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ABSTRACT. We introduce new differentiability properties of functions between
Banach spaces and establish their relationships with graphical regularity of
Lipschitzian single-valued and set-valued mappings. The proofs are based on
advanced tools of nonsmooth variational analysis including new results on
coderivative scalarization and normal cone calculus.

1. INTRODUCTION

Lipschitzian properties of single-valued and set-valued mappings play a crucial
role in many aspects of nonsmooth variational analysis; see [10]. It follows from the
results of Rockafellar [9] that for every function f: R™ — R™ locally Lipschitzian
around T Clarke’s tangent cone to the graph of f at (Z, f(Z)) is a linear subspace of
dimension d < n in R™ x R™, where d = n if and only if f is strictly differentiable
at z. This implies that nonsmooth Lipschitzian mappings cannot exhibit graphical
regularity, i.e., Clarke’s tangent cone to their graphs never agrees with Bouligand’s
contingent cone at reference points.

The primary goal of this paper is to establish dual counterparts of these and
related results for mappings between infinite-dimensional spaces; see Section 4. We
show, in particular, that the subspace property holds for Clarke’s normal cone to
graphs of compactly Lipschitzian mappings (in the sense of Thibault) and obtain
other results in this direction. To establish differential characterizations of graphical
regularity in infinite dimensions, we introduce and study new notions of “weak -
differentiability” and “weak strict S-differentiability” (with respect to any given
bornology () that may be weaker than even Gateaux differentiability for some
Lipschitzian mappings f: R — ¢2; see Section 2. We also extend these results to
the case of sets and set-valued mappings whose graphs are generated by graphs
of single-valued Lipschitzian mappings via smooth transformations with surjective
derivatives; see Section 5.

Our main tools relate to the analysis of nonconvex limiting normal cones to
sets and the corresponding coderivatives of mappings. We consider these objects
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390 BORIS S. MORDUKHOVICH AND BINGWU WANG

in Section 3 using arbitrary linear topologies on dual spaces that lie between the
weak-star and norm topologies. This way allows us to unify some known facts
and to obtain new ones, particularly on coderivative scalarization, important for
establishing the main results of the paper.

Throughout the paper we use standard notation. Unless otherwise stated, all
the spaces under consideration are Banach, and their norms are denoted by || - |.
Given a space X, Bx stands for its closed unit ball.

2. DIFFERENTIABILITY

Recall that a bornology 3 on X is a family of bounded and centrally symmetric
subsets of X whose union is X, which is closed under multiplication by positive
numbers and such that the union of any two members of § is contained in some
member of 3. We identify three particular bornologies: the Gateauzr bornology,
8 = @G, consisting of all finite symmetric sets (the weakest one); the Hadamard
bornology, 8 = H, consisting of all symmetric sets compact in the norm topology;
and the Fréchet bornology, 8 = F, consisting of all bounded symmetric sets (the
strongest one).

Every bornology generates a certain concept of differentiability. A mapping
f: X — Y is strictly B-differentiable at T if there is a bounded linear operator
A:=Vsf(Z): X — Y such that

(1) lip}tlo If(z+tv) — f(x)]/t — Av|| =0 for all ve X,

where the convergence is uniform with respect to v in each set of 5. When z = &
in (@), f is said to be 3-differentiable at T with S-derivative A := Vg f(Z).

Now let us introduce “weak” counterparts of these notions and show that they
may be of independent interest. Given y* € Y*, we define a real-valued function

(W, f): X = Rby (y*, fi(z) = (y*, f(z)) for all z € X.

Definition 2.1. (i) A mapping f: X — Y is WEAKLY STRICTLY [-DIFFERENTI-
ABLE (abbreviated by wsf-differentiable) at z if the scalarized function (y*, f)
is strictly g-differentiable at Z for all y* € Y*. We say that f admits a wsg-
DERIVATIVE at Z if there is a bounded linear operator A := V,5f(Z) : X = Y
such that
(2) IHHjHﬁ()(y*, [fz+tv) — f(x)]/t —Av) =0 forall ve X, y* € Y™,
where the convergence is uniform with respect to v in each set of .

(ii) f is WEAKLY [-DIFFERENTIABLE (abbreviated by wg-differentiable) at z if
(y*, f) is B-differentiable at Z for all y* € Y*. If (@) holds with z = Z, the operator
A :=V,3f(Z) is called the wB3-DERIVATIVE of f at Z.

