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SUBSYSTEMS OF THE WALSH ORTHOGONAL SYSTEM
WHOSE MULTIPLICATIVE COMPLETIONS
ARE QUASIBASES FOR L?[0,1], 1 < p < 400

M. G. GRIGORIAN AND ROBERT E. ZINK

(Communicated by Andreas Seeger)

ABSTRACT. If one discards some of the elements from the Walsh family, an
ancient example of a system that serves as a Schauder basis for each of the
LP-spaces, with 1 < p < 400, the residual system will not be a Schauder
basis for any of those spaces. Nevertheless, Price has shown that each member
of a large class of such subsystems is complete on subsets of [0, 1] that have
measure arbitrarily close to 1. In the present work, it is shown that subsystems
of this kind can be multiplicatively completed in such a way that the resulting
systems are quasibases for each space LP[0,1], 1 < p < +o0, from which the
earlier completeness result follows as a corollary.

1. In one of the earliest monographs treating the subject, Paley [9] showed that the
Walsh system is a Schauder basis for each space LP[0,1],1 < p < +o0. If some of
the Walsh functions are deleted from the system, the residual family will no longer
be a Schauder basis for any of these spaces, of course, but, as Price [10] has shown,
the subfamily may be complete on a set of large measure.

In the present work, it is shown that subsystems of the type considered in [10]
can be multiplicatively completed in such a way that the new systems are, in fact,
quasibases for every space LP[0,1], with 1 < p < 4+o00. It thus follows that for each
such Walsh subfamily, for each such p, and for every € > 0, there is a measurable
subset, E, of [0,1], such that the subfamily is closed in LP(E,), and |E¢| > 1 —e.

2. Let B be a Banach space, let B* be the associated conjugate space, and let
® = {¢, : n € N} be a subset of B. Then ® is a quasibasis for B, if there is a cor-
responding subset of B*, {¢% : n € N}, such that for every f € B, Y 0", ¥ (f)en
converges to f in the norm of B. This notion, introduced by Gelbaum [3] in 1958,
is a weaker concept than that of a Schauder basis, since the sequence of coefficient
functionals need not be unique [12], p. 278].

The Walsh system, an extension of the Rademacher system, may be obtained in
the following manner.

Let r be the periodic function, of least period 1, defined on [0, 1) by

"= Xo,4) T X[,
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1138 M. G. GRIGORIAN AND ROBERT E. ZINK

The Rademacher system, R = {r,, : n =0,1,...}, is defined by the conditions
rn(z) =r(2"%z),Vx e R,n=0,1,...,

and, in the ordering employed by Paley, the n'® element of the Walsh system,
W={W,:n=0,1,...} is given by

o0
W =[]+
k=0

where Z;O:O nk2" is the unique binary expansion of n, with each ny either 0 or 1.
One shows that the Walsh subsystems introduced by Price can be multiplica-
tively completed so as to become quasibases, by constructing appropriate sequences
of coefficient functionals. For this purpose one employs the Haar system {h, : n €
N}.
In the standard notation, one has hy = idg 1,

h](cj)ZQk/z (X(2J2 2]—1)_X(2j71 2j )>’ k:Oa17~'-;j:17'~'v2k;

kT kTl NEsEbyeny
and, for n = 2F + 5, h, = h,(f .

3. In his AMS Colloquium Lectures, Levinson [8] proved the following completeness
theorem for families of exponential functions.

Let S = {n;}32; be an increasing sequence of natural numbers, let A(n) be the
number of elements of S that are less than n, and let

D(S) = limsup limsup M
£—1- n (n—¢&n)
If D(S) = 1, then, for every € > 0, there is a measurable set E. C [0, 1] such that
|E| > 1—¢€and {>™() : j € N} is complete in L?(E,).
The corresponding result for the Walsh functions involves a different set function
which yields a weaker notion of density; viz., for S C N, let

p(S) = limsup limsup w .
k n

One always has p(S) > D(S), and equality need not hold.

Theorem A (Price). Let S = {n;}32, be an increasing sequence of natural num-
bers, and let Ws = {W,, : j € N}. If p(S) = 1, then, for every e > 0, there exists
a measurable set E. C [0,1] such that |Ec| > 1 — € and Ws is complete in L*(E,).

At the time of this writing, it was not known whether it would be possible to
replace D(S) by p(S) in Levinson’s theorem.

The equivalence of the notions of completeness on a set of large measure and
multiplicative completability was demonstrated in [11].

