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INVARIANTS OF SEMISIMPLE LIE ALGEBRAS
ACTING ON ASSOCIATIVE ALGEBRAS

PIOTR GRZESZCZUK

(Communicated by Martin Lorenz)

Abstract. If g is a Lie algebra of derivations of an associative algebra R, then
the subalgebra of invariants is the set Rg = {r ∈ R | δ(r) = 0 for all δ ∈ g}.
In this paper, we study the relationship between the structure of Rg and the
structure of R, where g is a finite dimensional semisimple Lie algebra over a
field of characteristic zero acting finitely on R, when R is semiprime.

1. Introduction

Let R be a semiprime algebra over a field K acted on by a finite dimensional
Lie K-algebra g. In this paper we show how the structure of the subalgebra of
invariants Rg is related to that of R, in the case when g is semisimple and K
has characteristic zero. We are interested mainly in the questions of whether Rg

is semiprime and whether the assumption that Rg satisfies a polynomial identity
implies that R also satisfies a polynomial identity. There are many papers in the
literature analyzing similar problems in different situations (see Kharchenko’s book
[12]). For instance, in [13] and [14] the authors considered the case when R is a
prime of a positive characteristic and g is restricted with a quasi-Frobenius inner
part. In [2] and [6] the invariants of reduced algebras and domains under actions
of finite dimensional restricted Lie algebras were investigated.

Note that if we extend the context to semiprime algebras, then the restriction
for g to be semisimple is rather necessary. Indeed, let R = M2(K[x, y]) be the
algebra of 2 × 2-matrices over the noncommutative free algebra K[x, y] and g be
the 2-dimensional abelian Lie algebra spanned by inner derivations induced by the
elements ( 0 x

0 0 ) and ( 0 y
0 0 ). Then Rg (the centralizer of these matrices in R) is the

commutative algebra consisting of all matrices of the form ( α b
0 α ), where α ∈ K and

b ∈ K[x, y]. Clearly Rg is not semiprime and R does not satisfy any polynomial
identity. A particular case, when g = sl2(K), was considered in [9]. It was proved
there that Rg is not nilpotent provided R is semiprime.

We now introduce the definitions and terminology that we will use throughout
the paper. As usual, when R is an algebra over a field K, by EndK(R) we denote the
algebra ofK-linear endomorphisms ofR and by DerK(R) the Lie algebra ofK-linear
derivations of R. By R(−) we mean the Lie algebra R with respect to the ordinary
commutator [a, b] = ab − ba as the Lie bracket. If a ∈ R, then ada denotes the
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710 PIOTR GRZESZCZUK

inner derivation induced by a, that is, ada(x) = ax−xa. Given a Lie algebra g, we
say that g acts on R if there is a homomorphism of Lie algebras ψ : g −→ DerK(R).
We say that g acts finitely on R if the image of g in EndK(R) generates a finite
dimensional associative algebra. Since a homomorphism of Lie algebras ψ : g −→
DerK(R) induces an associative homomorphism ψ from the universal enveloping
algebra U(g) to EndK(R), we can say that g acts on R finitely of dimension N if
and only if dimK ψ(U(g)) = N <∞. In this case, for any x ∈ g the derivation ψ(x)
is algebraic as a linear transformation of R. Conversely, if ψ(x) is algebraic for any
x ∈ g, then the Poincaré-Birkhoff-Witt theorem implies that dimK ψ(U(g)) <∞.

If R is a semiprime K-algebra and Q is its symmetric Martindale quotient alge-
bra, then the action of g always extends uniquely to Q. Furthermore, if a derivation
of R is algebraic, then its extension to Q satisfies the same polynomial. Therefore
the hypothesis that g acts finitely on R also extends to the action of g on Q. Recall
that Q is semiprime and its center C, known as the extended centroid of R, is von
Neumann regular and selfinjective. We denote by max (C) the set of all maximal
ideals of C and by FR the set of all essential ideals of R.

Later in this paper, we will let Qcl(R) denote the classical ring of right quotients
of the semiprime right Goldie ring R.