The terminology comes from the fact that the weak convergence on Y is used
in (@) instead of the norm one used in (). Observe that the wsG-derivatives and
the wp3-derivatives are unique when they exist, and that the corresponding notions
in (@) and Definition 2Tl agree if dimY < oco. The following example shows that
it is no longer the case if dimY = oco: a Lipschitzian mapping may be weakly
strictly differentiable with respect to the strongest Fréchet bornology but not even
Gateaux differentiable!

Example 2.2. There is a Lipschitz continuous mapping f: R — ¢2 which is wsF-
differentiable at £ = 0 but not G-differentiable at this point.
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DIFFERENTIABILITY OF LIPSCHITZIAN MAPPINGS 391

Proof. Let ¥: R — R be a C*°-smooth function such that ¢ # const, supp(v) C
(0,1), and both ¢ and Vi are bounded by some M > 0. Consider a com-
plete orthonormal basis {e1,ez,...} in the Hilbert space ¢?> and define f(z) :=
Y orey Yr(z)er with ¢y (2) == 2772 (z — 27F)) for all z € R. For each k,j € N
with k # j we have supp(¢) Nsupp(¢;) = 0. Therefore for any = € R, ¢ (z) # 0
for at most one k € N. This implies the Lipschitz continuity of f on R. De-
fine g(z) := (y*, f)(z) = Y7o, yk¥i(z) for y* € %, where y, € R are uniquely
determined by the representation y* = > yrer. Then

9(z1) = 9(@2) = |yr, Vi, (1) = Yio Vo (@2)| < (11 | + Y8 VM |21 — 2]
where k; > logyn™! if |z;| < m, i = 1,2. This yields g(z1) — g(x2) = o(|z1 — z2|)
as x1,xs — 0, which proves the wsF-differentiability of f at z = 0. If we assume
that f is G-differentiable at this point, then clearly V& f(0) = 0. Since ¢ # const,
we find zg € (0,1) with ¥ (x) # 0 and put z := 2~ ¥zo +27%. Then x;, — 0 as
k — oo and | f(zx) = f(O)l[/xr = llvw(zk)exll/zx = [¢(z0)l/ (w0 + 1) for all k € N,
which contradicts the G-differentiability of f at z = 0. (]

Although the differentiability properties introduced may be weaker than the clas-
sical notions in (), they still imply Lipschitzian behavior in the case of Hadamard
and stronger bornologies. We say that f is Lipschitz continuous at Z if there are
L > 0 and a neighborhood U of Z such that || f(x)— f(Z)|| < L||lx —Z|| for all x € U.

Proposition 2.3. The following hold for 8 > H:
(1) If f is wB-differentiable at T, then it is Lipschitz continuous at T.
(il) If f is wsB-differentiable at T, then it is Lipschitz continuous around T.

Proof. Tt is sufficient to justify (i) for 8 = H; the proof of (ii) is similar (cf. also
the proof of [1, Prop. 2.2.1]). Assume that f is not Lipschitz at Z. Then for each
k € N there is x;, such that |lzx — Z|| < k! and ||f(zx) — f(Z)|| > k. Putting
ty == Vk|zyp — Z|| and vy = (2, — Z)/ty, one has t,, | 0, ||lox| = 1/Vk, and
Zp = T + tpv,. Now consider a compact set V := {v;| k¥ € N} U {0} and employ
the wH-differentiability property of f at . For any y* € Y*, ¢ > 0, and large k&
we have
s (£ + tev) — F@)/t) — [Tty @) 0l < ¢

whenever v € V. This implies

(™, [F (@ + o) = F@)]/ )] < IVE ™ @) - okl + ¢
Therefore, the sequence {(f(Z + txvr) — f(Z))/tr} weakly converges to 0 and hence

is bounded. On the other hand, ||(f(Z + trvg) — f(Z))/t]| > VE — 00 as k — oo,
which is a contradiction. (]

Note that the wg-differentiability (wsg-differentiability) of f at Z does not au-
tomatically imply the existence of the wgB-derivative (resp. wsfB-derivative) in Def-
inition 2.1 However, we can always define the corresponding linear coderivative
operator from Y™ into X* by

(3) Vif(@)y* = Va(y*, [)(@) (resp. Vigf(Z)y* = Vea(y*, [)(T)).
It follows from the definitions that the operators in (Bl) are bounded for any
if f is Lipschitz continuous at Z, in particular, for the case of 3 > H due to

Proposition [Z3|(i). Using these coderivatives, we obtain conditions ensuring the
existence of the corresponding derivatives in Definition Z11
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392 BORIS S. MORDUKHOVICH AND BINGWU WANG

Proposition 2.4. Let f: X — Y be wi-differentiable (resp. wsB-differentiable)
at T. Then it admits a wB-derivative (resp. wsB-derivative) at this point if one of
the following conditions holds:
(a) Y is reflexive and f is Lipschitz continuous at T (in particular, if 8> H).
(b) f is directionally differentiable at T with respect to the weak topology on'Y .

