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ABSTRACT. This paper gives a complete description of ultrametric spaces up to
uniform equivalence. It also describes all metric spaces which can be mapped
onto ultrametric spaces by a non-expanding one-to-one map. Moreover, it de-
scribes particular classes of spaces, for which such a map has a continuous
(uniformly continuous) inverse map. This gives a complete solution for the
Hausdorff-Bayod Problem (what metric spaces admit a subdominant ultramet-
ric?) as well as for two other problems posed by Bayod and Martinez-Maurica
in 1990. Further, we prove that for any metric space (X, d), there exists the
greatest non-expanding ultrametric image of X (an ultrametrization of X),
i.e., the category of ultrametric spaces and non-expanding maps is a reflec-
tive subcategory in the category of all metric spaces and the same maps. In
Section II, for any cardinal 7, we define a complete ultrametric space L of
weight 7 such that any metric space X of weight 7 is an image of a subset L(X)
of L under a non-expanding, open, and compact map with totally-bounded
pre-images of compact subsets. This strengthens Hausdorff-Morita, Morita-de
Groot and Nagami theorems. We also construct an ultrametric space L(7),
which is a universal pre-image of all metric spaces of weight 7 under non-
expanding open maps. We define a functor A from the category of ultrametric
spaces to a category of Boolean algebras such that algebras A(X) and A(Y)
are isomorphic iff the completions of spaces X and Y are uniformly homeo-
morphic. Some properties of the functor A and the ultrametrization functor
are discussed.

A metric space is called ultrametric (non-Archimedean in German literature,
isosceles in Russian) if its metric satisfies the strong triangle axiom d(x,z) <
max[d(z, y), d(y, =)

The first significant examples of such spaces were introduced in early 20th cen-
tury in real analysis (René Baire, 1909, the Baire space), number theory (Kurt
Hensel, 1904, rings Q,, and fields Z, of p-adic numbers), and general topology (Felix
Hausdorff, 1914, 1930). In [7], [8] F. Hausdorff studied their properties (in separable
case) and their relation to general metric spaces. What metric spaces are images
and pre-images of non-Archimedean spaces under particular classes of continuous
maps (open, closed, compact, uniformly continuous, non-expanding, etc.)? This pa-
per gives a complete solution of the Hausdorff problem for classes of non-expanding
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maps and uniformly continuous maps (by the definition, a map f: (X,d) — (Y, d)
is non-expanding if it enlarges no distance, i.e., d(z,y) > d'(f(x), f(y)) for any =
and y in X). Section [l deals with pre-images of ultrametric spaces and Section [I]
with images.

I. NON-EXPANDING PRE-IMAGES OF ULTRAMETRIC SPACES

Let (X, d) be a metric space. For non-expanding one-to-one maps, the Hausdorff
Problem is equivalent to the following question. Does there exist an ultrametric
A(z,y) smaller than d(z,y)? If so, there obviously exists the greatest of such
ultrametrics since a supremum of all ultrametrics smaller than d is an ultrametric
again; this is called a subdominant ultrametric [1]. The problem of existence of the
subdominant ultrametric also arises in certain branches of physics [23]. For finite
spaces this does exist, moreover, some computational algorithms are known [23].

In [I] J. M. Bayod and J. Martinez-Maurica studied the problem for infinite
spaces and gave a sufficient condition for existence of a subdominant ultrametric.
In view of what was mentioned above, the Hausdorff-Bayod Problem can be stated
as follows.

Problem 1. For what metric spaces (X,d), does there exist an ultrametric A(x,y)
such that the identity map i: (X,d) — (X, A) is non-expanding?

Theorem [I] below completely solves this problem, moreover, it describes par-
ticular classes of spaces for which an inverse map i~': (X,A) — (X,d) is (1)
one-to-one, (2) continuous, (3) uniformly continuous. To introduce these spaces we
recall basic notions of the theory of proximity spaces following the original article
by Efremovich [], Yuri Smirnov’s fundamental papers [24]-[26] and our note [10].