2. Split semisimple Lie algebras and their traces

Let g be a split semisimple Lie algebra over a field K of characteristic zero and
let h be a splitting Cartan subalgebra of g. Recall that under the action of adh,
g decomposes into the direct sum of root spaces (that is, the eigenspaces of this
action)

g = h⊕
⊕
α∈Φ

gα = g0 ⊕
⊕
α∈Φ

gα,

where g0 = h and Φ, the set of roots, is {0 6= α ∈ h∗ | gα 6= 0}. If α ∈ Φ, then
dimK gα = 1 and g−α 6= 0. Moreover, [gα, gβ ] ⊆ gα+β , and Φ contains the sets
Φ+ (positive roots) and Φ− (negative roots) such that Φ = Φ+ ∪ Φ−, Φ− = −Φ+.
Then we have the triangular decomposition

g = n+ ⊕ h⊕ n−,

where n+ =
∑

α∈Φ+ gα, n− =
∑

α∈Φ− gα.
Suppose that a finite dimensional split semisimple Lie algebra g acts finitely of

dimension N on a semiprime K-algebra R. For any α ∈ Φ let gα = Kxα. It is well
known that the Lie subalgebra spanned by xα, x−α and hα = [xα, x−α] is isomorphic
to sl(2,K). Since every finite dimensional subspace of R is contained in a finite
dimensional g-stable subspace, it follows from the description of finite dimensional
representations of sl(2, k) that ψ(xα) is a nilpotent derivation for any α ∈ Φ. From
the Engel-Jacobson theorem on weakly nil sets ([11, Theorem 11]) it follows that
ψ(n+), ψ(n−) generate nilpotent subalgebras of EndK(R). In particular, ψ(n+) and
ψ(n−) consist of nilpotent derivations of R. From [8, Corollary 8 and Remark 1], it
follows that for any δ ∈ ψ(n+)∪ψ(n−) there exists a unique nilpotent element aδ ∈
Q such that δ = ad aδ. Since h ⊆ [n−, n+], we see that g acts by Q-inner derivations.
We will show that the map δ 7→ aδ induces a Lie algebra homomorphism from g

into Q(−). We begin with the following easy but very useful lemma.
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INVARIANTS OF SEMISIMPLE LIE ALGEBRAS 711

Lemma 1. If A is a finite dimensional algebra with unity over a field F of char-
acteristic zero and λ ∈ F ∗, a ∈ A are such that λ + a ∈ [A,A], then the element a
is not nilpotent.

Proof. Since A has unity, there is a natural embedding of A into EndF (A) via the
map x 7→ xl, where xl is the left multiplication by x acting on A. Thus A can be
viewed as a subalgebra of the matrix algebra Mn(F ), where n = dimF A. Every
element from [A,A] has trace zero, so the trace tr(a) = −nλ 6= 0. Thus the element
a cannot be nilpotent.

Let M ∈ max (C). From [1, Theorem 1], it follows that the central localization
QM of Q at M is a centrally closed prime algebra with the extended centroid CM ,
equal to the localization of C at M . Let ηM denote the canonical homomorphism
from Q into QM . Recall that ηM (q) = 0 if and only if q is annihilated by an element
from C \M . Note that if q is a nonzero element of Q, then annC(q) is a proper
ideal of C. Hence for any maximal ideal M containing annC(q) we have ηM (q) 6= 0.
It says that

⋂
M ker ηM = 0. We are now able to prove

Proposition 2. There exists a homomorphism of Lie algebras θ : g −→ Q(−) such
that ψ(x) = ad θ(x) for all x ∈ g.

Proof. Let A be the associative C-subalgebra of Q generated by C and the elements
aψ(x), where x ∈ n+ ∪ n−. By [2, Corollary 2.3], A is finitely generated as a C-
module. It means that for any maximal ideal M of C, the algebra AM is finite
dimensional over the field CM . If x ∈ gα, where α ∈ Φ, then we put θ(x) = aψ(x).
If x ∈ g0 = h, then clearly

x =
∑
α∈Φ+

λα[xα, x−α],

where λα ∈ K. Consequently

ψ(x) =
∑
α∈Φ+

λα[ψ(xα), ψ(x−α)] =
∑
α∈Φ+

λα[ad θ(xα), ad θ(x−α)]

=
∑
α∈Φ+

λα ad ([θ(xα), θ(x−α)]) = ad (
∑
α∈Φ+

λα[θ(xα), θ(x−α)]).

