (x, y) such that x, y does not
generate a free pro-unipotent group inside G form a Baire set of second category.

Using Magid’s result ([7]) and Theorem 5.3 it is easy to obtain the following
corollary.
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Corollary 5.5. Let G be a pro-unipotent group which satisfies the Golod–Shafare-
vich condition. Then G does not contain a linear (over any local field) subgroup of
finite codimension.

The author thanks his advisor, E. Zelmanov, for formulating the problem.
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