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OPERATOR KERNEL ESTIMATES FOR FUNCTIONS
OF GENERALIZED SCHRÖDINGER OPERATORS

FRANÇOIS GERMINET AND ABEL KLEIN

(Communicated by Joseph A. Ball)

Abstract. We study the decay at large distances of operator kernels of func-
tions of generalized Schrödinger operators, a class of semibounded second or-
der partial differential operators of mathematical physics, which includes the
Schrödinger operator, the magnetic Schrödinger operator, and the classical
wave operators (i.e., acoustic operator, Maxwell operator, and other second
order partial differential operators associated with classical wave equations).
We derive an improved Combes-Thomas estimate, obtaining an explicit lower
bound on the rate of exponential decay of the operator kernel of the resolvent.
We prove that for slowly decreasing smooth functions the operator kernels
decay faster than any polynomial.

1. Introduction

In this article we establish decay estimates on operator kernels of functions of
generalized Schrödinger operators, a class of semibounded second order partial dif-
ferential operators of mathematical physics, which includes the Schrödinger opera-
tor, magnetic Schrödinger operator, and the classical wave operators (i.e., acoustic
operator, Maxwell operator, and other second order partial differential operators
associated with classical wave equations).

We fix the dimension d. For each k = 1, 2, . . . we set

H(k) = L2(Rd, dx;Ck) .

The spectrum and the domain of an operator B will be denoted by σ(B) and D(B),
respectively. If B is a semibounded operator we will denote the corresponding
quadratic form by B[ψ], with ψ ∈ Q(B), its form domain. (B[ψ] = 〈ψ,Bψ〉 for
ψ ∈ D(B).)

A generalized Schrödinger operator is of the form

H = W + V on H(n),(1)

with

W =
√
K(D−A)∗R(D−A)

√
K,(2)
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912 FRANÇOIS GERMINET AND ABEL KLEIN

where:
• D is a first order constant coefficient partial differential operator from H(n)

to H(m); it is given by multiplication by an m × n matrix D(−i∇), where,
for a d-component vector k, D(k) is an m×n matrix with entries of the form
D(k)r,s = ar,s · k with ar,s ∈ Cd, for r = 1, . . . ,m, s = 1, . . . , n. We set

D+ = sup{‖D(k)‖; k ∈ Cd, |k| = 1} <∞ ;(3)

note ‖D(k)‖ ≤ D+|k| for all k ∈ Cd.
• A is the operator from H(n) to H(m) given by multiplication by the m × n

matrix-valued measurable function A(x). We require A(x) to be locally in
L2.
• K and R are coefficients operators on H(n) and H(m), respectively. A coef-

ficient operator S on H(k) is a bounded, invertible operator given by multi-
plication by a coefficient matrix: an k× k matrix-valued measurable function
S(x) on Rd, satisfying

S−Ik ≤ S(x) ≤ S+Ik with 0 < S− ≤ S+ <∞ .(4)

(Ik is the k × k identity matrix.)
• V is a potential, an operator given by multiplication by a real-valued measur-

able function V (x). We write V = V + − V −, with V ± ≥ 0, and require V +

to be locally in L1 and V − to be W -form bounded with relative bound < 1,
i.e., there exist constants 0 ≤ Θ1,Θ2 <∞, with Θ1 < 1, such that

〈ψ, V −ψ〉 ≤ Θ1〈ψ,Wψ〉+ Θ2‖ψ‖2 for all ψ ∈ Q(W ) .(5)

A generalized Schrödinger operator is well defined as a semibounded self-adjoint
operator. To see this, note that D−A, initially defined on infinitely differentiable
functions with compact support from H(n) to H(m), extends to a closed, densely
defined operator. We set (as in [13, 15])

A =
√
R(D−A)

√
K on D(A) =

1√
K
D(D −A),(6)

a closed, densely defined operator from H(n) to H(m), and define W by

W = A∗A,(7)

a positive self-adjoint operator with Q(W ) = D(A). It follows from the conditions
on V ± that H = W + V is a semibounded self-adjoint operator on H(n), with

H ≥ (1 −Θ1)W −Θ2 and Q(H) = Q(W ) ∩ Q(V +).(8)