Proof. Let us prove (a) for the wg-case; the wsB-case is similar. Consider the ad-
joint coderivative operator Vy 5f(2)*: X** —Y**=Y and define A:=V}, ;f(z)" |X
taking into account that X € X**. Then A: X — Y is a bounded linear operator,
and we can directly check that A satisfies with = Z. The proof of (b) follows
from the definitions. O

3. GRAPHICAL CODERIVATIVES AND SCALARIZATION

In contrast to Section 2, this section is devoted to constructions and results of
generalized differentiation that are also needed for establishing the main results in
Section 4.

Given 2 C X and ¢ > 0, we define the set of e-normals to Q2 at T € Q by

No(;Q) := {x* e X" limsupw < 5},
[l — |

Q _
T—T

where > Z means that = — & with z € Q. The set N(z; Q) := No(Z; Q) is a cone
called the Fréchet normal cone to  at Z.

Let 7 = 7x+ be an arbitrary topology on the dual space X* that is compatible
with the linear structure and satisfies w* < 7 < 7, i.e., it is weaker than or equal
to the norm topology 7. on X* and is stronger than or equal to the weak-star
topology w* on X*. Besides 7 = w* and 7 = 7, a valuable choice of such a
topology is the weak topology on X*. The usage of 7 in what follows allows us,
first of all, to unify various results for these three major cases. Note that the most
interesting results obtained below involve either the weak™ topology or the norm
topology on one of the spaces in Cartesian products.

Given a topology 7 on X*, we define the 7-limiting normal cone to Q@ C X at
z € Q by

(4) No(#Q):={2" € X*| 3 | 0, & 2 7, af 5 2* with 2 € N., (24;Q)}.

The corresponding e-subdifferential and 7-limiting subdifferential of an extended-
real-valued function ¢: X — (—o0, 0] at Z € dom ¢ are defined by

v [l —z|

Dep(z) = {x* e X"

(&p(f) = 5‘030(5)) and
(5) 0rp(z) = {a* € X~

x5 a* with zf € égkap(xk)}

Jer 10, 2 — &, p(xr) — o(T),

Clearly, the stronger 7 is, the smaller N, (Z;€Q) and 0;¢(Z) are. For 7 = w* the
normal cone and subdifferential reduce to the basic normal cone and subdifferential
studied in [7] and are denoted by N and 9 in what follows. Similar to [7} Theorem
2.9], one can equivalently put e, = 0 in @) and (@) if Q is locally closed around Z,
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DIFFERENTIABILITY OF LIPSCHITZIAN MAPPINGS 393

 is lower semicontinuous around Z, and the space X is Asplund, i.e., every convex
continuous function on X is generically Fréchet differentiable.

Given a set-valued mapping S: X =2 Y and a topology 7 = 7x+ X Ty~ on X*x Y™,
we define the 7-limiting coderivative D:S(Z,5): Y* = X* of S at (Z,y) € gph S
by
(6) D2S(z,9)(y") :={«" € X7[ (2", —y") € N-((Z,7); gph 5)},
where ¢ is omitted if the mapping is single-valued at . Note that the topologies
7x+ and Ty« are of generally different types. In the cases of 7 = w* x w* and
T = w* X 7). the coderivative (@) is known as the “normal coderivative” and
“mixed coderivative”, respectively; see [6] for more details.

Let us establish relationships between 7-coderivatives (@) of f: X — Y and the
corresponding subdifferentials (B of its scalarization (y*, ). We need the following
condition.

Definition 3.1. Given f: X — Y and a topology 7 = 7y« on Y™, we say that
f satisfies the 7-CONVERGENCE CONDITION at Z if for every h € X and every
sequence x — T, t | 0, y; — 0 one has <y;’;, [f(zg + tgh) — f(:ck)]/tk> — 0 as
k — oo.