A sequence of points a = zg,1,...,Tn—1,Z, = b in a metric space (X,d) is
called an e-chain joining a and b if d(x, vx+1) < € for any k < n. A space (X, d) is
Cantor connected [9], [4] (or pre-connected [1]) if any two points can be joined by
an e-chain for any € > 0. For any point a in X there is a greatest Cantor connected
subset [a] containing a (a component of Cantor connectedness of a). Efremovich
proved [] that (X,d) is Cantor connected if and only if it cannot be partitioned
into two non-empty remote parts. For metric proximity, two subsets A and B are
remote, AJB, if dist(A, B) = inf{d(z,y)|z € A,y € B} > 0; otherwise they are
close, A6 B. The classes of proximity spaces we are in need of are introduced by an
analogy with the well-known classes of topological spaces.

(0) X is totally disconnected, (0’) X is totally Cantor disconnected,

i.e., there is no connected, i.e., there is no Cantor connected
non-singleton subsets in X non-singleton subsets in X

(1) For any two points a # b in X (1”) For any two points a # b in X

there is X1 3 a such that Xo = X\ X1 3 there is X7 3 a such that X2 = X\ X1 2b
and both X; and X9 are open and closed and X1 and X2 are remote, X16X2

(2) X is small inductive (2") X is small proximate zero-dimensional,
zero-dimensional, ind X = 0 indX = 0, that is, for any a in X

and A C X such that adA there is {(1 Sa
such that Xo = X\Xl D A and X16Xo

(3) X is large inductive (3’) X is large proximate
zero-dimensional, Ind X = 0 zero-dimensional, In §X = 0, that is,

(for metric spaces, this is for any remote subset A and B in X there
equivalent to zero-dimensionality is X1 D A such that X2 = X\X1 D B
dim X = 0 in the Lebesgue sense) and X16X>
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ON ULTRAMETRIZATION OF GENERAL METRIC SPACES 981

The following lemmas [I0] are easy to prove.
Lemma 1. All properties (0')—~(3') are hereditary.

Lemma 2. Large proximate zero-dimensionality, IndX = 0, is equivalent to the
prozimate zero-dimensionality in the sense of Smirnov, 6 dim X = 0, [10], [26].

The latter is equivalent [26] to a zero-dimensionality dim X = 0 of the Smirnov
compactification X of a given proximity space (X,d) (= a compactification that
corresponds to a given proximity § [24]).

Lemma 3. Like the well-known implications (3) = (2) = (1) = (0), the following
implications are true: (3') = (2') = (1') = (0'); also (1’) = (1) and (2') = (2).

Note that in general (3’) does not imply (3). The Tykhonoff plane, T' = [1, wo] -
[1,w1]\(wo,w1) is proximate zero-dimensional, 6 dim 7" = 0, but not normal, thus
dimT # 0 [3].

Lemma 4. For compacta, (3') = (3) and all the properties (0)—~(3), (0")~(3") are
equivalent.

Example 1 below shows that each of the classes (0')—(3") strictly contains the
next one even in case of metrizable proximity spaces (even among subsets of a
Euclidean plane!).

Lemma 5. For metric spaces, the properties (1')~(3") are respectively equivalent to
the following:

(1) For any two points a # b in X there is ¢ > 0 such that a and b cannot
be joined by an e-chain (a and b are not e-linkable). We call these spaces totally
unlinked ([10] ).

(2"") For any point a in X and any subset A such that adA there is € > 0 such
that a and A cannot be joined by an e-chain.

(3") For any two remote subsets A and B in X there is € > 0 such that A and
B cannot be joined by an e-chain.

Example 1. Let X be a subset of a Euclidean plane,
X =(0,00U(0,1)U{(1/n,m/n)|n,m € N,0 <m <n}.

X is totally Cantor disconnected but the points (0,0) and (0,1) are e-linkable for
any € > 0((0,0) and (0, 1) are linked). Thus X does not belong to (1').

Let X’ = X\(0,1). X’ is totally unlinked, a point (0,0) and a subset A =
{(z,y) € X'|y = 1} are remote. However they are linked. Thus X’ does not belong
to (2/).

Let X" = X'\(0,0). The subsets A and B = {(x,y) € X"|y = 0} are remote
but they are linked. Thus X" belongs to (2') but does not belong to (3').

Theorem 1. Let (X,d) be a metric space.

(1) If there exists an ultrametric A(z,y) such that the identity map i: (X,d) —
(X, A) is non-expanding then (X, d) is totally unlinked, and vise versa.

(2) If, in addition, the inverse map i~ ': (X,A) — (X,d) is continuous, then X
is small proximate zero-dimensional, and vise versa.