Our estimates will be stated in terms of the constants Θ1,Θ2, and

Ξ = D+

√
R+K+ .(9)

Note that while Ξ depends only on W , Θ1 and Θ2 depend on both W and V .
Examples include the Schrödinger operator (e.g., [16])

H = −∆ + V on L2(Rd, dx), where Ξ = 1 ,(10)

where ∆ is the d-dimensional Laplacian operator, the magnetic field Schrödinger
operator

H = (−i∇− a) · (−i∇− a) + V on L2(Rd, dx), where Ξ = 1 ,(11)
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FUNCTIONS OF GENERALIZED SCHRÖDINGER OPERATORS 913

where a is a vector potential, an operator from H(1) to H(d) given by multiplication
by the vector-valued function a(x) ∈ L2

loc(Rd, dx;Rd), and the classical wave opera-
tor W given by (2) with A = 0 (see [13, 15]). Examples of classical wave operators
include the acoustic operator

W = − 1√
κ
∇ · 1

ρ
∇ 1√

κ
on L2(Rd, dx),(12)

where ∇ is the d-dimensional gradient, κ(x) is the compressibility, and %(x) is the
mass density, and the Maxwell operator

W =
1
√
µ
∇× 1

ε
∇× 1

√
µ

on L2(R3, dx;C3),(13)

where ∇× is the curl, µ(x) is the magnetic permeability, and ε(x) is the dielectric
constant.

Definition 1. The operator kernel of a bounded operator B on H(n) is defined by

KB(x, y) = χxBχy for all x, y ∈ Rd,(14)

where χx denotes the operator given by multiplication by the characteristic function
of a cube of side 1 centered at x.

A bounded operator B may or may not have an integral kernel, but it always
has an operator kernel. (The choice of a cube of side 1 is arbitrary; one may fix a
scale L and replace the characteristic functions in (14) by characteristic functions
of cubes of side L.) Note that ‖KB(x, y)‖ ≤ ‖B‖ and

(Bψ)x =
∑

y∈x+Zd
KB(x, y)ψy in L2(Rd, dx;Cn) ,(15)

for all ψ ∈ L2(Rd, dx;Cn), where φx = χxφ. Operator kernels avoid many techni-
cal problems associated with integral kernels; they have proved very useful in the
study of Anderson localization of random Schrödinger operators and classical wave
operators [2, 7, 8, 9, 13, 14].

Schrödinger operators and classical wave operators satisfy a resolvent decay esti-
mate, commonly called the Combes-Thomas estimate in the mathematical physics
literature. The proofs are based on an argument of Combes and Thomas [3]. (For
Schrödinger operators see [16, 1]; for classical wave operators see [7, 8, 13].) In the
following theorem we state and prove a Combes-Thomas estimate for generalized
Schrödinger operators, using ideas from [7, Lemma 12] and [13, Theorem 3.5]. Our
proof does not use analyticity. We give explicit estimates on the constants, valid
for all energies z. This will be of importance in Theorem 2.

Theorem 1. Let H be a generalized Schrödinger operator, let R(z) = (H − z)−1,
z /∈ σ(H), be its resolvent, and let Kn,z(x, y) be the operator kernel of R(z)n,
n = 1, 2, . . . . Then for any 0 < γ < 1 we have

‖Kn,z(x, y)‖ ≤
((

1+γ
1−γ

)2
1
ηz

)n
eγmz

√
d e−γmz|x−y|(16)

for all x, y ∈ Rd, where ηz = dist(z, σ(H)) and

mz = Γ
ηz√

Θ2 + ηz + |z|
,(17)
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914 FRANÇOIS GERMINET AND ABEL KLEIN

with

Γ =
3
√

7
√

1−Θ1

32 Ξ
.(18)

If Re z < Σ = inf σ(H) we also have

‖Kn,z(x, y)‖ ≤
(

1
(1−γ2)(Σ−Re z)

)n
eγ
√

Σ−Re z
√
d

Ξ e−γ
√

Σ−Re z
Ξ |x−y|(19)

for all x, y ∈ Rd.

Theorem 1 is the basic tool in our derivation of estimates on operator kernels of
functions of generalized Schrödinger operators. The proof is given in Section 2.

