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ABSTRACT. We give new characterizations of Lorentz spaces by means of cer-
tain quasi-norms which are shown to be equivalent to the classical ones.

1. INTRODUCTION AND RESULTS

Lorentz spaces play an important role in many branches of mathematical anal-
ysis. The aim of this paper is to derive new formulae which provide equivalent
quasi-norms on such spaces. These results are motivated by mapping properties
of fractional maximal operators, Riesz potentials and the Hilbert transform. Our
proofs are based on weighted norm inequalities for integral operators. To explain
our results in more detail, we first need some notation.

Given two quasi-Banach spaces X and Y, we write X = Y if X and Y are
equal in the algebraic and the topological sense (their quasi-norms are equivalent).
The symbol X — Y means that X C Y and the natural embedding of X in Y is
continuous.

We write A < B (or A2 B) if A <c¢B (or cA > B) for some positive constant
¢ independent of appropriate quantities involved in the expressions A and B, and
A~ Bif A S B and B S A. Throughout the paper we use the abbreviation
LHS(x) (RHS(x)) for the left (right) hand side of the relation (x). Moreover, we
adopt the convention that 1/00 = 0.

Let © C R™ be a measurable subset (with respect to n-dimensional Lebesgue
measure), || its measure and yg its characteristic function. The symbol M () is
used to denote the family of all scalar-valued (real or complex) measurable functions
on the set . By M™(Q2) we mean the subset of M() consisting of all non-negative
functions on Q. If Q = (a,b) C R, we simply write M(a,b) and M™(a,b) instead
of M((a,b)) and M™*((a,b)).

Given p,r € (0,00], the Lorentz space LP"(2) is defined by (cf. [Lol], [Lo2],
BS])

(1.1) LPT(Q) = {f € M(2); |I/]

pr = I f]

pri < 00}7
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746 DAVID E. EDMUNDS AND BOHUMIR OPIC

where

(1.2) 1 Fllpr = [[£777 (1))

Here f* stands for the non-increasing rearrangement of f given by

7,(0,12)-

FH@) =it > 0; [{z € [f(@)] > A <t te (0,),
and || - ||, (a,p), —00 < a < b < oo, is the usual quasi-norm in the Lebesgue space
L"(a,b).

The functional (1.2) is not always a norm, even when p,r > 1. Following
A. P. Calderén [C], we replace f* by its maximal function

£ (1) ::t_l/o F(s)ds,  te(0,00),

in (1.2) and define the Lorentz space L™ (Q), p,r € (0, 0], by

(1.3) LP(Q) = {f € MQ; | fllpir) = 1£ gy < 00},
where
(1.4) [,y = 1777 ()l 0,101 -

One can see that the functional (1.4) is a norm if > 1. Moreover (cf., e.g., [OP]
Theorem 3.8 (i)]),

(1.5) LPT(Q) = LP"(Q) if 1<p<ooand0<r<oo.

In general, L(P7)(Q) — LP"(Q).

The equality (1.5) is a consequence of the fact that f* < f** and that the Hardy-
Littlewood maximal operator M is bounded on the space LP" () when 1 < p < oo
and 0 < r < oo. If the role of the Hardy-Littlewood maximal operator M is played
by a fractional maximal operator, we arrive at the following result.

Theorem 1.1. Let 0 < r < o0 and either 0 < ¢ < p< o0 or0 < p<q< .
Then, for all f € M(Q),
1

1_1 1_1 s
(1.6) [ fllprys2 = [[t7 7 sup 7279 f*(7)]| 0,102])-
TE(L,|Q)

Corollaries. (i) Let 0 < p,r < co. Then, for all f € M(Q),

YL
Il = |l sup 7277 f*(7) |7 0,100
TE(L,|Q])

(ii) Let 0 < p < o0 and 0 < ¢ < oco. Then, for all f € M(Q),

1_1 1_1
Hf“(p,p);ﬂ ~|tar sup TP qf**(T)Hp,(O,IQ\)'
TE(t,1Q])

(iii) Let 0 < r < 0o and either 0 < ¢ < p < o0 or 0 < p < ¢ < co. If, in addition,
p > 1, then, for all f € M(),