(3) If, in addition, the inverse map i~': (X,A) — (X, d) is uniformly continu-
ous, then X is large proximate zero-dimensional, and vise versa.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



982 ALEX J. LEMIN

Proof. First of all we prove that ultrametric spaces satisfy properties (1')—(3’). In
these spaces, the property even stronger than (1’) holds: no two different points a
and b in X are e-linkable for any e < d(a,b). This property completely characterizes
ultrametric spaces.

Lemma 6. A metric space (X,d) is ultrametric if and only if no two different
points a and b in it are e-linkable for any e < d(a,b).

The proof is by induction over a length of chain. O

From this it easily follows that ultrametric spaces satisfy (2’) and (3’). The
sufficiency of the conditions of the theorem now follows from the next lemma and
the obvious fact that non-expanding maps are uniform.

Lemma 7. The properties of being totally unlinked (small or large proximate zero-
dimensional, respectively) are inherited by the inverse images under uniform bi-
jections (uniform homeomorphisms, mutually uniform homeomorphisms, respec-
tively).

Proof. Let f: (X,d) — (X,d') be a uniform bijection, a # b € X, and let (X,d’)
be totally unlinked. Then there is X; > f(a) such that X5 = X\X; > f(b), and
X1 and X, are remote in (X,d'). In view of the basic Efremovich Theorem [4], for
metric spaces, proximity theory is equivalent to uniformity theory, in particular, a
map f is proximate continuous if and only if it is uniformly continuous. Thus f
takes close subsets to close ones, so f~1(X7) 3 a and f~!(X32) > b are remote in
(X, d). Hence (X, d) is totally unlinked.

Suppose f~1: (X,d’) — (X,d) is continuous, in §(X,d’) = 0,and a € X and A C
X are remote in (X,d). This implies that a ¢ [A] x q4). Hence f(a) & [f(A)](x,a),
ie., f(a) and f(A) are remote in (X, d’). Consequently, there is X1 > f(a) such
that Xo = X\ X1 D f(A), and X; and X5 are remote in (X, d’). Since f is uniform,
f7Y(X1) 3> aand f71(X3) D A are remote in (X, d). Thus in§(X,d) = 0.

If f: (X,d) < (X,d) is uniform in both directions and (X, d’) is proximate zero-
dimensional, then so is (X, d). Thus Lemmal[q and the sufficiency of the conditions
of the theorem are proved.

To prove the necessity we introduce in ANY metric spaces (X, d) a new function
A(x,y) smaller than d(z,y) which is a pseudo-ultrametric (i.e., satisfies all axioms
of ultrametrics spaces except of the identity axiom “A(z,y) = 0 implies z = y”).
In addition, in cases (1’), (2') and (3') it turns out to be an ultrametric such that
the inverse map i~ 1: (X,A) — (X,d) is continuous (in case (2')) and uniform (in
case (3')). Moreover, it is the greatest of such ultrametrics (the latter follows from
Theorem El below).

Lemma 8. For any metric space (X,d) a function A(z,y) = inf{e|x and y are not
e-linkable} is a pseudo-ultrametric.

Proof. The properties A(z,y) = Ay, z), A(z,y) > 0, and A(z,x) = 0 are obvious.
If z and y are e;-linkable and y and z are eo-linkable, then z and z are max[ey, e3]-
linkable. This implies that A(x,y) satisfies the ultrametric axiom. O

To complete the proof of Theorem [ suppose a metric space (X,d) is totally
unlinked. Then A(x,y) > 0 for any x # y, hence A is an ultrametric.

Suppose in§(X,d) = 0 and adA in (X,A), i.e., a € [A]x,a). This means that
A(a,A) =0, i.e., a and A are linked. This implies that adA in (X, d). Actually, if
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ON ULTRAMETRIZATION OF GENERAL METRIC SPACES 983

we suppose that a and A are remote in (X, d), then there would be X; 3 a such
that X5 = X\X; D A4 and X; and X5 are remote in (X, d), i.e., dist(X7, X3) > 0.
This contradiction shows that adA in (X,d). Therefore, i~ 1: (X,A) — (X,d) is
continuous.