Theorem B. Let E be a measurable set of finite, positive measure, and let & =
{pn:n=1,2,...} be a subset of L>(E). The following conditions are equivalent:

(BP) There exists a bounded measurable function, m, such that {my, :n=1,2,...}
is complete in L*(E);
(M) @ is complete in measure on E;
(T) For every positive €, there exists E. C E such that |E.| > |E| — €, and ® is
complete in L?(E,).
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SUBSYSTEMS OF THE WALSH ORTHOGONAL SYSTEM 1139

The notion of multiplicative completion is due to Boas and Pollard [1]; the
equivalence (M) < (T) is due to Talalyan [13], [14] who also showed that if ®
has these properties, then so also does every family obtained from ® by deleting
a finite number of its members. Subsequently, Goffman and Waterman [4] gave a
new proof of the latter result of Talalyan and observed that it is always possible
to make certain infinite deletions from a system that satisfies (T') so as to leave a
residual system that also enjoys this property.

Although it was not shown there, adaptations of the arguments given in [11] can
be used to establish a companion theorem to Theorem B in which the réle of L2
is played by any space LP, with 1 < p < +o00. It follows that any system that is
multiplicatively completable in LP(F) is closed in LP(E,), for some sets E. with
|Ee| > |E| — ¢, for every € > 0.

Moreover, Braun [2] has extended the work of Boas and Pollard in the following
manner.

Theorem C. Let E be a measurable set of finite, positive measure, and let ® =
{on : n = 1,2,...} be a Schauder basis for some space LP(E), with 1 < p <
+00. Then, to every natural number N there corresponds a bounded measurable
function, M, such that every element f of LP(E) can be represented by a series
ZZO=N+1 ap My that converges to f in the LP-norm.

In other terminology, Theorem C asserts that the systems {Myy : k = N+1,...}
are systems of representation for LP(F). Neither does the theorem claim nor are the
arguments used to establish it sufficient to show that these systems are quasibases
for LP(E); nevertheless, subsequent analysis of the problem has shown this to be
the case [7].

4. Theorem. Let S = {n; };";1 be an increasing sequence of natural numbers such
that p(S) = 1, and let Ws = {W,, : j € N} be the corresponding subsystem of the
Walsh system. Then, there exists a bounded, measurable function, M, such that
{MW,,, : j € N} is a quasibasis for each space LP[0,1],1 < p < +o0.

The demonstration of the theorem depends upon a proposition of Menshov-
Talalyan type (see, for example, [14]), to which the following lemmata lead.

Lemma 1. Let S = {nj};?‘;l be an increasing sequence of natural numbers. The
following are equivalent assertions:

(@) p(S) =1;

(B) There exists an increasing sequence of natural numbers, { M} |, such that
hm]‘(MQj — M2j71) = +00,
and, for every j, each integer in [Ma;_1, Ma;] is an element of S.

Proof. In his demonstration of the completeness in measure of a Walsh subsystem
Ws, with p(S) = 1, Price showed that, for every natural number p, there is an
increasing sequence of natural numbers, {j;}5°;, such that S contains all of the
integers in [j;2P, (j; + 1)2P], Vi; thus, (o) — (8). The other implication is even
simpler.

Lemma 2. Let S = {ni}2, be an increasing sequence of natural numbers, with
p(S) =1, and let {M}72, be a corresponding sequence, of the type guaranteed

by Lemma 1; let Ay be an interval of the form [g—ml, 2%], for some m € N and

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1140 M. G. GRIGORIAN AND ROBERT E. ZINK

1 <4< 2™ let ko be a natural number greater than 1; and let the real numbers e,
p, and vy satisfy the conditions 0 < e < 1, p > 1, and v # 0. Then, there exist a
measurable set E C Ay, and a Walsh polynomial

K
Q= Z CnyWh,, € Span Wg
k=ko
such that
, ifx e E;
Qlz) = Y 'f
0, if x ¢ Ag;
|E| > (1 —¢€)|Agl;
and

max

1 m 1/;’7 1 .
4 12 Ag| Ao |2 =1
/|chkWnk|”dt ko <m<K < ME,I/ 2 °|1/’pr ’
(R — Ayle™ 1A | Ao P, if p > 1,

where A, is a constant depending only upon p, and % + % =1.

Proof. Let v = 1+ [logy(1/€)], where [z] denotes the greatest integer less than or
equal to z. Because A is a dyadic interval, there is a natural number p; such that

M1
S (Xay) = D a;Wi = YXa, -
=0

where the a; are the Walsh-Fourier coefficients and S, f denotes the n'" partial
sum of the Walsh-Fourier series.