If the energy z is real and sits in a spectral gap of the operator H , one can obtain
estimates where the rate of the exponential decay is proportional to the product of
the square roots of the distances from z to the edges of the gap, similar to (19); see
[1, 13].

Note that mz grows as
√
ηz as ηz → ∞, so the the constant in (16) grows as

ec
√
ηz . This can be avoided by picking γ = (2 +

√
ηz)−1. The resulting estimate,

which will be used in the proof of Theorem 2, is given in the following corollary.

Corollary 1. Let H be a generalized Schrödinger operator. Then, with the nota-
tion of Theorem 1,

‖Kn,z(x, y)‖ ≤
(

9
ηz

)n
eΓ
√
d e−

mz
2+
√
ηz
|x−y|(20)

for all x, y ∈ Rd.

If f ∈ C0(R) (the continuous functions vanishing at infinity), it follows from
the Stone-Weierstrass theorem and Corollary 1 that the operator kernel Kf (x, y)
of f(H) goes to 0 as |x− y| → ∞. But this soft argument gives no estimate on the
rate of decay. In fact, it is known that for H = −∆ the kernel of f(H) will not
have rapid decay as |x− y| → ∞ if f is not smooth [16, Remark 3 on p. 476].

In this article we combine Corollary 1 with the Helffer-Sjöstrand formula [11]
to derive estimates on the decay of operator kernels of functions of generalized
Schrödinger operators. The existing literature derives estimates on integral kernels
from the heat kernel estimate [16, 4, 5]. But heat kernels estimates are only available
for Schrödinger operators [16] and acoustic operators with constant compressibility
[5]; they are not available for Maxwell operators, for example. We show that
a Combes-Thomas estimate as in Corollary 1 is a natural tool to obtain kernel
estimates for a large class of operators. Even for Schrödinger operators polynomial
decay for the (integral or operator) kernel of f(H) with f an arbitrary function in
C∞0 (R) is an open question (see [16, p. 476]). In the case when there is a heat
kernel estimate, Davies [5, Theorem 3.4.10] proved polynomial decay of any order
for f ∈ S(R). In Theorem 2 we allow any generalized Schrödinger operator and
prove polynomial decay of any order if f belongs to the much larger class of slowly
decreasing smooth functions (see Definition 2). A particular example of interest
[10] is f(u) = 1−XI(u)

u−E , where I ⊂ σ(H) is a bounded open interval, E ∈ I, and
XI is a smooth characteristic function for the interval I. Note that in this case we
have f(H) = (1−XI(H))R(E) with E ∈ σ(H).

If w ∈ Rn we write

〈w〉 =
√

1 + |w|2 .
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FUNCTIONS OF GENERALIZED SCHRÖDINGER OPERATORS 915

Definition 2. f : R → C is called a slowly decreasing smooth function if it is
infinitely differentiable and there exists γ > 0 such that

|f (n)(u)| ≤ cn
〈u〉γ+n

(21)

for some constants cn <∞, all u ∈ R, and all n = 0, 1, 2, . . . .

If f is a slowly decreasing smooth function, we define the norms [6, eq. (2.1.3)]:

|||f |||n =
n∑
r=0

∫
R
|f (r)(u)|〈u〉r−1du , n = 1, 2, . . . .(22)

Theorem 2. Let H be a generalized Schrödinger operator and let f be a slowly
decreasing smooth function. Then the operator kernel Kf(x, y) of f(H) decays
faster than any polynomial as |x−y| → ∞. More precisely, there is a finite constant
C̃, independent of f and H, such that for all k = 1, 2, . . . we have

‖Kf(x, y)‖ ≤ C̃ eΓ
√
d|||f |||k+2

〈
3k(Θ2 + 8)Γ−1

〉k
〈x− y〉k

(23)

for all x, y ∈ Rd.

Theorem 2 is proved in Section 3. The proof is based on the estimate (20) and the
Helffer-Sjöstrand formula. Theorem 2 provides a crucial ingredient for the results
in [10].