Finally, if In6(X,d) = 0 and A and B are close in (X, A), then A(A, B) = 0,
i.e., A and B are linked. A similar discourse shows that A and B are close in
(X,d). Therefore, i~!: (X,A) — (X,d) is proximate continuous. In view of the
Efremovich Theorem [4], it is uniform. O

The first part of the theorem completely solves the Hausdorff-Bayod Problem.

Corollary 1. A metric space (X,d) admits a subdomain ultrametric if and only if
it s totally unlinked.

The second part of the theorem describes the spaces which have topologically
equivalent subdominant ultrametric and, therefore, answers another problem stated
in [1].

Problem 2 ([1l p. 831]). Does the existence of subdominant ultrametric guarantee
the existence of topologically equivalent ultrametric?

To show that the answer is negative we recall the Morita-de Groot Theorem.

Theorem ([20, 6]). A metric space (X, d) is homeomorphic to an ultrametric one
if and only if its zero-dimensional, dim X = Ind X = 0.

In other words, given a metric space (X,d), there is an ultrametric A(z,y)
such that the identity map i: (X,d) < (X,A) is homeomorphic if and only if
Ind X = 0. Thus any totally unlinked metric space of positive dimension (if one
exists) would answer Problem 2lin the negative. An example of such space (a one-
dimensional totally unlinked subset of Hilbert space) was first constructed in 1984
in [I0]. Later on J. M. Bayod solved the problem independently by constructing
a different example in [2]. These examples also prove the last part of Corollary [2
below.

Theorem [I] can be reformulated as follows, [10].

Theorem 1’. (1) Totally unlinked metric spaces (and only they) are inverse images
of ultrametric spaces under uniform bijections.
(2) Small proximate zero-dimensional metric spaces (and only they) are inverse
images of ultrametric spaces under uniform (in one direction) homeomorphisms.
(3) Large prozimate zero-dimensional metric spaces (and only they) are inverse
images of ultrametric spaces under uniform (in both direction) homeomorphisms.

The third part of the theorem gives a complete description of ultrametric spaces
up to uniform equivalence (= proximate equivalence) and implies a few algebraic
corollaries.

Corollary 2. For metric spaces as well as for compacta, property (3') implies
property (3) (even (2') implies (3)), however from (1") neither (3) nor (2) follow.

Thus any proximate zero-dimensional metric space is zero-dimensional (in0X =
0 implies Ind X = 0). On the other hand, any zero-dimensional metric space is
homeomorphic) (but not uniformly homeomorphic, in general) to an ultrametric
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space. Thus ultrametrics are in a certain sense the most natural metrics for zero-
dimensional spaces: they are those metrics with respect to which a compactification
of these spaces is zero-dimensional. A proximity space is called proximate metrizable
[25] if there exists a metric that induces a given proximity. Combining Lemma
and part (3) of the theorem we get the following.

Corollary 3. From the point of view of proximity geometry, ultrametric spaces are
none other than proximate metrizable subsets of zero-dimensional compacta.

Corollary Bl and [I4, Theorem 1’ and Corollary 5] combined reduce a uniform
study of ultrametric spaces to algebra.

Theorem 2. There exists a contra-variant functor A\: Umet — Bool from the
category of ultrametric spaces and uniformly continuous maps Umet to the category
of Boolean algebras Bool such that algebras A(X) and \(Y) are isomorphic if and
only if completions of the spaces X and Y are uniformly homeomorphic.

Proof. Consider the following scheme, [17]:
T o) T~
P C

rox

met-Prox o |[m-dense-Comp
—
0Ind-Prox w Bool

Here Met (Umet) is a category of all metric (ultrametric) spaces and uniform
maps. F is a forgetful functor from Met to a category Prox of proximity spaces,
and m-Prox, 0-In §-Prox are categories of proximate metrizable (proximate zero-
dimensional, respectively) spaces. An intersection of the latter two is the image
F(Umet), in view of Theorem 1’ (part (3)). Further, Comp (0-dim-Comp, m-
dense-Comp) denotes a category of compact spaces (zero-dimensional compact
spaces, compact spaces with dense metrizable subsets, respectively). o is the
Smirnov compactification functor. By Corollary Bl a composition oo F maps Umet
onto an intersection of 0- dim -Comp and m-dense-Comp. Finally, we use the Mar-
shall Stone duality functor S: 0-dim-Comp < Bool between zero-dimensional
compacta and Boolean algebras [27], [5] and set A= Sooo F.