In this case we put

θ(x) =
∑
α∈Φ+

λα[θ(xα), θ(x−α)].

We need to show that θ is well defined. To this end, suppose that∑
α∈Φ+

λα[xα, x−α] =
∑
α∈Φ+

λ′α[xα, x−α].

Then ψ(x) = ad (
∑

α∈Φ+ λ′α[θ(xα), θ(x−α)]) and hence there exists λ ∈ C such that∑
α∈Φ+(λα − λ′α)[θ(xα), θ(x−α]) = λ. In particular, λ ∈ [A,A]. By Lemma 1, we

obtain that ηM (λ) = 0 for any M ∈ max (C). Since
⋂
M ker ηM = 0, λ = 0 and∑

α∈Φ+

λα[θ(xα), θ(x−α)] =
∑
α∈Φ+

λ′α[θ(xα), θ(x−α)].
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In order to show that θ is a homomorphism of Lie algebras, let x, y ∈ g be homo-
geneous with respect to Cartan’s decomposition of g. From the definition of θ it
follows that

[θ(x), θ(y)] = θ([x, y]) + λ

for some λ ∈ C. Note that if [x, y] ∈ h, then θ([x, y]) ∈ [A,A] and if [x, y] ∈ n+∪n−,
then θ([x, y]) is a nilpotent element of A. In both cases we get that λ+ a ∈ [A,A]
for some nilpotent element a ∈ A. Applying Lemma 1 to the localization AM at
any M ∈ max (C), we obtain ηM (λ) = 0, and consequently λ = 0.

Given a maximal ideal M of C, we let gM denote the Lie algebra CM⊗g. Clearly
gM is a finite dimensional and semisimple CM -algebra. The action of g on Q is
inner, so any δ ∈ ψ(g) is C-linear. Hence we have the induced action of gM on the
prime CM -algebra QM . Moreover, it is clear that the dimension of this action over
CM does not exceed N . We denote the induced homomorphism of Lie algebras
from gM into A(−)

M by θM , where A is the associative C-subalgebra of Q generated
by C and θ(g).

Proposition 3. The algebra AM is semisimple and dimCM AM ≤ N .

Proof. The homomorphism of Lie algebras θM : gM −→ A
(−)
M induces a homomor-

phism of associative algebras with unity θM : U(gM ) −→ AM . Since AM is gener-
ated by CM and θM (gM ), θM is onto. Thus AM ' U(gM )/I for some ideal of finite
codimension. By Weyl’s theorem ([10, Section III, Theorem 8]), the left U(gM )-
module U(gM )/I is completely reducible. In particular, U(gM )/I is completely
reducible as a left U(gM )/I-module. Hence AM is a semisimple finite dimensional
CM -algebra.

It remains to prove that dimCM AM ≤ N . We let ψM : gM −→ Der(QM ) denote
the action of gM on QM and ψM : U(gM ) −→ EndCM (QM ) the induced associative
homomorphism. Let {x1, . . . , xn} be a basis of gM over CM . We identify any xi
with its image in the universal enveloping algebra U(gM ) and we put θM (xi) = ti.
Consider the natural filtration {Un(gM )}n≥0 of U(gM ). Given a ∈ AM we let deg(a)
denote the minimal number n such that Un(gM ) ∩ θ−1

M (a) 6= ∅. Let B be a linear
basis of AM with minimal sum

∑
b∈B deg(b). Without loss of generality we may

assume that 1 ∈ B. For any b ∈ B let fb = fb(x1, . . . , xn) ∈ Udeg b(gM ) be such that
θM (fb) = b. We claim that the subset {ψM (fb) | b ∈ B} of ψM (U(gM )) is linearly
independent overCM . Suppose there exists αb ∈ CM such that

∑
b∈B αbψM (fb) = 0

and not all αb are equal zero. It says that
∑

b∈B αbfb(ad t1, . . . , ad tn) = 0 in
Der(QM ). Hence QM satisfies the identity∑

b∈B
αbfb(ad t1, . . . , ad tn)(X) = 0.

