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ABSTRACT. It is shown that for the pluripolar set K = {(z,e*) : |z| < 1} in
C? there is a global Bernstein-Walsh inequality: If P is a polynomial of degree
n on C2 and |P| < 1 on K, this inequality gives an upper bound for |P(z,w)|
which grows like exp(%n2 logn). The result is used to obtain sharp estimates
for |P(z,e%)|.

1. INTRODUCTION

If X is a non-pluripolar compact set in C*¥ and P is a polynomial of degree n on
C*, the Bernstein—Walsh inequality is (see [K])

(1) |P(2)| < ||P|lxe"™> ),

where || P||x is the uniform norm of P on X and Vx(z) is the extremal function of
X. For example, if z = (21,...,2;) and X = AP = {2 € CF: || < 1,1 <j <k}
is the unit polydisk, then

Vx(2) = L(z) = max{log™ |z1],...,log™ |z|}.

If X is pluripolar, then, in general, such estimates are impossible. For example,
if X is any piece of an algebraic curve I' = {(z,w) € C%: P(z,w) = 0}, where P is
a polynomial, then ||cP + 1||x = 1 for every ¢ > 0 and there are no upper bounds
on cP + 1.

We consider the case when I' = {(z,w) € C? : w = f(z)} and the compact set

K ={(2f(x) €C: || <1},

where f is an entire transcendental function. Then any non-trivial polynomial is
not identically equal to 0 on K. Therefore a compactness argument shows that, for
every n, there is a number ¢, > 0 such that for any polynomial P(z,w) of degree
at most n the norm || P||az < ¢,||P|| k. Hence for every (z,w) € C?

(2) |P(z,w)| < || Pllg En(f)e" ),
where E,(f) is the least value of ¢,. (See also Section 2.)
Inequality (2) can be viewed as a transcendental global version of the Bernstein—

Walsh inequality (), provided that one can obtain good estimates for E,,(f). More-
over, the numbers E, (f) can serve as a measure of transcendency of f: A “less
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transcendental” function f has larger numbers E,, (f). Note that if f was algebraic,
hence a polynomial of degree I, then E, (f) = +oo for every n > [.

In this paper we study the classical case of f(z) = e* and we let E,, = E,(e?).
For this function we prove the following global Bernstein—Walsh inequality:

Theorem 1.1. If f(z) = e*, then there exists a constant C1 > 0 so that

2] 2]
exp (n ;)gn_can) < E, <exp (n ;gn—f—Can),

for all n > 1. If P is a polynomial of degree n on C2, then

n?logn

Q Pl < IPlcesp (55" 4 G+ k)

Thus, despite the pluripolarity of K, there is an upper estimate for the absolute
value of polynomials, which grows asymptotically as exp(n?logn). This is not much
worse than exp(n) in the classical Bernstein-Walsh inequality (). Moreover, this
estimate is asymptotically sharp.

Inequality (@) improves when (z,w) € T'. In [T] (see also [B]) it was proved that

|P(Z,ez)| < HPHKenz log™ |2|+6n|z|

This inequality was used to prove deep theorems concerning the algebraic indepen-
dence of values of e”.
For a general transcendental function f we introduce the function

mn(r) = sup{log|P(z, f(2))| : deg P <n,[|P|[x <1,|z[ <r}.

The numbers m,(r) can also serve as a measure of transcendency of f. Let
(]z] = 1)t = max{|z| — 1,0}. As a consequence of Theorem [[.1, we prove the
following restricted Bernstein—-Walsh inequality for f(z) = e*:

Theorem 1.2. There exists an absolute constant Cy > 0 such that for every poly-
nomial P of degree n > 1 on C2 and every z € C we have
n? (o] - D)*
P(z,e*)| < ||P — (log™ Co-————— | .
PG e < IPlesp |5 (tog" a1+ P |
Moreover lim,, o My, (r)/n? = % logr, locally uniformly for r > 1.

This theorem provides the exact asymptotic behavior of the functions m,, (r). Tt
also improves Tijdeman’s estimate if one fixes z and lets n — co. On the other
hand, if one fixes n and lets z — oo, then Tijdeman’s estimate is better (at least if
n is large).