The Smirnov compactification functor is a generalization of the Stone-Cech com-
pactification functor §: X — (X that assigns the maximal compactification X
to any totally regular space X (i.e., the compactification that corresponds to a
maximal compatible proximity). The Stone-Cech functor is one-to-one over the
class of first countable spaces [3] but the Smirnov functor is not. Exempli gratia,
if X =(0,1), Y =10,1), and Z = [0, 1] are subsets of R with a proximity induced
by a usual metric, then 0 X = oY = 0Z = Z = [0,1]. However, over the class of
complete first countable proximity spaces, o is bijective.

Met

Umet

1=

Theorem 3 ([I4, Theorem 1']). Complete metric spaces with homeomorphic
Smirnov compactifications are uniformly equivalent.
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This implies Corollary [ below. For non-complete spaces we use the following.

Theorem 4 ([14] Corollary 5]). If prozimity spaces of countable character have
homeomorphic Smirnov compactifications, then their completions are proximate
equivalent.

And for metric spaces, this implies uniform equivalence. O
Corollary 4. Functor \ is one-to-one over a class of complete ultrametric spaces.

The description of properties of functor A goes beyond the scope of the present
paper. Here we state only two problems and return to studying subdominant
ultrametrics.

Problem 3. Give an entire algebraic description of Boolean algebras A(X ) € Boola
that are images of ultrametric spaces under the action of functor .

Problem 4. Describe properties of functor A—its relations to categorical operations
(such as sums and products, limits of direct and inverse spectra, etc.) and actions
of other functors in Umet (the Hausdorff exponential functor, a functor of passing
to functional spaces with the metric of uniform convergence, etc.).

Theorem 5. For every metric space (X, d), there are an ultrametric space (uX,d.,)
and a non-expanding surjection u: (X,d) — (uX,d,) such that for any non-
expanding map f: (X,d) — (Y,r) from X to arbitrary ultrametric spaces (Y,r)
there exists a unique nonexpanding map uf: (uX,d,) — (Y,r) that completes the
following diagram, i.e., uf -u= f:

(uX,dy) —uf— (Y,r)

(X, d)

Proof. Let (X,d) be a metric space. Lemma [8 above defines a pseudo-ultrametric
A(z,y) = inf{e|r and y are not e-linkable}. It is easily verified that the binary
relation “x ~ y iff x and y are linked”, is an equivalence relation. Denote by
[z],uX, and u: X — uX the equivalence class of a point z, the quotient space
X/ ~, and the natural projection u: X — X/ ~, respectively. Clearly A(x,y) =0
iff z and y are linked hence A(x,y) is well-defined on the quotient space and it is
an ultrametric there. Denote it by d,,([z], [y]). Since any pair of points x and y is a
d(x,y)-chain between them, d,([z], [y]) < d(x,y). Therefore the natural projection
u: (X,d) — (uX,d,) is non-expanding. The next lemma is obvious.

Lemma 9. Any non-expanding map takes an e-chain to an e-chain and, conse-
quently, preserves Cantor connectedness.

Let (Y,r) be an ultrametric space and f: X — Y be a non-expanding map.
By Lemma [, for any two points = and y in X, the images f(z) and f(y) are not
e-linkable for any ¢ < r(f(x), f(y)). In view of Lemma[J, « and y are not e-linkable
for any € < r(f(z), f(y)). Hence dy([z],[y]) > r(f(z), f(y)). This implies, first,
that for z ~ y, f(z) = f(y), i.e., the map uf: uX — Y, defined as uf[x] = f(z), is
well-defined and completes the diagram above. Second, it is non-expanding in view
of the inequality dy ([z], [y]) = r(f(x), f(y)) = r(uflz], uf[y])- O
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Denote by Metr (Metr., Metr®) a category of all metric spaces (of diameter
at most ¢, all metric spaces with a base point) and non-expanding maps (that
take a base point to a base point, respectively). Let Ultrametr (Ultrametr,,
Ultrametr®) be its subcategory consisting of ultrametric spaces and the same
maps. It is known [11], [12], [15], [L9] that ultrametric spaces form a full subcat-
egory, which is closed with respect to standard categorical operations (with the
only exception—addition of objects in Metr®). Also, it is closed with respect to
actions of basic functors (the completion functor, the Hausdorff exponential func-
tor, a functor of passing to invariant metrics—for spaces acted on by a compact
group, functors of passing to various functional spaces with the metric of uniform
convergence, etc.) [11], [15]. From the previous theorem one can easily deduce the
following.