2. The Combes-Thomas estimate

In this section we prove Theorem 1. We start by defining the operators formally
given by

Hα = eα·xHe−α·x and Wα = eα·xW e−α·x , where α ∈ Rd ;(24)

note that

Hα = Wα + V.(25)

To do so, let us consider the bounded operator Gα, defined as

Gα =
√
RD(α)

√
K , so ‖Gα‖ ≤ |α|Ξ ,(26)

as in [13, Theorem 3.5]. Then

Aα = eα·xAe−α·x = A+ iGα on D(A) ,(27)
(A∗)α = eα·xA∗e−α·x = A∗ + iG∗α on D(A∗) ,(28)

are closed, densely defined operators. (Note (A∗)α 6= (Aα)∗.) We now define
Wα = (A∗)αAα as a quadratric form with form domain D(A) = Q(W ), i.e., for
each α ∈ Rd,

Wα [ψ] = 〈(A∗)∗αψ,Aαψ〉 , ψ ∈ D(A).(29)

If α = 0, W0 is the closed, nonegative quadratic form associated to the operator
W . We also define the quadratic form Hα = Wα + V on Q(W ) ∩ Q(V +).

It follows from (27) and (28) that

Hα [ψ]−H [ψ] = Wα [ψ]−W [ψ] = 2iRe 〈Aψ,Gαψ〉 − 〈Gαψ,Gαψ〉 ,(30)
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916 FRANÇOIS GERMINET AND ABEL KLEIN

so, using (26) and (8), we get

|Hα [ψ]−H [ψ]| =
(

4 (Re 〈Aψ,Gαψ〉)2 + ‖Gαψ‖4
) 1

2
(31)

≤ ‖Gαψ‖
(
4‖Aψ‖2 + ‖Gαψ‖2

) 1
2 ≤ 2sW [ψ] + 1

2 (1
s + s)|α|2Ξ2‖ψ‖2

≤ 2s
1−Θ1

H [ψ] +
(

2sΘ2
1−Θ1

+ 1
2 (1
s + s)|α|2Ξ2

)
‖ψ‖2 ,

for any s > 0. It follows [12, Theorem VI.1.33] that Hα is a closed sectorial form on
the form domain of H . We define Hα as the unique m-sectorial operator associated
with it [12, Theorem VI.2.1].

Let z /∈ σ(H), if 0 < γ < 1 and

Ω = 2‖(a+ bH)R(z)‖ ≤ γ ,(32)

where

a = 2sΘ2
1−Θ1

+ 1
2 (1
s + s)|α|2Ξ2 , b = 2s

1−Θ1
.(33)

It follows from [12, Theorem VI.3.9] that z /∈ σ(Hα) and

‖R(z)−Rα(z)‖ ≤ 4Ω
(1− Ω)2

‖R(z)‖ ≤ 4γ
(1− γ)2 ηz

,(34)

where Rα(z) = (Hα − z)−1 and ηz = dist(z, σ(H)), so

‖Rα(z)‖ ≤
(

1 + γ

1− γ

)2 1
ηz
.(35)

Since

Ω ≤ 2
ηz

(a+ b(ηz + |z|)) ,(36)

(32) will be satisfied if

As+ (1
s + s)|α|2 ≤ B,(37)

with

A =
4

(1−Θ1)Ξ2
2

(Θ2 + ηz + |z|) , B =
γηz
Ξ2

.(38)

The left hand side of (37) is minimized by the choice

s =
|α|√

A+ |α|2
,(39)

in which case (37) becomes

2|α|
√
A+ |α|2 ≤ B ,(40)

i.e.,

4|α|4 + 4A|α|2 −B2 ≤ 0 ,(41)

so it suffices to require

|α|2 ≤ 1
2

(
−A+

√
A2 +B2

)
=
A

2

(√
1 +

B2

A2
− 1

)
≡ β.(42)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



FUNCTIONS OF GENERALIZED SCHRÖDINGER OPERATORS 917

Since
√

1 + x ≥ 1 + x
2 −

x2

8 for x ≥ 0, we have

β ≥ B2

4A

(
1− B2

4A2

)
≥ B2

4A

(
1− γ2(1− Θ1)2

64

)
(43)

≥ 63B2

256A
=

63 (1−Θ1)γ2η2
z

1024 Ξ2(Θ2 + ηz + |z|) = γ2m2
z ,

with mz as in (17).
Thus, if we take |α| ≤ γmz, we satisfy (32) and obtain (35).
Now let x0, y0 ∈ Rd, n ∈ N, and take α = γ mz

|x0−y0| (x0 − y0). We have

Kn,z(x0, y0) = χx0R(z)nχy0 = χx0e−α·xRα(z)neα·xχy0(44)

= e−γmz|x0−y0|χx0e−α·(x−x0)Rα(z)neα·(x−y0)χy0 ,

so

‖Kn,z(x0, y0)‖(45)

≤
((

1+γ
1−γ

)2
1
ηz

)n
‖χx0e−α·(x−x0)‖∞‖χy0eα·(x−y0)‖∞e−γmz|x0−y0| .