1_1
r

1_1
I fllpma = (s sup T°? qf**(T)”T,(OJQD'

TE(,[9)
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EQUIVALENT QUASI-NORMS ON LORENTZ SPACES 747

The main part of Theorem 1.1 concerns the case when 0 < p < ¢ < oo and
1/p < 141/q (cf. the proof of Theorem 1.1 in Section 2). To explain the idea which is
behind (1.6), assume in addition that p > 1 and @ = R™. Putting v = n(1/p—1/q),
we see that v € (0,n). Let M, be the fractional maximal operator given by

(M) =swp QI [ 17 wldy, f e ME), R,

Q3x Q
where the supremum is extended over all the cubes Q in R™ with sides parallel to
the coordinate axes. By [CKOP|, Theorem 1.1],
(1.7) (M, )" (t) S sup 7% (), t€ (0,00),

TE(t,00)

for all f € M(R™) and this estimate is sharp (in the sense that for any f € M™(R")
which is radially non-increasing — notation f € M (R"; |) — the symbol < can be
replaced by 2 in (1.7)). Now, given the space L?"(R") =: Y with r € (0, o], put
Y = L?7((0,00)). Then one can show that the space X,

(1.8) X ={fe MR"); ||fllx <oo},
where
Ifllx =1l sup 77 (),
TE(t,00)

is the largest rearrangement-invariant space which is mapped by M, into Y. On
the other hand, Theorem 1.1 asserts that X = L®")(R").
There is the following counterpart of Theorem 1.1.

Theorem 1.2. Let 0 < r < 00, 0 < p < o0 and 0 > q > —oo. Then, for all
fe M),

1_1 1.1 ..
(1.9) I fllprys = lta ™7 sup 7779 f**(7) ||, 0,100
T€(0,t)

Corollaries. (i) Let 0 < p < oo, and 0 > g > —oo. Then, for all f € M(Q),

1_1 1.1 ..,
||f||(p,p);ﬂ ~|ta"r sup T af (T)H;D,(O,\QI)'
7€(0,t)

(i) Let 0 <r < o0, 1 <p<ooand 0> g > —oco. Then, for all f € M(Q),

1_1 1_1
I fllpra=ts sup 7279 f(7)|lr0, 0
7€(0,t)

Checking the proof of the inequality RHS(1.9) < LHS(1.9) (see the proof of
Theorem 1.2 in Section 2) and using the estimate

¢ ¢
B ) < (/ oh =i do) (1) < / o35 () do
0 0
for all f € M(Q) and every t € (0,00), one can see that the following assertion is

true.

Theorem 1.3. Let 0 < r < 00, 0 < p < o0 and 0 > q > —oo. Then, for all
fe M),

t
1_1 119 pey
(1.10) ||f||<p,r>;ﬂ’“‘t‘f / or~a ! f*(0)do
0

0,0
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748 DAVID E. EDMUNDS AND BOHUMIR OPIC

Corollary. Let 0 <r < oo and 1 < p <oo. Then, for all f € M(Q),
—7—, / f**

Similarly, it follows from the proof of Theorem 1.1 (cf. Section 2) that, for all

I £l p,ryi0 =

(compare with (1.5)).

7,(0,1920)

fe M),
1 1 o0 1 1
f . z‘ﬁ_?/ or ATl
H H(p,r),ﬂ \ ( ) 7(0,121)
provided that
(1.11) 0<r<oco, O0<p<g<oo and 1/p<1l+1/q.

The next theorem shows that the restriction (1.11) can be relaxed.

Theorem 1.4. Let 0 <r <00, 0<p <00 and 0 < q < co. Assume that either
1/p<1+1/q or | = oco. Then, for all f € M(Q),

T B U R
ta r or a4 " f**(o)do
t

Corollaries. (i) Let 0 < p,r < 0o and let either 1/p <1+ 1/q or |Q| = co. Then,

for all f € M(Q),
,,,,71

(ii) Let 0 < r < 00 and 0 < p < oco. Then, for all f € M(Q),

(112) Hf”(p,r);

0,0

1 o0
1.13 ) tf?/ o~ f** (o) do -
(1.13) £ 1l .r: \ S
In particular,

* 1
1.14 0~ H/ o e dUH
(1.14) w2~ | | F @] o

provided that 1 < p < co.