There is a fundamental difference between classical and transcendental Bernstein—

Walsh inequalities. In the classical case ([l) the extremal function Vx is given by
(see [K])

1
Vx (z,w) = limsup — sup{log™ |P(z,w)| : deg P = n, ||P|x < 1}.
n—oo N

In the transcendental case (3)) it follows from Theorem [Tl and the Hartogs lemma
that

lim sup sup{log® |P(z,w)|: degP =n, ||P|x <1} =1

n—oo N2logn
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everywhere on C? except a pluripolar set. Moreover, by Theorem [[L2]

lim sup sup{log™ |P(z,€?)| : deg P =n, ||P|x <1} =0.

n—oo n2logn
The next proposition holds for all entire transcendental functions.
Proposition 1.3. If f is an entire transcendental function, then

2
3
4) ma(r) = 2 logr

for every r > 1. Moreover for r > 1

2

(5) E,(f) > exp (%Sn logr — nL(r, Mf(r))> .

If f is of finite order of growth < p, or of finite order p and finite type, then

E.(f) > exp (”2;—?” — an) for all n > 1, where C = C(f) > 0.

Proposition [C3] and the previous theorem imply that the function e* provides
asymptotically the smallest possible functions my, ().

We are grateful to Norm Levenberg for the introduction to the problem and
discussions.

2. PRELIMINARIES

We use the following notation. If g is an entire holomorphic function we let
My(r) = max{|g(z)[ : [2| =r}.

For n > 0 we denote by P,, the space of polynomials P € C[z,w] of degree at
most n. Then dimP,, = (n + 1)(n+2)/2 = N + 1, where N = (n? + 3n)/2.

Let f be an entire transcendental function. For any polynomial P € P, we
denote by P, the entire function

P*(Z) = P(Z,f(Z)), z e (Ca

so |Pllx = Mp,(1). Since f is transcendental, it follows that || - || x is a norm on
each vector space P,. As P, are finite dimensional we have

En(f) = sup{[|[P|la2: P €Pn, [[P|x <1} <400,

for each n > 0. Note that Eo(f) =1 and E,(f) < Ept1(f).
Inequality () implies that the function

un(z) = sup{log|P.(z)| : P € Py, |Pllx <1}

is well defined. It is easy to see by a normal family argument that wu, is a non-
negative continuous subharmonic function on C and u,, = 0 on A. We have m,,(r) =
max{un(z) : |z| < r}, hence m,(r) is a continuous increasing convex function of
log .
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We need the following simple lemma:

Lemma 2.1. The following inequalities hold for every integer m > 0:

log(m + 1) <Z <logm +1,
j= 1

mlogm—m+1§Zlogj§ (m+1)logm —m+ 1,
j=1

m21ogm m i m2logm  m? 1
- = < - 2 . —
5 E: jlogj 5 1 —|—m10gm+4

Pmof The proof is elementary. For instance, the third inequality follows using

. ! zlogzdr < jlogj <fj+ xlog x dz. O

3. PROOFS

We first prove Proposition [[3] which was stated for arbitrary entire transcen-
dental functions f. Recall the notations N = (n? + 3n)/2 and P,(z) = P(z, f(2)).

Proof of Proposition[L3. Since dim P, = N + 1, there exists P € P,, P # 0, such
that the vanishing order of P, at 0 is at least N. We let g(z) = P,(z)/z", so
Mp, (1) = M,y(1) < My(r) = Mp, (r)/r"
provided that r > 1. This and the definition of m,(r) clearly imply (). Using (2)
with w = f(z) and |z| < r we get
N < Mp, (r)/Mp, (1) < En(f) exp [nL(r, Mg (r))],

so (B) follows.

In the case when f is of finite order of growth, we have log™ My (r) < Cr for
every r > 1. The conclusion follows by taking » = n!/? in (@) and by using the
above estimate on log™ M(r). O

In the following proofs we have f(z) = e*, so P,(z) = P(z,€e*).

Proof of Theorem [LJl The lower estimate of E,, follows from Proposition[[3] since
f(2) = e* has order of growth p = 1 and type 1 with respect to this order. Moreover,

B) follows from () and the upper bound of E,. To prove the upper bound,

we introduce the following notation. Let d = %. For any polynomial R(\) =

Z;n:O cj)\j we denote by Dg the constant-coefficient differential operator

m .
&’
d) = i— .
V=2 ¢
Jj=0
Then for any integer ¢ > 0 and any « € C we have

, d'R
t az J—t __
L v

j>t

Now fix P € P,, n > 1, with | P||x < 1. By Cauchy’s estimates we have

= RW(a).
A=«

(7) ‘P,E”(O)‘ <1, Y13 0.
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We write

(8) P(z,w):ZPn_k( 2)w®, P,_ k(2 ch]zj
k=0

In the sequel, we denote by C' all absolute constants 1nv01ved in our estimates.
(They may change from one inequality to the next.)