The 7-convergence condition clearly holds if 7 = 7. on Y* (in particular, when
dimY < oo) and f is Lipschitzian around z. For 7 = w* it is always implied
by the strict Lipschitzian property of f around Z in the sense of [7], i.e., if f is
Lipschitzian around Z and the sequence { [ f(z), +txh) — f(x)] /t;} admits a norm
convergent subsequence as x — T, t; | 0, and h € X. It is proved by Thibault [12]
Theorem 2.3] that the latter property is actually equivalent to the basic version of
his original concept of compactly Lipschitzian mappings [11]. Let us show that the
w*-convergence condition is equivalent to the strict Lipschitzian property under an
additional assumption on Y.

Proposition 3.2. Let f: X — Y, where By« is w*-sequentially compact. Then
f satisfies the w*-convergence condition at T if and only if the above sequence
Yp = {[f(xk + tgh) — f(xk)} /ti} admits a norm convergent subsequence for any
he X,z — T, and ty | 0 as k — oo.

Proof. We need to justify the “only if” part. It follows from the w*-convergence
condition that {yx} is bounded. Let us show that {y} is actually totally bounded,
which is equivalent to its sequential compactness; see [2, p. 22]. Assuming the
contrary, we find » > 0 such that {yx} ¢ Z + rBy for any finite-dimensional
subspace Z C Y. This allows us to construct a subsequence {z,} of {yr} with
Znt1 & span{zi,...,z,} + By for all n € N. Then we can choose y) € By-
such that span{zi,...,z,} C ker(y}) and (y},zp+1) > r for all n € N. By the
assumption, {y;} contains a subsequence {y; } that w*-converges to some y* &
Y*. We have (y*,z,) = 0 for all n € N by the construction. Hence (y; —
Y Znpt1) = Un, s Znn+1) = 17 > 0 for all m € N, which contradicts the w*-
convergence condition. (Il

Theorem 3.3. Let f: X — Y with T = 7x+« X Ty~ on X*xY™*. The following hold
forally* e Y*:

(1) If f is continuous around T, then Or.. (y*, f)(Z) C DXf(Z)(y").

(ii) If f is Lipschitz continuous around T and 7 = Tx~ X 7)., then D} f(z)(y*) =

Ore (y™, 1)(2)-
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394 BORIS S. MORDUKHOVICH AND BINGWU WANG

(iii) Let X be Asplund, let 7 = w* x Ty, and let f be Lipschitz continuous around
Z and satisfy the Ty«-convergence condition at . Then DX f(z)(y*) C O{y*, f)(Z).

Proof. Assertion (i) follows from the definitions; cf. the proof of [7], Theorem 5.2].
To prove (ii), we first consider an arbitrary topology 7 on X* x Y*. Pick any
x* € DX f(z)(y*) and find e | 0, 7, — Z, (2},y}) — (2*,y*) such that (2}, —y}) €
Ne, ((xg, f(xr)); gph f) for all k € N. Hence

() (@p,x —zr) = (yp, f () = f2)) < 2611+ L)z — x| forall z € zx+mBx

with some 7y 1 0, where L is a Lipschitz constant of f around Z. The latter yields
xf € 0z, (y*, f)(ar) with & := 2e4(1+ L) + L|jyf — y*||. When 7y« = || -||, we have
€r | 0 and thus z* € 0., (y*, f)(Z), which gives (ii). To justify (iii), we follow the
proof of 7} Theorem 5.2] using ([d) and the “fuzzy sum rule” of [3, Theorem 2|. In
this way we get o* = 7 + a3 with «7 € d(y*, f)(Z). The Ty «-convergence condition
allows us to conclude that x5 = 0. d

Corollary 3.4. Let f: X — Y be locally Lipschitzian around T, let T = w* X 7y,
and let T = Tx+ X Ty= with 7y« < Ty« < 7). Assume that X is Asplund and that
f satisfies the Ty «-convergence condition at T. Then

Drf(@)(y") = D2f(2)(y") = 9(y", £)(Z) for all y* €Y.
4. SUBSPACE PROPERTY AND GRAPHICAL REGULARITY

In this section we apply constructions of Sections 2 and 3 to obtain various
infinite-dimensional counterparts and extensions of Rockafellar’s results mentioned
in the Introduction. Our proofs are simple and different from those in [9] even in
finite dimensions.