Theorem 6. The categories Ultrametr, Ultrametr., and Ultrametr® are epi-
reflective subcategories in Metr, Metr, and Metr®, respectively.

The proof is by a standard categorical discourse. O

II. NON-EXPANDING IMAGES OF ULTRAMETRIC SPACES

In [7], [8], F. Hausdorff began a long series of works on metric spaces as images of
ultrametric spaces. He proved that any separable metric space (X, d) is an image of
a subset B(X) of the Baire space By, under a continuous open map f: B(X) — X.
K. Morita [20] generalized this to metric spaces of arbitrary weight 7 having replaced
By, by Br. A number of topoligists generalized it to more and more wide classes of
topological spaces and finally V. Ponomarev [22] proved that the assertion held for
all Tp-spaces of countable character (and only for such spaces!). This hinted that
for metric spaces the map f could be improved. Indeed, K. Nagami [21] showed
that it could be made compact. Theorem [7]below strengthens this result even more.

Theorem 7. For every cardinal 7, there is a complete ultrametric space L, of
weight T such that any metric space (X,d) of weight < 7 is an image of a subspace
L(X) C L, under a non-expanding open map f: L(X) — X with compact pre-
images of points and totally bounded pre-images of compact subsets K C X.

Proof. By the definition [13], the space L, is a set of infinite (in both directions)
sequences a = (..., 0,Q_pm, Q_mi1y.e.y Xo1,00,Q1, ..., 0y, ...) of ordinals a, <
w, of cardinality less than 7 containing only a finite number of non-zero terms
with negative subscript. A metric dr(a,b) on L. is defined as follows: dz(a,b) =
1/2"~1 where n = min{k|as, # Bi}. Clearly, L, is a complete ultrametric space of
weight 7. A set L2 of sequences a = (...,0_p,...,0_1,00,Q1,...,0Qp,...) where
all terms with negative subscript are equal to zero, can be identified with the
generalized Baire space B, of weight 7. The metric d, is uniformly equivalent on
LY to the standard Baire metric dg(a,b) = 1/n. Actually L, generalizes B, in
the same way as a Laurent series generalizes a Taylor series in complex analysis. If
diam(X, d) < 1 we can take L? instead of L,. For this case the theorem is proved
in [I3, Theorem 1]. For unbounded spaces we refine the proof using the categories
Metr® and Ultrametr® (see [I3] Theorem 2] and [19]). O

Theorem [7immediately implies the following.

Theorem 8. For every cardinal T, there is an ultrametric space L(T) such that any
metric space of weight < T is an image of L(7) under a non-expanding open map.
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To construct L(7) consider all pair-wise non-isometric subsets in L, containing
a point 0 = (...,0_4,...,0-1,00,...,0,,...) as a base point. Take a pointed
product (= a product in Ultrametr® [I3]) of all these subspaces. In view of [I3],
[17] it does not exist and natural projections are non-expanding and open [19}
Proposition 11]. O

Problem 5. Construct a universal ultrametric pre-image of smallest weight for all
metric spaces of weight T under non-expanding open maps.

Note that generally the map f in Theorem [[cannot be made perfect (pre-images
of compact subsets need not be compact) because perfect maps do not augment
dimension, whereas all ultrametric spaces are zero-dimensional. At the same time,
if a space (X, d) is zero-dimensional, we can refine the covering d,, to a covering ¢,
consisting of disjoint clopen sets. In this case any point x in X belongs to a unique
element of (, for any n. This makes the covering map f: L(X) — X one-to-one
and hence homeomorphic. This strengthens the Morita-de Groot Theorem.

Theorem 9. For any zero-dimensional metric spaces (X, d) of weight T there is
a subset L(X) C Ly in the universal complete ultrametric space Ly and a non-
expanding homeomorphism f: L(X) — X.

Combining Theorem [ and [10) Lemma VII] we obtain the following.

Corollary 5. Any zero-dimensional metric space (X,d) can be metrized by an
ultrametric greater than d without worsening its completeness. In particular, any
complete zero-dimensional metric space is metrizable by a complete ultrametric.