Suppose that the greatest power of 2 that appears in the binary expansion of
py is 2L, If m is any positive multiple of 2!71, then, for every j € [0, 1], one has
Wint; = WinWj. From this observation and from the definition of the sequence
{My}32, there follows the existence of natural numbers ki and mq > pq such that,
for all j € [0, 1], both

Wi+ = Wi, W

and
my +j € [Mag, —1, May, ] -
Setting
AS) ={x e Ag: Wiy, (2) = 1},
A = {z e Ayt Wi, (z) = +1},
and
b,gl) _ {aj, if t = TTLl + 7, for some j € [0, p1];
0, otherwise;

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SUBSYSTEMS OF THE WALSH ORTHOGONAL SYSTEM 1141

one has
Mz, H1
= bW, =3 ;Wi 4s
Q1 =: t t = A Womy +j
t=Map, —1 j=0

M1
=Y W, | Wi,
J=0

= TXAH ~ TXaL)
M1
and, since W,, is orthogonal to Z a;Wj,
J=0

_ 1
+
14671 = 18671 = 314

Let A = A(()_). Then A; is a finite union of congruent, dyadic intervals; thus,
there exists a natural number ps such that

H2
2
Sy (27xa,) = D Wy = 29x,
=0

where the af) are the Walsh-Fourier coefficients.

Choose natural numbers ko and ms such that ko > ki, mo > 2max{mq, ua},
and, Vj € [0, us|, both

Win, +j = Win, Wj

and
mao + j € [Mapy—1, Mog,).
Setting
b§2) _ af), ift=mo+j, and j € [0, pal;
0, otherwise;
A = {re A W, (2) = —1};
and
A ={z € Ay Wiy (2) = +13;
1 {x €A ma ((E) + },
one has
Mok, w2
Q2 =: Z bW, = ZGE'Q)WTI’LQJFj
t=Mogy—1 j=0

M2 )
= [ W | W,
=0

= 27Xp, Winy, =27 (XA<1+> - XA<1—>) ;
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1142 M. G. GRIGORIAN AND ROBERT E. ZINK

so that
v, on A(()Jr) U AYF),
Q1+ Q2 = -3, on A(l_),
0, otherwise ,

and, because mo > 2mq,
_ 1 1
+
A= 1417 = 51811 = 71Al.

Proceeding inductively, suppose that, for all ¢ € [1,v — 1], one has found natural
numbers m; and k;, Walsh polynomials Q;, and sets A;, such that, Vi € [1,v — 1],

m; € [Mag,—1, Mag,],

miy1 > 2m; and k‘i+1 > ki,

AN —fre Ay W, (2) =41} and ALD) = {z € Aj_y s Wi, (z) = —1},

Moy, ‘
Qi= > bW =2y, Wi,
t=Mag, —1
A=A,
and
+) () _ 1 1 :
A= 1A = SIA = gaglAd, for0<i<v -1,

Let A, = Al(/:)2' As in the earlier work, there is a Walsh polynomial
o
I S
j=0
such that
P, =2""yxa, -
Choose natural numbers k, > k,_1 and m, > 2max{m,_1, yt,, } so that both

Wmu +j = Wmu W]

and
my +J € [Mag,—1, Moy, ], Vj € [0, u,].
Let
bg”) _ {agu), if t =my, + 74, and j € [0, u,J;

0, otherwise;

and let
Mag,
Q=Y b
t=Moap, _1

Then

QV = PI/WmV = 2V_17{XAE,J:)1 - XA£1)1}7
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SUBSYSTEMS OF THE WALSH ORTHOGONAL SYSTEM 1143

where
ADAT)) = {z € Ay s Wi, (2) = +1(=1)}.
Finally, let
L [E0 i Ma <t < My 1<i<ys
L 0, otherwise ;

in the ordering of Ws, let ng, = Mok, —1 and nx = Moy, ; let

v K
Q:ZQz: chkWnka
i=1

k=ko
and let
E=ANA).
Then
Q@ =7Xa, = 277X
so that
v, ifx e E;
Qx) = . .
0, if © ¢ Ag;
and

|E| = (1 —=27")]Ao| <e.
Thus, for p > 1, and ]—1) + % =1,

il = ( | 1 IQ(t)I”dﬁ>1/p

< Yl A0 + 2 IALZA P = ] Ao P (1 4+ 2¢79)
< [yl AoMP (1 4 21967 1/) < ||| Ag[M/P21 1910
< 4|7||A0|1/P6*1/q.