Given Q@ C X and 7 on X*, we consider the normal cone (@) and its closed
convexification

(8) N (%;9) := cl* co N, (7;Q),

where cl* stands for the weak* topological closure in X*. Clearly, (B) depends on
7. It is proved in [7, Theorem 8.1] that, for closed © in Asplund spaces and for
7 = w*, the cone (8) agrees with Clarke’s normal cone defined [I] as the polar to
his tangent cone in any Banach spaces.

Theorem 4.1. Let X and Y be Banach with 7 = w* X 7y«. The following are
equivalent:

(a) Forevery f: X — Y, which is Lipschitz continuous around some point & € X
and satisfies the Ty~ -convergence condition at T, the cone N, ((z, f(z));gph f) is a
linear subspace of X* x Y*.

(b) X is an Asplund space.

Proof. First we prove (b)=-(a) based on Theorem and the following two facts
held for locally Lipschitzian functions ¢: X — R:

(1) Oc(—)(Z) = —0cp(Z) for Clarke’s generalized gradient when X is Banach
[, Prop. 2.3.1].

(ii) Ocp(T) = cl* codp(T) when X is Asplund [7, Theorem 8.11].

Now taking (z*, —y*) € N,((z, f(%)); gph f), we get

¥ € DIf(Z)(y*) Cal*, (@) C Aoy, f)(
= —cl"cod(—y", f) (@) C —cl" coD} f(z)

(=),
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which gives —N,((Z, f(z));gph f) C cl* coN-((Z, f(Z)); gph f) and the subspace
property.

To prove (a)=(b), we consider an arbitrary convex function ¢: X — R continu-
ous around Z € X. Given Y, we represent it as Y = R x Y7, where Y} is a subspace
of Y, and define a Lipschitzian mapping f: X — Y by f(z) := (¢(z),0). It is easy
to see that f satisfies the 7y --convergence condition at Z. Then N, ((Z, f(¥)); gph f)
is a subspace of X* x Y*. Since

gph f = gphy x {0} and N ((z, f(Z));gph f) = N((Z,¢(Z)); gph ) x Y7,

it follows that N((z,(%)); gph) is a subspace of X* x R. Due to the convexity
and continuity of 1 we have 9 (z) # 0 and

N((z,9(2));gph¢) = {(z", =M 2" € I(\)(Z), A € R}

(the latter holds for any locally Lipschitzian function). Thus 9(—)(Z) # 0; oth-
erwise we get a contradiction with the subspace property of N((Z,v(Z)); gph)).
Since 1) was chosen arbitrarily, one has 9p(Z) # 0 for any concave continuous func-
tion ¢: X — R at every z € X. By (B) with 7 = w™* this ensures that the set
{z € X]| dep(x) # 0} is dense in X for every € > 0, which implies the Asplund
property of X due to [4, Prop. 1]. O

Remark 4.2. The proof of Theorem [£1] allows us to justify the subspace property
of Clarke’s normal cone to the graph of every compactly Lipschitzian mapping
f: X — Y between arbitrary Banach spaces. Indeed, it follows from the above
arguments due to the scalarization formula for Ioffe’s approximate coderivative
established in [3, Theorem 4]. After receiving a preprint of our paper, L. Thibault
(personal communication) found another proof of the latter subspace property, in
the case of any Lipschitzian mapping between normed spaces, based on a sequential
characterization of Clarke’s tangent cone.

Next let us establish relationships between the single-valuedness of graphical
coderivatives () and the wsg-differentiability properties of f in the most interesting
cases of # = F,H. In this way we obtain conditions under which the graphical
coderivatives agree with the corresponding linear coderivatives in (3).

Theorem 4.3. Let f: X — Y with 7 = 7x» X 7y on X* x Y*. The following
hold:

(i) Assume that f is wsF-differentiable at T and that Ty~ = 7). . Then D} f(Z)
is a single-valued bounded linear operator equal to Vi f(Z) for any Tx-.

(ii) Assume that f is wsH -differentiable and satisfies the Ty«-convergence con-
dition at T, that X is Asplund, and that Tx~ = w*. Then D*f(Z) is a single-valued
bounded linear operator equal to Vi f(Z).

(iii) Assume that f is Lipschitz continuous around Z, that X is Asplund, and
that DX f(Z) is single-valued for T = w* X Ty«. Then f is wsH-differentiable at T
and D f(Z) is a bounded linear operator equal to Vi, f(Z).