Just as we have explained the idea behind Theorem 1.1, so we can clarify the
idea hidden behind Theorem 1.4. To this end suppose that (1.11) holds, v :=
n(l/p—1/q), p > 1 and Q = R". Define the Riesz potential I, by

@ = [ ANty s
It is well known that, for all ¢ € (0, c0),
(1.15) (I, ) (¢ 77771/ f (o dU+/ Uiié*lf*(o)da

and that this estimate is sharp (in the same sense as (1.7); cf. [S| (1.20)] or [EGO]
Lemma 3.4]). Rewriting RHS(1.15) by Fubini’s theorem, we arrive at

(L)1) < /tooa%—%—lf**(a) do  for all t € (0, 00).
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EQUIVALENT QUASI-NORMS ON LORENTZ SPACES 749

Now, given the space L7 (R") =: Y with r € (0, 00], put Y = L%"((0,00)). Then
one can show that the space X from (1.8), where

= | [~ o

is the largest rearrangement-invariant space which is mapped by I, into Y. On the
other hand, Theorem 1.4 asserts that X = L®")(R").
Since (cf. Theorem 4.7 and Proposition 4.10 in Chapter 3 of [BS])

/too o (o) do =t~} /Ot f(o)do + /:O o1 f*(0) do

gives the sharp estimate of (H f)*(t), t € (0, 00), where H is the Hilbert transform,
defined by

(Hf)(z) =p.v. /Rj(—_yldy, z €R,

one can similarly explain the idea behind formula (1.14).
Ifl<p<g<ooandy:=n (1/p—1/q) <n, then, by the result of B. Mucken-
houpt and R. L. Wheeden (cf. [MW] or [AH| Theorem 3.6.1]),

(1.16) M- £

(here || - ||gr» stands for the usual LY(R™)-norm). Together with the fact that
estimates (1.7) and (1.15) are sharp for all f € M;}F(R™;|), Theorems 1.1 and 1.4
imply that there is the following variant of (1.16) involving quasi-norms of Lorentz
spaces.

gk = || Iy f|lgrn  for all non-negative f € LP(R")

Corollary. Let0<r<oo,l1<p<g<ooandvy:=n (1/p—1/q) <n. Then, for
all f € MF(R™;]),

(1.17) 1My fllgrre = (|1 f]

Similarly, one can prove:

grRe 22 || fllprre -

Corollary. Let 0 <7 < oo and 1 < p < co. Then, for all f € M} (R;]),
||Hf||pﬂ”;1R ~ ”f”p,r;lR'

Remarks. (1) The estimate (1.17) motivates us to look for an extension of [AH]
Theorem 3.6.1] to the scale of Lorentz spaces. It reads as follows:

Let 0 <r <oo,l<p<g<ooandy:=n(1/p—1/¢) < n. Then, for all
positive Radon measures p on R™,
(1.18) M pall g, = ([ Iy o]

Indeed, the pointwise estimate (cf. [AH, p. 72])
(Myp)(z) S (Iyp)(x), =R,
shows that LHS(1.18) < RHS(1.18). To prove the converse inequality, one applies
the fact that, for all g € M(R"),
11, _1 1
Igllgrzn = [1t7 77 g" ()]l 0,00 = IN'77 [ {z € R™; |g(@)| > A} |7 |

and the good A inequality (3.6.1) from [AH].
(ii) It follows from the proofs of Theorems 1.1-1.4 that the constants of equiva-
lence in the relations (1.6), (1.9), (1.10) and (1.12) depend only on p, g and 7.

g,r;R™-

7,(0,00)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



750 DAVID E. EDMUNDS AND BOHUMIR OPIC

(iii) One can easily extend Theorems 1.1-1.4 to the case when the Lorentz space
L®7)(Q) is replaced by the Lorentz-Zygmund space L") (log L)*(2) (p,r € (0, o],
a € R) defined by (cf. [BRI)

LP(1og L)*(2) = {f € M(Q); [0 = [f .0 < o0},
where L
[ [,y i= [t €5 () f7 (2)]
and £(t) := 1+ |logt|, t € (0, 00).
(iv) Theorems 1.1-1.4 remain true if the role of the measure space (£2,dx) is
played by a totally o-finite measure space (R, p) with a non-atomic measure p.
(v) Theorems 1.1-1.4 continue to hold if || f[/(, ;o and f** are replaced by

I fllp.r and f*, respectively. This is a consequence of more general results proved
in [O].