Proposition 3.1. There exists a constant C' such that
n?logn
Mp, (1) < exp ( 2g +Cn >  Vke{0,...,n}
Note that this proposition implies Theorem [Tl Indeed,

IPllar < 3 My (1) < oxp (52" 4 02,
k=0

so the same estimate holds for E,, since P is arbitrary with ||P| x < 1.
In order to prove Proposition B, we fix k € {0,...,n}. We will estimate the
coefficients cy; of P, by using the differential operators given by the polynomials

9) Ry(A) = fi(A—U””H

1=0,1£k
Rij(N) = Rg(NA—Fk) , §=0,...,n—k.
Note that deg Ry n—r = N. By (@) we have

ALy = DRij*(Z)|Z:0 = (DRk d k? [Z cklz (& ‘|
z=0
n—k I
— j k2
= DRk Z Ckl (l — e
1= 2=0
= Z ] R ).
We write
(10) o =Uck, 1=0,...,n—k,
(11) = RO (R)/t, t=0,...,n—k.
Then ¢}, are the unique solution of the triangular system
n—k
Z Thi—jCu = Qj, J=0,...,n—k,
I=j
which yields
J
O p—k—j Tkl .
(12) C;%n_k_jfT—Zrk ;gn k—jti> J =0, ,m — k.

=1
In order to estimate the coefficients cﬁcj, we obtain first bounds for az;, ryo and
Tk /Tro. This is done in a sequence of lemmas.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



884 DAN COMAN AND EVGENY A. POLETSKY

Lemma 3.2. Forallk=0,...,n and j=0,...,n—k we have
|Oékj| < enz logn+Cn logn7
where C > 0 is an absolute constant.

Proof. We write Ryj(\) = Zlszo siAl, N; = deg Ri; = N — (n — k — j), and define

[Rig|(N) =D st A = (A + k) H A+ DL

1=0,l#

Using Cauchy’s estimates () and Stirling’s formula 1! < e(I/e)'V/1, for I > 1 (see

[R]), we get
N; N;
jas] < Y lsillt <e Y lsil(l/e)' Vi
=0 =0
N
< eVN ) |si|N' = eVN [Ry,;|(N)

=0

=1

n n+1
< eVN H(N—H)"*Hl <eVN exp ((log(N+n)) Zl) .
1=0

Since log(N +n) < 2logn + 2/n, this yields |ayj| < exp(n®logn + Cnlogn). O

Lemma 3.3. If 0 < k < n, then |rro| > exp[(n?logn)/2 — Cn?], where C > 0 is
an absolute constant.

Proof. We have by (@) and () that

n

reol = [Be(k) = [T k=0,

1=0,1£k

so after a direct calculation we get

log|reo| = (n—k+1) (ZlogH—Zlogl)+leogl—2llogl

Using Lemma 2] with the convention that xzlogz = 0 for z = 0, it follows that
for every k =0, ...,n we have

loglro] > (n—k+1[klogk+ (n—k)log(n — k) — n]
+I<;2logk B I<;_2 B (n — k)%log(n — k)
2 4 2
EFAY
w — (n—k)log(n — k)
EAY
> k(n—%)logk—i—w log(n — k) — Cn?
2 2
_ n’logn L n2F (E) 2> ™ logn _on?,
2 n 2
where F(z) = z(1 — z/2)logz + 0.5(1 — z)?log(1 — z) > —C for all z € [0,1] and
some constant C' > 0. O
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Lemma 3.4. For any k=0,...,n and j =0,...,n —k we have
[7ksl/Irko| < e*n?(n +1)7.
Proof. We fix € € (0,1), to be chosen later in terms of n. Using the definition (II])

of r; and applying Cauchy’s estimates to Ry, we obtain that |rg;| < M/e’, where
M = max{|Rx(\)| : |A —k|=€}. If X is on the circle |\ — k| = ¢, then

k—1 n
[BeN)| < [Tk + e T =k + " = Jriol Fi(e),
1=0 I=k+1
where
k—1 n—I+1 n e n—I+1
H<1+—> 11 <1+—l—k> :
I=k+1
Therefore |ry;|/|rko| < Fi(e)/e’. Using Lemma Bl we get
€
log Fi(e) < 2(n+1) lz;log (1 + 7)
1
< 2e(n+1) 27 e(n+1)(logn + 1).