Let us consider the “monomial” ω = (ad t1)k1 · · · (ad tn)kn(X). Applying the for-
mula (ad a)k(X) =

∑k
i=0(−1)k−i

(
k
i

)
aiXak−i to ω and expressing any coefficient

lying on the right side of X as a linear combination of elements of B we can decom-
pose ω into the sum of (tk1

1 · · · tknn + gω)X and terms of the form hb(t1, . . . , tn)Xb,
where gω, hb are polynomials in t1, . . . , tn of degree smaller than k1 + · · ·+kn. Thus
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INVARIANTS OF SEMISIMPLE LIE ALGEBRAS 713

we obtain the generalized identity for QM

(
∑
b∈B

αbfb(t1, . . . , tn) + g(t1, . . . , tn))X +
∑

b∈B\{1}
gb(t1, . . . , tn)Xb = 0,

where g is a polynomial in t1, . . . , tn of degree smaller than max{deg(b) | αb 6= 0}.
Since QM is centrally closed, from the theorem of Martindale ([16, Theorem 2]),
it follows that

∑
b∈B αbfb(t1, . . . , tn) + g(t1, . . . , tn) = 0. Let b0 ∈ B be such that

αb0 6= 0 and deg(b0) = max{deg(b) | αb 6= 0}. Note that b̃ =
∑
b∈B αbb 6= 0

and deg(b̃) ≤ deg(b0). Replacing b0 by b̃ we obtain a basis B̃ of AM such that∑
b∈B̃ deg(b) ≤

∑
b∈B deg(b). By the definition of B it now follows that deg(b̃) =

deg(b0). On the other hand b̃ = −g(t1, . . . , tn). Thus deg(b̃) = deg(g(t1, . . . , tn)) <
max{deg(b) | αb 6= 0} = deg(b0). The obtained contradiction shows that

dimCM AM ≤ dimCM ψM (U(gM )).

Since dimCM ψM (U(gM )) ≤ dimK ψ(U(g)) = N , we obtain dimCM AM ≤ N , con-
cluding the proof.

We will now briefly describe a method of construction of a trace function, which
allows us to produce nontrivial invariants. A similar construction was used in [2],
where actions of Lie algebras on reduced rings were considered.

Since the extended centroid C is selfinjective and A is finitely generated as a
C-module, there exists a finite subset A of A such that A =

⊕
a∈ACa. If M is a

maximal ideal of C, then all nonzero elements among ηM (a) form a linear basis of
AM over CM .

By [15, Example 16.59], the algebra AM is symmetric. It says that there exists
a nonsingular, symmetric and bilinear form ϕM : AM × AM −→ CM with the
associativity property ϕM (xy, z) = ϕM (x, yz) for all x, y, z ∈ AM . Let BM ⊆ AM
be a fixed basis of AM over CM and let B?M = {x? | x ∈ BM} be the dual basis with
respect to the form ϕM . Then for any x, y ∈ BM , ϕM (x, x?) = 1 and ϕM (x, y?) = 0
if x 6= y. For any a ∈ A and b ∈ BM there exist λa,bc , µa,bc ∈ CM such that

ηM (a)b? =
∑

c?∈B?M

λa,bc c? and bηM (a) =
∑
c∈BM

µa,bc c.

Note that λa,bc = ϕM (c, ηM (a)b?) = ϕM (cηM (a), b?) = µa,cb . Thus

bηM (a) =
∑
c∈BM

λa,cb c.

Let ξM ∈ C \ M be such that for any a ∈ A, b, c ∈ BM there exist b̄, b̄? ∈ A,
γa,bc ∈ C satisfying ξM b? = ηM (b̄?), ξM b = ηM (b̄), ξMλa,bc = ηM (γa,bc ). The above
formulas can be rewritten in the form

ηM (ξMab̄? −
∑

c?∈B?M

γa,bc c̄?) = 0 and ηM (ξM b̄a−
∑
c∈BM

γa,cb c̄) = 0.

Thus we can find γ ∈ C \M such that

γξMab̄
? =

∑
c?∈B?M

γγa,bc c̄? and γξM b̄a =
∑
c∈BM

γγa,cb c̄.
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714 PIOTR GRZESZCZUK

Putting E = {γb̄ | b ∈ BM} and E? = {γb̄? | b? ∈ B?M} we see that EM = ηM (E),
E?M = ηM (E?) are linear bases for AM over CM and for any a ∈ A, f ∈ E

ξMaf
? =

∑
e?∈E?