Since @ is a Walsh polynomial, it is its own Walsh-Fourier series; that is,

1
ct:/ Q(z)Wi(x)dz, Vi,
0

thus, from Paley’s theorem, [|S,Ql, < A,||Q|lp, ¥n € N and p > 1, where 4, is a
constant depending only upon p. Hence

max{” > e Wallp ko <m < K} < 4A,e M| | Ao P, Vp > 1,
k=ko

and

m m
maX{H Z cnkWnk|1:k0§m§K} Smax{| Z Cn W |2 © ko SmSK}

k=Fo k=Fo
< 44z¢ 2|y 2|2,
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1144 M. G. GRIGORIAN AND ROBERT E. ZINK

Lemma 3. Let f be a (dyadic) step function on [0,1],

on

f = Z ViXAs
i=1

i—1 i\ .
Ai:<2—n,2—n),lzl7...,2 5

and let {Wh,, : k € N} be a subsystem of the Walsh system that satisfies the con-
ditions of the Theorem. To each p > 1, each € € (0,1), and each Ky € N, there
corresponds a Walsh polynomial

where

K

Q= > cnWa,

k=Ko+1
and a measurable set E C [0,1] such that
|E| >1—c¢,

Qz) = f(z), Vz € E,
and
max{” Z anWnk||Lp(€) :K0<m<K} §6+||f||LT’(e)a
k=Kp+1

for every measurable set e C E.

Proof. Without loss of generality, one may assume that, for all i € [1,2"],
1 1
Ayil{Aze 2|02 + Ape VUAMPY <6, forp > 1~ 4~ =1,
p q
since, if necessary, one could refine the dyadic partition upon which f is defined.

Successive applications of Lemma 2 yield measurable sets F; C A; and Walsh
polynomials

K;

Q’i = Z C%Z Wnk )

k=K;_1+1
such that for all s =1,...,2™,

i ifx € E;;
Qi(z) = {”

0, if x ¢ Ay
|Ei| > (1 = e)|Adl;
and
J
maxq | Y e Wl Kin+1<j <K,
k=K;_1+1

< 4|’Yi|Ap€71/q|Ai|1/p, for p > 1;
= 4l Age V2 A2, forp=1.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SUBSYSTEMS OF THE WALSH ORTHOGONAL SYSTEM 1145

Let E =2, B, let K = Kon, and let

2n K; K
Q=2 X dlWu= 3 W,

i=1 k=K, 141 k=Ko+1

where
Cny, :cglz, for K; 1 +1<k<K;, i=1,...,2".
Then
|E|>1—¢

and

Q(z) = f(zx), Yz € E.
To each j € [Ky+ 1, K] there corresponds a unique 4, such that 1 <14; < 2™ and
Ki, 1 +1<j<Ki;

thus,
j ij—1 j
Yoo W, =3 Qi+ Y Wa,
k=Ko+1 i=1 k=K, —1+1

Since @ coincides with f on E, one has for each measurable set e C F,

j 1/p i—1 1/p
< B cnkWnkV’dx) < / 1S Qi
€ =1

€ k=Ko+1
1/p

1 J
+ / | Z Cnp W, |Pdx
0 e

=Ki;—1+1

1/p
<(/|f|pdx> +e Vp>1.

To complete the proof of the theorem, one employs the methods devised by
Braun.

Choose p > 1, and let {h,, : n = 1,2,...} be the Haar system. For each n, let
fn = hn/l|Bnllp, and let {g,, : m =1,2,...} be the family of coefficient functionals
associated with {f,, : n = 1,2,...}. By virtue of Lemma 3, one may, following
Braun, construct a measurable function M, with 0 < M (¢) < 1, for all ¢ in [0, 1],
and a double sequence of Wg-polynomials {ij}/?;L Fad

n(J)

ij = Z a;Wh,,

i=nk—1(j)+1
with
N =np(1) <ni(1) =np(2) <n1(2) < n2(2) =no(3) < ...
no(j) <mi(j) <---<nj(j) =no(j+1) <...,
and a sequence {F,,}52; of measurable subsets of [0, 1], such that

(1) |[07 1] \En| < 5n7 {671}%0:1 l O;
(i) [[fe — MYy Pujlly <275 Yk, VE> ks
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1146 M. G. GRIGORIAN AND ROBERT E. ZINK

(i) sup{[|M Y27_,., | ()41 @iWnillp s s <ng(6)} <272 f £ > k;
(iv) sup{||M Ef:ne,l(aﬂ aiWo, lr(o,p\Eo) 8 < nu(f)} < 242,
and, for every measurable set e C Ey,
(v) sup{[|M 327_,, (41 @Wnillre) o5 < ne(0)} <27 4 || foll ooy
One associates with ® = {MW,,, : i > N} the system ¥ = {4); : i > N}, where

i = aigr, if ng—1(€) <i < ng(l), for some £ > k.