Proof. (i) One can check that O-,. (y*, f)(Z) = Vipf(Z)y* for all y* € Y* if f is
wsF-differentiable at . Thus (i) follows from Theorem B3[ii).

To prove (ii), we use Corollary B} which gives DX f(Z)(y*) = 9(y*, f)(Z). Then
(ii) follows from dc (y*, f)(Z) = {Veu (y*, [)(Z)} if (y*, f) is sH-differentiable (see
[T, Prop. 2.2.1]) and from 9(y*, f)(Z) # 0 if X is Asplund (see [7, Cor. 3.9]).
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The converse statement (iii) follows from Theorem [B3](i) and assertion (ii) in
the proof of Theorem ET] which ensure that @ # d{y*, f}(Z) = dc(y*, f)(T) is a
singleton, and hence (y*, f) is sH-differentiable at & due to [I, Prop. 2.2.1]. |

Corollary 4.4. Let f: X — R™ be Lipschitz continuous around T, and let X be
Asplund with Tx« = w*. The following are equivalent:

(i) Clarke’s normal cone to gph f at (Z, f(Z)) is a linear subspace of dimension
m.
(ii) The basic normal cone N((Z, f(Z));gph f) is a linear subspace of dimen-
ston m.

(iii) f is strictly Hadamard differentiable at .

Proof. Equivalence (ii)«<(iii) follows from Theorem [L3] since the Ty«-convergence
condition automatically holds for Y = R™, and due to the fact that the graph
of any bounded linear operator is isomorphic to the domain space. Equivalence
(i)<(ii) follows from the representation of Clarke’s normal cone in form (8) under
the assumptions made. O

For X = R™ Hadamard strict differentiability reduces to the usual (Fréchet)
strict differentiability, in which case the equivalence (i)« (iii) in Corollary F4 is
proved in a different way by Rockafellar [0 Theorem 3.5]. Taking into account
Remark .2 and the proof of Theorem (3] the latter equivalence can be established
for arbitrary Banach spaces X.

Finally, let us obtain relationships between graphical regularity of Lipschitzian
mappings and the differentiability properties considered in Section 2. We say that
f: X =Y is graphically T-regular at Z if

N-((z, f(%));gph f) = N((z, f(Z)); gph f).
Theorem 4.5. Let f: X — Y with 7 = 7x+« X Ty« on X* X Y*. The following
hold:

(1) If f is wsF-differentiable at T, then it is graphically T-regular at T for T =
Tx* X T|.| with any Tx».

(ii) Assume that X is Asplund, that T = w* X Ty~, and that f satisfies the
Ty« -convergence condition at T. Then f is graphically T-reqular at T if it is both
wF -differentiable and wsH -differentiable at this point.

(iii) Conversely, for any Ty«, the graphical w* X Ty «-regularity of f at T implies
both wF -differentiability and wsH -differentiability of f at this point provided that
X is Asplund and that f is Lipschitz continuous around T.

Proof. Assertion (i) follows from Theorem E3(i) and the formula
9) Oy @) =D f@)(y") = {2" € X7| (", ~y") € N((&, f(2)); gph /)}

that can be easily justified for any f Lipschitz continuous around Zz.
To prove (ii), we observe that d(y*, f)(Z) is a singleton under the assumptions
made in Theorem E3|(ii). On the other hand, the wF-differentiability of f at Z

gives A(y*, f)(z) = {Vr{y*, f)(z)}. Combining this with (@), we get

Dif(@)(y") = 9y, [)(@) = 0y, ) (&) = D" f(2)(y") forall y* € Y™,

which justifies the 7-regularity of f at Z.
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DIFFERENTIABILITY OF LIPSCHITZIAN MAPPINGS 397

It remains to prove (iii). As mentioned above, d{y*, f)(Z) # 0 for all y* € Y*
when X is Asplund. Picking any z* € 9{y*, f)(Z), we have z* € D*f(Z)(y*) by
Theorem B3|(i), and hence

(@, —y") € N-((z, f(2));8ph f) = N((@, f(z)); gph [)
due to the assumed 7-regularity. Using ([@), we get

Oy, ))(@) = 0y". /)(@) # 0 forall y* € Y™,
which clearly implies the Fréchet differentiability of (y*, f) at Z. Therefore

do(y”, [)(z) = cl" cod{y™, [)(2) = {Vr{y", f)(@)}.