A topological space can be metrized by a complete ultrametric if and only if it is
metrizable, zero-dimensional and Cech complete.

J. M. Bayod and J. Martinez-Maurica discussed in [I] the problem of existence
of a complete ultrametric smaller than d (a complete subdominant ultrametric, in
particular) and gave a few examples of spaces that admit and do not admit such
an ultrametric. Corollary[6l below partially answers this problem.

Corollary 6. Large proxzimate zero-dimensional space (X,d) has a complete sub-
dominant ultrametric if and only if it is complete.

If a small prozimate zero-dimensional space (X,d) has a complete subdominant
ultametric, then (X,d) is complete.

Example Pl below shows that the requirement above is not sufficient for small
proximate zero-dimensional spaces.

Example 2. Let X = {1,2,5/2,3,10/3,11/3,4,...} = {n+m/njm,n € N,m <
n} be a subset of real line with a usual metric. Then a subdominant ultrametric is
A(z,y) = max(1/[z],1/[y]), where [z] denotes an integer part of z. Obviously, the
space (X,d) is totally unlinked. Moreover, ind(X,d) = 0 although Ind(z,d) # 0
(subsets consisting of even and odd integers are remote but linked). The space
(X,d) is complete but (X,A) is not complete, a sequence x, = n is a Cauchy
sequence with no limit point in (X, A). However, there is another ultrametric A’
on X (smaller than A) such that (X, A’) is complete: A'(z,1) = 1/[z], A (z,y) =
A(z,y) for x £ 1 #y.

Problem 6. Given a totally unlinked space (X,d), find a necessary and sufficient

condition for the existence of a complete ultrametric smaller than d (in particular,
for the existence of a complete subdominant ultrametric).
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Problem 7. Given a metric space (X,d), find a necessary and sufficient condition
for the completeness of the ultrametrization (uX,d,,).

Definition. For any metric space (X, d) a space (uX, d,,) constructed in Theorem[Hl
is called an ultrametrization of (X, d).

Unlike the covering map f: L(X) — X, the ultrametrization map u: (X,d) —
(uX,d,) is neither open nor compact (nor closed) in general [I9] p. 238]. However,
the ultrametrization functor has nice categorical properties. It commutes with
sums and products in Metre,u(z +Y) = w(X) + u(y),u(X oY) = u(X) e u(Y).
Moreover, although a sum of spaces in Ultrametr® does not coincide with that
in Metr®, the property u(X +Y) = u(X) 4+ u(Y") holds in this case as well (also,
uw(X oY) =u(X)eu(Y) in Metr and Metr®).

Problem 8. Study properties of the ultrametrization functor, in particular, its
relation to other functors, its action on particular classes of spaces and maps, etc.

For the last two decades, the theory of ultrametric spaces has found strong rela-
tions to geometry of Euclidean and Hilbert space, Lebesgue measure and integral
theory, the theory of Boolean algebras and lattice theory, set theory and founda-
tions, category theory and topoi, p-adic analysis and p-adic functional analysis,
physics, biology, and computer science (see [15]-[19] and references therein). Com-
pare Theorem [2] above with the following.

Theorem ([I5]). A category Ultrametr is isomorphic to a category LAT™ of
complete, atomic, tree-like, real-graduated lattices and isotonic, semi-continuous,
non-extensive maps.

This means, in particular, that for any ultrametric space (X,d) there exists a
unique lattice L(X) in LAT*, and for any lattice L in LAT”" there exists a unique
ultrametric space A(L) such that A(L(X)) = X, L(A(L)) = L, where the first
equality is an isometry of metric spaces whereas the second one is an isomorphism
of lattices (see [15] for proofs and details). The paper [15] describes in detail the
properties of the isomorphism functor L: Ultrametr — LAT*—its relations to
categorical operation and actions of other functors, and its action on the particular
classes of spaces (bounded, totally bounded, complete, spherically complete, com-
pact, etc.). Composing functors u and L we get a functor U e L: Metr — LAT™,
which provides us with a lattice theoretical classification of general metric spaces.
This will be described in a separate paper.

ADDED IN PROOF

The Hausdorff-Bayod Problem was discussed in the interesting survey [29] among
other open problems. Some of them are also solved here.
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