Then, with the coefficient functionals defined on L"[0, 1] by setting

1
bi(-):/ (Yobsdt, fori=N+1,N +2,...,
0

one finds that ® is a quasibasis for each space L"[0,1], with 1 < r < p.

The abbreviated demonstration below essentially duplicates the argument em-
ployed in [7], 4371f].

Let r € [1,p], let f be an arbitrary element of L"[0,1], let S, (f) be the nth
partial sum of the series

> b)Y MW,,

i=N+1

o0
and let > ¢ fr be the expansion of f in the p-normalized Haar system.
k=1
The estimation of ||f — S,(f)||» depends upon two critical properties of the

sequence {cy}72 ;:
(@) ekl < K[l fllr,  VEEN,

since

1
1 1
el =Dl =1 | Foudt) <17l lgulls 2 = 1
0

and
gl = Ik llplihiller = 1hal|% | Akl "+, where |Ag] is the support of A,
= |Akli+%’1 <G < k:
and
) lig [ex /gl =0,
since

1 1 k—1
& = lex(F)] = | / Fondt] = | / (F =3 s fiondt
j=1
k—1

<= eifillelgall,

Jj=1

and since {f, : n=1,2,...} is a Schauder basis for L"[0, 1] (as well as for L?[0, 1]).
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If n = nk(¢), for some natural numbers k and ¢ (with ¢ > k), then, for k < ¢,

k l -1 ¢—1
1f = Sa(Dllr = 1F =D D i MP;i = > > " ¢;MPyi,
j=11i=j j=k+1 i=j

-1 k 4
<HF =D cifill+ D leslllfs =Y MPyll,
Jj=1 Jj=1 1=j

-1 —1
+ > el = > MPyillr,
i=j

j=k+1
—1 —1
<|F =D cifill #2751 el
j=1 j=1
and, if k =/, then a similar estimate yields
¢ ¢
If = SalDllr < 1f =D eifill+27D el
j=1 j=1
From (), one has

L
Z lejl < (€l+1)/2)[ £l

so that
n—1

1 = Su(P)ll < U =D eifille + 2750+ 1), for n = ny(6).

=1

Finally, if ng_1(¢) < n < ni(f) and k < ¢, then

-1 n
[f = SulDllr <1F =D cifile 27+ DI flle+llex D, e Wy |y
j=1 i=ng_1(£)+1
-1
<IF =D cifille + 27000 + D) £l + 4K].
j=1
On the other hand, if k¥ = ¢, then
-1 n
1f = SOl < UF =D cifille+27C+DIf e+ llee D MWy |, -
j=1 i=ng_1(0)+1
Setting
n
Uén - Z aiMan,)
i:ng_l(E)Jrl
one has
loenlly = lloenll e oap e + oLz,

< 2(_€+2)T + HUZYLHTLT(EMTA() + ||U€n||TLT(E€\A‘4)7
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1148 M. G. GRIGORIAN AND ROBERT E. ZINK

by virtue of condition (iv), and, from condition (v), follow

loenllzrgan, < loemlieEnay
< 27 | fellr(paa,)” = 207DT
and

loenllnrmnan < loenlzomnanlBel ">
< 27|ANTE DT fellp) = 27 AT 2T 4 ).

Thus, from these estimates and (),
n
lee D0 @MWl < @CFTH L 2T AT e
i=ng_1(£)+1
— (2(—€+2)r+1 + 2r+1|A€|17%)%|AZ

with li;n 6(¢) = 0, and it follows that

lim 15, (f) — f1l> = 0.

Since p > 1 is otherwise arbitrary, ® is a quasibasis for every space LP[0, 1], with
p € [1,+00).

As has been mentioned, in the discussion following Theorem B, it follows that
Ws is complete (or total) in measure, on [0, 1] and, thus also, for each € > 0, Wg
is closed in LP(E,) for some measurable set E. C [0, 1], with |E| > 1 —e.

),

5. The theorem is, in a sense, complementary to earlier results of Grigorian [5], [6]
who has established the following proposition.

Let S be an increasing sequence of natural numbers, with p(S) = 1, and let
Ws be the corresponding family of Walsh functions. For every e > 0, there exists
a measurable set F. C [0,1] such that |E.] > 1 — e and Wg is a system of rep-
resentation, in L!(E.), in the sense of convergence a.e., as well as in the sense of
convergence in the L'-norm.

As these results and the theorem of this article seem to indicate, the subsystems
Ws, with p(S) = 1, are incredibly rich. On the other hand, Walsh families of this
kind may be quite sparse indeed, for there are sets S C N, of asymptotic density 0,
such that p(S) = 1.
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