γa,fe e? and ξMfa =
∑
e∈E

γa,ef e.

Consider the map tM : Q −→ Q given by tM (x) =
∑

e∈E ξMe
?xe. The above

formulas imply that for any a ∈ A

atM (x) − tM (x)a =
∑
f∈E

(ξMaf?)xf −
∑
f?∈E?

f?x(ξMfa)

=
∑
f∈E

(
∑
e?∈E?

γa,fe e?)xf −
∑
f?∈E?

f?x(
∑
e∈E

γa,ef e)

=
∑
e,f∈E

γa,fe e?xf −
∑
e,f∈E

γa,ef f?xe = 0.

This gives us that tM maps Q into Qg. Clearly, the action of g on Q determines
a unique action of g on QM . It is easy to see that (QM )g = (Qg)M . Indeed, if
ξ−1q ∈ (QM )g, then for any δ ∈ ψ(g) there exists mδ ∈ C\M such that mδδ(q) = 0.
Therefore, if D is a basis of ψ(g) and m =

∏
δ∈Dmδ, then m ∈ C \M and δ(mq) =

mδ(q) = 0 for all δ ∈ ψ(g). As a result, mq ∈ Qg and ξ−1q = (mξ)−1(mq) ∈
(Qg)M . Thus (QM )g ⊆ (Qg)M . The reverse inclusion is clear. Therefore tM
induces the map TM : QM −→ (QM )g given by TM (x) =

∑
e∈E ηM (e?)xηM (e). We

can summarize the above considerations in the following proposition.

Proposition 4. If M is a maximal ideal of C, then there exist ξM ∈ C \M and
finite subsets E, E? = {e? | e ∈ E} of nonzero elements of A such that:

(1) the sets ηM (E) and ηM (E?) form linear bases of AM over CM ,
(2) the functions tM (x) =

∑
e∈E ξMe

?xe and TM (x) =
∑
e∈E ηM (e?)xηM (e) map

Q and QM into Qg and (QM )g, respectively.

3. Main result

In this part we study how the structure ofRg is related to that ofR. In particular,
we prove that Rg is semiprime provided R is semiprime, that the PI property can be
lifted from Rg to R, and that the classical rings of quotients of Rg and R are closely
connected. We obtain these by reducing the questions to the case of centralizers
of finite dimensional semisimple algebras. Therefore we will frequently refer to
works of Montgomery [17] and Montgomery-Smith [18] on centralizers of separable
algebras.

Theorem 5. Let R be a semiprime algebra over a field K of characteristic zero on
which a finite-dimensional semisimple Lie algebra g acts finitely of dimension N .
Then:

(1) the subalgebra of invariants Rg is semiprime and I ∩Rg 6= 0 for any nonzero
ideal I of R,

(2) if Rg satisfies a polynomial identity of degree d, then R satisfies the standard
polynomial identity of degree dN ,

(3) if Rg is a simple ring with unity, then R is a simple ring with unity,
(4) if t ∈ Rg is regular in Rg, then t is regular in R,
(5) Rg is right Artinian if and only if R is right Artinian,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



INVARIANTS OF SEMISIMPLE LIE ALGEBRAS 715

(6) Rg is right Goldie if and only if R is right Goldie. Furthermore, in the case
when both R and Rg are right Goldie, Qcl(R) = RT−1, where T is the set of
all regular elements of Rg, and Qcl(R)g = Qcl(Rg).

Proof. Since for any field extension K ⊆ F the F -algebra R ⊗K F is semiprime,
g⊗K F is semisimple and (R⊗K F )g⊗KF = Rg⊗K F , without loss of generality we
may assume that g is a split semisimple Lie algebra. Indeed, it suffices to consider a
finite field extension K ⊆ F containing all characteristic roots of every adh, h ∈ h.
Then properties from (1), (2), (4), (5) and the first part of (6) are preserved by
R⊗K F and Rg ⊗K F .