Since

‖χx0e±α·(x−x0)‖∞ ≤ e
√
d

2 |α| = e
√
d

2 γmz ,(46)

(16) follows.
Now let Re z < Σ = inf σ(H). It follows from (30) and (26) that

ReHα[ψ] = H [ψ]− 〈Gαψ,Gαψ〉 ≥ Σ− |α|2Ξ2.(47)

As Hα is an m-sectorial operator, it follows that z /∈ σ(Hα) as long as we have
|α|2Ξ2 < Σ− Re z (see [12, p. 279]). Moreover, if 0 < γ < 1 and

|α| ≤ γ
√

Σ−Rez
Ξ

,(48)

we have

‖Rα(z)‖ ≤ 1
(1− γ2)(Σ−Rez)

.(49)

Proceeding as in (44), we conclude that (19) follows from (48) and (49).
Theorem 1 is proven.

3. Kernel estimates for slowly decreasing smooth functions

In this section we prove Theorem 2. Let f be a slowly decreasing smooth function
satisfying (21). We recall the Helffer-Sjöstrand formula [11] (see also [6, Section
2.2]):

f(H) =
1
π

∫
R2

∂f̃n(z)
∂z̄

R(z) dudv ,(50)

where z = u+ iv, n = 1, 2, . . . , and

f̃n(z) =

{
n∑
r=0

1
r!
f (r)(u)(iv)r

}
σ(u, v) ,(51)
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918 FRANÇOIS GERMINET AND ABEL KLEIN

called a quasi-analytic extension of f of order n, with σ(u, v) = τ
(

v
〈u〉

)
for some

infinitely differentiable function τ(s) on the real line, which equals 1 if |s| < 1 and
equals 0 if |s| > 2. We have

∂f̃n(z)
∂z̄

=
1
2

{
∂f̃n(z)
∂u

+ i
∂f̃n(z)
∂v

}
(52)

=
1
2

{
n∑
r=0

1
r!
f (r)(u)(iv)r

}{
∂σ(u, v)
∂u

+ i
∂σ(u, v)
∂v

}
+

1
2n!

f (n+1)(u)(iv)nσ(u, v) .

The integral in (50) converges in operator norm, The identity (50) holds for any
n = 1, 2, . . . and any choice of the function τ(s) (we choose τ(s) once for all, with
0 ≤ τ(s) ≤ 1). We also have the following bound [6, p. 25]:∣∣∣∣∣∂f̃n(z)

∂z̄

∣∣∣∣∣(53)

≤ C
{

n∑
r=0

1
r!
|f (r)(u)| |v|

r

〈u〉

}
χA(u, v) +

1
2n!
|f (n+1)(u)||v|nχB(u, v) ,

where A = {〈u〉 < |v| < 2〈u〉}, B = {0 < |v| < 2〈u〉}, χA and χB are the
corresponding characteristic functions, and C is some constant depending only on
our choice of τ(s). Thus there is a finite constant c, independent of f and n, such
that [6, Lemma 2.2.1]

‖f(H)‖ ≤ c|||f |||n+1 for all n = 1, 2, . . . .(54)

It follows that the operator kernel Kf (x, y) of f(H) is given by

Kf (x, y) =
1
π

∫
R2

∂f̃n(z)
∂z̄

Kz(x, y)dudv ,(55)

for any n = 1, 2, . . . , where Kz(x, y) = K1,z(x, y) is the operator kernel of the
resolvent R(z). To estimate ‖Kf(x, y)‖ we use (53) and (20), and make use in (56)
and (57) of the fact that the function g(s) = s