So (y*, f) must be sH-differentiable at  for any y* € Y™*, since dc (y*, f)(Z) is a
singleton. 0O

Corollary 4.6. Let f: X — R™ be Lipschitz continuous around T, and let X be
Asplund with Tx~ = w*. Then the following are equivalent:

(i) f is graphically regular at .

(il) f is simultaneously Fréchet differentiable and strictly Hadamard differen-
tiable at T.

5. LIPSCHITZIAN SETS AND SET-VALUED MAPPINGS

Although the results of Section 4 concern single-valued mappings, they can be
used for the study of sets and set-valued mappings generated by graphs of single-
valued Lipschitzian mappings via smooth transformations. Rockafellar [9] (see also
[10]) considered such “Lipschitzian manifolds” and “graphically Lipschitzian map-
pings” in finite dimensions and showed that they include maximal monotone op-
erators and subdifferential mappings for important classes of functions typically
encountered in optimization and variational analysis. Let us now demonstrate that
the results obtained above can be extended to (appropriately defined) Lipschitz-
type sets and set-valued mappings in infinite-dimensions with the help of normal
cone calculus established in [8]. Since set-valued mappings reduce to their graphs,
it is sufficient to formulate results only in the case of sets. For simplicity we confine
our consideration to the basic 7 = w* topology.

Definition 5.1. (i) A subset Q of a Banach space Z is HEMI-LIPSCHITZIAN around
z € Q if there are a mapping f: X — Y between Banach spaces and a mapping
g: Z — X xY with g(2) = (&, f(Z)) such that g is strictly F-differentiable at z
with the surjective derivative, that f is Lipschitz continuous around Z, and that

QﬁU:gfl(Vﬂgphf)

for some neighborhoods U of z and V of g(z). We say that € is STRICTLY HEMI-
LiPsSCHITZIAN around Z if, in addition, f satisfies the w*-convergence condition at
Z.
(ii) Let B stand for some differentiability concept (e.g., B = 3, ws, wsB). We
say that {2 is B-HEMISMOOTH at Z if it is hemi-Lipschitzian around this point and
f can be chosen as B-differentiable at Z.
(iii) A set-valued mapping S between Banach spaces is GRAPHICALLY HEMI-
LIPSCHITZIAN around some point Z € gph S (resp. GRAPHICALLY B-HEMISMOOTH

at z) if gph S is hemi-Lipschitzian around Z (resp. B-hemismooth at Z).
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Rockafellar’s notion of “Lipschitzian manifold” [9] reduces to Definition B.Ii) if
g: RY — R" xR™ is a locally C! function with the nonsingular Jacobian at Z; hence
g~ 1 is also locally C'. The corresponding set-valued mappings are called graphically
Lipschitzian in [10].

Theorem 5.2. Let Q) C Z be strictly hemi-Lipschitzian around Z, where the space
X in Definition[5.1i) can be chosen as Asplund. Then the following hold:

(1) The convezified normal cone cl* co N(Z;Q) is a linear subspace of Z*.

(ii) Q is normally regular at z (that is, N(2;Q) = N(2;Q)) if and only if it is
simultaneously wF-smooth and wsH -smooth at Z, i.e., f in Definition [B1ii) has
both of these properties at T.

Proof. Given a mapping g: Z — W between Banach spaces, we have the calculus
rules

(10) N(zg '(A) = Vg(2)"N(g(2);A) and N(z9~'(A)) = Vg(2)"N(g(2);A)

for any subset A C W with g(z) € A provided that g is strictly F-differentiable
at Z with the surjective derivative Vg(z); see [§] for the proof of these and related
results involving the Lyusternik-Graves theorem on metric regularity. Then (i)
follows directly from Theorem HIl and the first formula in ([I0). To prove (ii), we
observe that, for every set 2 hemi-Lipschitzian around Z, the normal regularity of
Q at z is equivalent to the graphical regularity of f at Z. Indeed, it follows from (I0)
and the well-known fact that the adjoint operator to any surjective linear bounded
operator is injective (one-to-one). Now (ii) is implied by Theorem [4.5 O

It follows from Remark [£2] and the proof of Theorem [5.2] that the subspace
property also holds for Clarke’s normal cone to hemi-Lipschitzian sets provided
that f: X — Y in Definition [Tl is compactly Lipschitzian and all the spaces
involved are arbitrary Banach.
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