First, we prove that Qg is semiprime. According to Proposition 2, let θ : g −→ Q
be the homomorphism of Lie algebras satisfying ψ(x) = ad θ(x), and let A be the
subring of Q generated by θ(g) and the extended centroid C. We know that for any
M ∈ max (C) the localization AM is finite dimensional over CM and semisimple.
By the result of Montgomery on centralizers of separable algebras ([17, Theorem
3.3]), we obtain that Qg

M = CQM (AM ) is semiprime. If I is an ideal of Qg, then
there exists an ideal M ∈ max (C) such that ηM (I) 6= 0. Note that ηM (I)CM is a
nonzero ideal of Qg

M and (ηM (I)CM )2 = ηM (I2)CM . Now it is clear that Qg must
be semiprime.

We will make use of the following fact:
(∗) if M ∈ max (C), 0 6= q ∈ Q, I ∈ FR are such that either qtM (I) = 0 or

tM (I)q = 0, then ηM (q) = 0.
By [3, Theorem 6.4.1], the generalized polynomial identity

∑
ηM∈E qξMe

?Xe = 0
on I can be lifted from I to Q(I) = Q(R) = Q. Thus

∑
e∈E ηM (q)ηM (e?)XηM (e) =

0 is the generalized polynomial identity on a centrally closed prime ring QM . We
are now in a position to apply a theorem of Martindale ([16, Theorem 2]). It gives
us that for any e? ∈ E?, ηM (q)ηM (e?) = 0. Since ηM (E?) is a basis of AM and AM
contains unity of QM , we obtain that ηM (q) = 0. The case when tM (I)q = 0 is
analogous. This finishes the proof of (∗).

From the basic properties of Q it follows that for any M ∈ max (C) and I ∈ FR
one can choose I(M) ∈ FR such that tM (I(M)) ⊆ I. By (∗), for q = 1, the map
tM : I(M) −→ Ig is nonzero. Suppose that a ∈ Rg is such that aRga = 0. Then
for any M ∈ max (C), atM (I(M))a = 0. Applying the result on lifting generalized
polynomial identities again, we obtain atM (Q)a = 0. Since atM (Q) is a right ideal
of Qg and Qg is semiprime, atM (Q) = 0. From (∗) it follows that ηM (a) = 0. Thus
a = 0 and Rg is semiprime.

If I is a nonzero ideal of R, then by [5, Proposition 1.12], I contains a nonzero
g-stable ideal J . Since J is semiprime, we can apply the above to conclude that
0 6= Jg ⊆ Rg ∩ I.

For (2) we first prove that Qg can be viewed as a subring of Q(Rg). From
(∗) it follows that for I ∈ FR, Ig has a zero left and right annihilator in Q. In
particular, Ig is an essential ideal of Rg. If 0 6= q ∈ Qg and I ∈ FR is such that
qI ∪ Iq ⊆ R, then clearly 0 6= qIg ⊆ Rg and 0 6= Igq ⊆ Rg. Finally, suppose that
J is an essential ideal of Rg and q ∈ Qg is such that either qJ = 0 or Jq = 0. Take
I ∈ FR such that qI ∪ Iq ⊆ R. If qJ = 0, then (Igq)J = Ig(qJ) = 0 and hence
Igq = 0. The above implies that q = 0. A similar argument shows that Jq = 0
implies q = 0. Therefore Qg can be treated as a subring of Q(Rg). Suppose that
Rg satisfies a polynomial identity of degree d. Since Rg is semiprime, it satisfies
the standard identity sd. Then by [3, Theorem 6.4.1], sd is satisfied by Q(Rg),
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and hence also by Qg. This forces that for any M ∈ max (C) the CM -algebra
(Qg)M = (QM )g = CQM (AM ) satisfies sd. Applying the result of Montgomery and
Smith on centralizers of separable algebras [18], we conclude that QM satisfies the
standard identity sdN . Since it holds for any M ∈ max (C), the ring Q satisfies
sdN .

For (3), note that if I is a nonzero ideal of R, then by (1) Ig is a nonzero ideal
of Rg. Hence Ig = Rg and 1 ∈ Ig. Therefore I = R and R must be a simple ring.