,(0,192))

2. PROOF OF THEOREMS 1.1, 1.2 AND 1.4

Throughout this section by M™(a, b; |), (a,b) C R, we mean the collection of all
f € M™(a,b) which are non-increasing on (a, b).
To prove Theorems 1.1 and 1.2, we shall use the following result.

Lemma 2.1 (cf. [Lal Theorem 2.2]). Let 0 < P < @ < 1. Suppose that w,v €
MT(0,00) and k € MT((0,00) x (0,00)). Then there is C € [0,00) such that the

inequality
(21) o [ kt.org@rdaa] | < CloOslrom
0 Q,(0,00)
holds for all g € M™(0,00; ) if and only if
P
(2.2) Hw(t)/ k(t, o) dJHQ oy S CI0Wn 0 for all p € (0,00).
0 ,(U,00

1 1

Proof of Theorem 1.1. (i) If 0 < ¢ < p < oo, then the function 7 — 77 4 is
non-increasing on (0, c0). Hence,
sup TF af(r) =traf*(t) forall t € (0,]9]),
TE(L,9)
which implies that LHS(1.6) = RHS(1.6).
(ii) Assume now that 0 < p < ¢ < oo and 1/p < 1+ 1/q. The inequality
RHS(1.6) 2 LHS(1.6) is obvious. To prove the converse one, we observe that, for

all t € (0,]9)),
(2.3) sup Téi%f**(T) A sup (/ sif%ﬁds)(/ f*(o)da)

TE(L,]9]) TE(L,]9]) T 0

< / 55_5_2(/ (o) da) ds
¢ 0
and, by Fubini’s theorem,
(2.4) RHS(2.3) ~ £3 % /(1) +/ or L (0) do,
¢

which yields
(2.5) RHS(1.6) < LHS(1.6) + V(f),
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EQUIVALENT QUASI-NORMS ON LORENTZ SPACES 751

where

7,(0,00)

If r € [1, 00|, we apply the Hardy inequality (cf. [OK])
’t%_%/ g(o)do
t

which holds for all g € M™*(0,00) (with a positive constant C independent of g),
to get, for all f € M(Q),

1 _1
<Ot g0l 0,000,

7,(0,00)

(2.6) V() S IE 7 (1) (0,00 < LHS(L.6).

Ifre(0,1), weput P=Q =r,

1
r

k(t,0) = X(too)(0) 07 371, w(t) =ta7 7, w(t) =t if ¢,0 € (0,00),

and apply Lemma 2.1 to arrive at the estimate (2.6). Combining (2.5) and (2.6),
we obtain the desired inequality RHS(1.6) < LHS(1.6).

(iii) Finally, let 0 <p < g < oo and 1/p > 1+41/q. Then p € (0,1) and, by [OP]
Lemmas 3.5 (ii) and 3.15],

LP(Q) = {0} if |Q =00, LPI(Q)=LYQ) if |Q] < .
Consequently, if f € M(Q), f # 0 a.e. in Q, then

pﬂwmzw it 9] = oo,

(2.7) .
I llre = 1 fllige i [ < oo

1 1
. . 1_1_9. .
On the other hand, since the function 7 — 77~ ¢~ "~ is non-decreasing on (0, c0), we

obtain
1 1 1 1 1 ‘Ql
sup T af(1) = ( lim 77 4~ ) f*(o)do, te(0,]9).
TE(L,]Q) =9 0