Choosing € = 1/(n + 1) we obtain log F(¢) < 2(logn + 1), hence the lemma
follows. .

We can now estimate the coefficients ¢}, ; by using the system of equations (2.
Lemmas 3.2l and B3 imply that
n?logn
2

holds for every k =0,...,nand j =0,...,n—k, with an absolute constant C' > 0.
For fixed k, we prove by induction on j =n —k,...,0 that

(14 el < et [(n+ 1)(1+ e2n?)]"

If j = n — k this holds by (I2)) and (I3]). Assuming that the inequality is true for
l=n—k,...,n—k—j+1, we obtain by using Lemmas B2, B3 and B4l that

| —k— y| |7kt
eyl < o] Z| [

(13) lowgl gt 4o + On?

|70

IN

1—}—26 (n+1) (n+1)(1+62n2)]j_l]

IN

eln(n+1)7

1+en221—|—e ]

= e (n+1)7(1+e*n?),

so (I4) is proved. Therefore, combining ([I0), (I3) and ([I4), we get for every
7=0,...,n—k that

2],
lers] < Iyl < €t (n+ 1)"(1 + e2n)" < exp (" 08", 0n2) ,
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with an absolute constant C > 0. Using this and (B it follows that

n—k 2
n*logn
Mr s < 3 Sexp( ‘ +0n2).

The proof of PropositionB1] and hence the proof of Theorem 1] are complete. [

Remark. Using the main steps and ideas from this proof, together with more careful
estimates of the constants involved, we can prove for every n > 1 the inequalities

21 21
exp (n ;)gn —n2) < E, <exp (%—l—nz—i—%).

Proof of Theorem Let x,, be defined as the unique solution of the equation
n(x, — 1)e* = log Ey,, for n > 1. Using the polynomial P(z,w) = w — 1 — z one
checks that E; > 1. Therefore x,, > 1 and by Theorem [T.1] lim, oo ,, = “+00.

Let o, = (log E,)/x,. We estimate first z,, and ,,. By Theorem [[]
_logE, nlogn
on 2
hence z,+log(x,—1) = log n—log 2+log(log n+O(1)). This implies lim,, o0 2,/ logn
=1, so lim,_, 20, /n? = 1. Since

(p — 1)e™

+ O(n),

1 1
T, = logn —log2 + log (M>

T, — 1
and since xz,,/logn — 1 we get x, = logn + O(1) and
200, _ 2log B, L= logn+0(1) 1 0(1)

15 2n . _om
(15) n? n2a, logn + O(1) logn

We can now prove the estimate in the statement. Let P € P, with ||P|lx =1
and consider the subharmonic function u(z) = log* |P,(2)|. Then u < 0 on A and
u(z) < log E,, + n|z|, for every z € C, by [@). Let u(x) = max{u(z) : |z| = "},
where > 0. Then @ is a convex increasing function, w(0) = 0 and

u(z) < ¢(x) =log By, +ne®, Yo > 0.

Note that x,, verifies z,¢'(x,) = ¢(x,), which means that the tangent line to the
graph of ¢ at (2, ¢(z,)) passes through the origin. Using the convexity of @ it
follows that

~ ¢ (zp)x, if 0 < <uxy,,
(@) < { o(x), if x>z,

Since z < €® — 1 and ne™ = (log E,,)/(x, — 1) we obtain

¢ (zn)r = (logE,+ ne””")i
Tn

In .’,C_l
< anm—i—ne (e’”—l):an<x+e 1),
Tp —

for all x > 0. Moreover, it is easy to see that

Tn

o(x) =log E,, + ne® < apx + (e®—1)

Tn

holds for > x,,. We conclude that for all z > 0 we have

~ e’ —1 n? 20, 20, € —1
“Wf%(“%_l):7{“<?‘1>“Fxn_1 -
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Using (IH) and the asymptotics of x,, we obtain

2 T 2 T _
ﬂ(x)gn_ T+ Ca +C/e 1 én_ x_|_0671 ’
logn n

2 T 2 T+ 1logn
where C3 > 0 is an absolute constant. If z = log|z|, |z| > 1, this gives the desired
inequality.

Combining the inequality we have just proved with (), we get for all n > 1 and

r > 1 that

logr n 3logr < My (1) < logr Ca(r —1) '

2 2n T n? T 2 2(1 +logn)
Therefore lim,, o m,(r)/n? = % log r, locally uniformly for » > 1. O
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