(4) Let t ∈ Rg be regular in Rg. Since Rg ⊆ Qg ⊆ Q(Rg) and t is regular
in Q(Rg), t must be regular in Qg. Suppose that tx = 0 for some x ∈ R. Take
any M ∈ max (C). Then ηM (t) is regular in (Qg)M = (QM )g. Since (QM )g =
CQM (AM ) for some simple finite dimensional CM -algebra, by [17, Theorem 5.1],
the element ηM (t) is regular in QM , so ηM (x) = 0. This holds for any maximal
ideal of C, so x = 0. Consequently t is regular in Q.

(5) If Rg is left Artinian, then Q(Rg) = Rg. Since Q(R)g ⊆ Q(Rg), we obtain
Q(R)g = Rg. In particular, C ⊆ R, so R has unity. From (∗) it follows that
FR = {R}. By (1) we now obtain that R is a finite direct sum of minimal ideals
which are certainly g-stable. Hence it suffices to consider the case when R is a simple
algebra with unity and Rg is semisimple Artinian. Then the algebra A (defined in
Proposition 2) is semisimple and finite dimensional over the center of R. From [17,
Corollary 4.1], it follows that R must be semisimple Artinian. Conversely, if R is
semisimple Artinian, then the result is a direct consequence of [17, Theorem 4.2].

(6) Suppose R is right Goldie. Then the classical ring of right quotients Qcl(R)
and the symmetric Martindale ring of quotients Q coincide and hence Q is semisim-
ple Artinian. By (4), Qg is semisimple Artinian. Since Rg ⊆ Qg ⊆ Q(Rg), we
obtain Qg = Q(Rg). It says that Rg is a right order in a semisimple Artinian ring
Q(Rg). Therefore Rg is right Goldie.

Conversely, suppose that Rg is right Goldie. From (1) it follows that R does
not contain infinite direct sums of nonzero ideals. Thus there exist g-stable ideals
R1, . . . , Rk of R such that R1⊕ · · · ⊕Rk ∈ FR and any Ri is a prime ring. Clearly,
it suffices to show that any Ri is right Goldie. On the other hand, note that Rg

i is
right Goldie as a two-sided ideal of Rg, so without loss of generality we may assume
that R is prime. Since Rg ⊆ Qg ⊆ Q(Rg) and Q(Rg) is semisimple Artinian, Qg

is right Goldie. Moreover Qg = CQ(A), where A is a semisimple finite dimensional
C-algebra (Proposition 3), so by the result of Cohen [7], Q is right Goldie. It
immediately implies that Q is semisimple Artinian and hence R is right Goldie.

It remains to show that Qcl(R) = RT−1, where T is the set of all regular elements
of Rg. We claim that any essential right ideal of R intersects T nontrivially. Since
R is right nonsingular, any essential right ideal J of R contains an essential g-
stable right ideal J∗. Indeed, in [4, Lemma 4.2], and in [19], it is shown that if δ
is a derivation and J is an essential right ideal of a ring whose right singular ideal
is zero, then the right ideal J ∩ δ−1(J) = {r ∈ J | δ(r) ∈ J} is also essential.
Hence, if D is a basis of ψ(g), then applying the above many times one obtains
that J∗ =

⋂
δ∈D, 0≤j≤N δ

−j(J) is essential and g-stable. Since R is semiprime
Goldie, J∗ is semiprime as a ring and we may consider the induced action of g on
J∗. Moreover it is clear that J∗ and R have the same Goldie ranks, so J∗ is right
Goldie. The above implies that Jg

∗ is semiprime right Goldie. In particular, Jg
∗

contains a regular element t (regular in Jg
∗ ). By (4), t is regular in J∗. If 0 6= r ∈ R,

then there exists r′ ∈ R such that 0 6= rr′ ∈ J∗. Hence, the regularity of t in J∗
implies the right regularity of t in R. Since R is semiprime Goldie, t must also be

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



INVARIANTS OF SEMISIMPLE LIE ALGEBRAS 717

left regular in R, so t ∈ T . Consequently, T is a right Ore set in R and we may
consider the localization RT−1. Since (RT−1)g = RgT−1 is right Artinian, from
(5) it follows that RT−1 is right Artinian. Hence Qcl(R) = RT−1 and it is clear
now that Qcl(R)g = RgT−1 = Qcl(Rg).
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