This easily yields that
(2.8) RHS(1.6) = o0 if |Q] = oo,

' RHS(1.6) =~ || f]l1,1:0 if Q] < oo.
Comparing (2.7) and (2.8), we see that (1.6) is again satisfied. O

Remark. There is another proof of Theorem 1.1if0 < p < ¢ < oo and 1/p < 14+1/q.
Indeed, put A = 1/p—1/q and define the operators 7a, Sa and Ra on M1 (0,]9Q]; |)

by
(Tap)(t) = sup 729" (1),
re(t,ol)
(2.9) (Sap)(t) = t2¢™ (1),
(Rag)(t) = sup 72¢(7).
re(t,I0l)
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752 DAVID E. EDMUNDS AND BOHUMIR OPIC

First, one can show that (cf. [CKOP] or [EQ])
Ta ~8Sa +Ra on MT(0,|Q;]).

Hence, for all f € M(Q),

1

RHS(1.6) = [[t« ™ (Ta /") ®)llr 0,121
(Saf*) Ol o, 0p + 1t (Raf*)(E)]
On using the equality A =1/p —1/q and (2.9), we see that

[tz (Sa ") Dl 0,10n = 1l

Moreover, since one can prove that (cf. the sufficiency part of the proof of [CKOP]
Lemma 3.1] or [EO] Lemma 4.5])

3

3=

1
=~ ||tq

,(0,19) -

1

ts™ " (Raf)lro.0n S 1EP 7 F5 @)l 0,10
for all f € M(Q), (1.6) follows.

Proof of Theorem 1.2. Since

sup T%_%f**(’r) > t%_%f**(t) for all ¢t € (0, OO),
7€(0,t)

it follows that RHS(1.9) > LHS(1.9). Moreover, the estimate
1 1 T 1 1 1 t 1 1 1
sup 77 @ f**(1)~ sup f**(T)/ or” 4 do < / or 4 f*(0)do
0 0
implies that

(2.10) RHS(L.9) < ‘

t

t%’%/ Uiféflf**(a)da
0

If r € [1, 00], we apply the Hardy inequality (cf. [OK])

t
‘ tir / g(o)do
0

which holds on M™(0, |Q|) (with a positive constant C' independent of g and |€2]),
to get, for all f € M(Q),

ro,lep)

1 1
< Ctattrg(t
r,(0,12)) | )l

,(0,1920)»

1

(2.11) RHS(2.10) < [[t7 7 £**(£) 0.0y = LHS(1.9).
If r € (0,1), we put P=Q =r and

1_1 1 1

1_1_ 1_1 1_1
k(t,U)ZX(O’t)(U)UP q 1, w(t)th TX(O"Ql)(t), ’U(t)ztp TX(O’lQ‘)(t)

when ¢,0 € (0,00). Then (2.11) is a consequence of Lemma 2.1. Combining (2.10)
and (2.11), we arrive at the estimate RHS(1.9) < LHS(1.9) and Theorem 1.2 is
proved. ([
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EQUIVALENT QUASI-NORMS ON LORENTZ SPACES 753

Proof of Theorem 1.4. Since for all f € M(Q) and every t € (0, c0),

tra ) < (/toogi_é_Q da) /Ot [(s)ds < /tooml’_é_lf**(a) do,

we see that LHS(1.12) < RHS(1.12).
Now, we are going to verify the reverse estimate. By Fubini’s theorem, for all
f e M(Q) and every ¢ € (0, 00),

(2.12) /too Uiﬁ%ﬁlf**(a) do = /Ot fr(7) (/too or a2 da) dr

oo . o PR
_|_/ f (7—)(/ or 4 da) dr.
t T
Therefore, if 1/p <1+ 1/q and t € (0, 00),

1 1

/OO ov i L f*(0)do = RHS(2.4),
t

and, proceeding just as in the proof of Theorem 1.1, we arrive at the desired esti-
mate.

Assume now that 1/p > 1+ 1/q and || = co. Then (cf. (2.7)) LHS(1.12)=0c0
for all f € M(), f # 0 a.e. in Q. Since (2.12) yields that RHS(1.12) = oo for all
such f, we see that LHS(1.12) = RHS(1.12). O
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