(a+
√
s)
√
b+s

, with a, b ≥ 0, is increasing
for s ≥ 0. Note that ηz ≥ |v| and hence

mz

2 +
√
ηz
≥ Γ |v|(

2 +
√
|v|
)√

Θ2 + |v|+ |z|
.(56)

Thus, if (u, v) ∈ A, we have |v| ≥ 1 and |z| ≤
√

2|v|, hence

mz

2 +
√
ηz
≥ Γ

3
√

Θ2 + 1 +
√

2
≥ Γ

3
√

Θ2 + 3
,(57)
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so for any r = 0, 1, 2, . . . it follows that∫
R2
|f (r)(u)| |v|

r

〈u〉 χA(u, v)‖Kz(x, y)‖dudv(58)

≤ 9eΓ
√
d

[∫
R2
|f (r)(u)| |v|

r−1

〈u〉 χA(u, v)dudv
]

e
− Γ

3
√

Θ2+3
|x−y|

≤ 9eΓ
√
d

[
tr

∫
R
|f (r)(u)|〈u〉r−1du

]
e
− Γ

3
√

Θ2+3
|x−y|

,

where t0 = 2 log 2, tr = 2r+1

r for r = 1, 2 . . . , n. We can thus conclude that

C

∫
R2

{
n∑
r=0

1
r!
|f (r)(u)| |v|

r

〈u〉

}
χA(u, v)‖Kz(x, y)‖dudv(59)

≤ Ĉ1 eΓ
√
d |||f |||n e

− Γ
3
√

Θ2+3
|x−y|

,

where Ĉ1 = C maxr trr! <∞.
When (u, v) ∈ B, we have |v| ≤ 2〈u〉 and |z| ≤

√
5〈u〉 ≤ 3〈u〉. Using these

inequalities in (56), we get (using 2ab ≤ a2 + b2 in the third inequality)

mz

2 +
√
ηz

≥ Γ |v|(
2 +

√
2〈u〉

)√
Θ2 + 5〈u〉

≥ Γ |v|
2
√

(2 + 〈u〉) (Θ2 + 5〈u〉)
(60)

≥ Γ |v|
Θ2 + 2 + 6〈u〉 ≥

Γ |v|
(Θ2 + 8)〈u〉 .

If k is a positive integer, we recall that for all t ≥ 0 we have

e−t ≤ bk
tk
, where bk = e−kkk .(61)

Thus, if n ≥ k + 1, we have
1

2n!

∫
R2
|f (n+1)(u)||v|nχB(u, v)‖Kz(x, y)‖dudv(62)

≤ 9 eΓ
√
d(Θ2 + 8)kbk

2n! Γk|x− y|k
∫
R2
|f (n+1)(u)||v|n−k−1〈u〉kχB(u, v)dudv

≤ 9eΓ
√
d(Θ2 + 8)kbk

n!Γk|x− y|k
2n−k

n− k

∫
R
|f (n+1)(u)|〈u〉ndu .

If we now pick n = k + 1, it follows that for any k = 1, 2, . . . we have
1

2(k + 1)!

∫
R2
|f (k+2)(u)||v|k+1χB(u, v)‖Kz(x, y)‖dudv(63)

≤ Ĉ2
eΓ
√
d(Θ2 + 8)k

Γk|x− y|k
∫
R
|f (k+2)(u)|〈u〉k+1du ,

with Ĉ2 = 18 maxk bk
(k+1)! <∞.

It now follows from (55), (53), (59), (63), (22), and (61) that we have

‖Kf(x, y)‖ ≤ C̃ eΓ
√
d|||f |||k+2

(
e
− Γ

3
√

Θ2+3
|x−y|

+
(Θ2 + 8)k

Γk|x− y|k

)
(64)

≤ 2 C̃ eΓ
√
d|||f |||k+2

(
3k(Θ2 + 8)Γ−1

)k
|x− y|k(65)
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for any k = 1, 2, . . . , where C̃ < ∞ is some constant independent of k, f , and H .
Since we have ‖Kf(x, y)‖ ≤ c|||f |||k+2 by (54), and min

{
1,
∣∣a
b

∣∣} ≤ 〈a〉〈b〉 , the estimate

(23) follows with some different constant C̃.
Theorem 2 is proven.
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