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ABSTRACT. It is shown that if every < wq-sized subspace of a (regular) space
X of density < w;y has a point-countable base, then so does X. Similar results
hold for meta-Lindel6fness. Dow’s reflection theorem and a number of other
results are deduced as corollaries and applications.

INTRODUCTION

A well-known reflection theorem of Alan Dow (|[D88], [D91]) says that if every
subspace of cardinality < w; of a countably compact space X is metrizable, then
X is separable metrizable. The aim of this paper is to extend this result to the
non-separable case. It is easy to see (cf. the proof of Theorem 3.1) that Dow’s
theorem is equivalent to showing that if every subspace of cardinality < w; of a
countably compact space of density < w; has a point-countable base, then so does
X. It is shown that in this form of Dow’s theorem, countable compactness can
be dropped (Theorem 1.5). Theorem 1.5 also strengthens some results of Vaughan
and Hodel [HV], [V].

The paper is divided into four sections. In Section 1, we prove Theorem 1.5
mentioned above. In section 2 we prove analogous results for meta-Lindel6fness
(Theorem 2.4 and Corollary 2.7). The proofs also include an analysis that shows
that it is enough to make the hypotheses for special kinds of subspaces of cardinality
< wy we call thin-short (resp. thin or short). In Section 3, a number of corollaries
and applications are given. It is also pointed out that the results and the proofs
remain valid, word for word, if we replace wy with any regular cardinal x. Finally,
in Section 4, examples showing the sharpness of the results are given and open
questions are raised.

Our terminology and notation follow the standards of set-theory and set-theoretic
topology as used in [K] and [KV]. In particular, [H]*, [H]=" denote the family of
subsets of H of cardinality (< k).

By a space we mean regular Tj-space in this paper. “An elementary submodel
of H(A)” includes the assumption that A is big enough for the whole proof to take
place in H()).
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1290 ZOLTAN T. BALOGH

1. REFLECTING POINT-COUNTABLE BASES

Definition 1.1. A space Y is called short if |Y| < w; and Y is separable. Y is
thin if |Y| <w; and every separable subspace of Y is countable. Y is thin—short
if Y is the union of a thin and a short subspace. Y is thin or short if Y is either
thin or short.

Lemma 1.2. Let X be a space, and let D € [X]|S“t be such that X = J{A :
A € [D*}. Let My =0, and let (My)o<a<w, be a continuous e-chain of countable
elementary submodels of H(A) such that X, D and the topology T of X are all
elements of My. Suppose that there is a c.u.b. C C wy such that for every a €
C, TNM, contains a base at every point of X N M. Then X has a point-countable
base.

Proof. By passing to an increasing enumeration of C, we can assume without loss
of generality that C' = w;. Then for every § € wi, let us set
‘B[g = {U\XﬂMg U € ‘IﬂMg_;,_l}.

We will show that B = (J,,,, Bg is a point-countable base for X. To prove that
B is point-countable, let z € X. Set M = J,c,, Ma- Since D € My C M and
|D| < wi, it follows that D C X N M. Thus X = g, X N Mg, so there is a
B € wy such that x € X N Mp. Then z € B € B implies B € Ua<5 Ba.

To prove that B forms a base of X, let x € V € T, and pick the smallest o € wy
with z € X N M,. Note that by My =0, o > 1. We consider two cases.

Case 1. If a = B+ 1 is a successor ordinal, then by x € X N M, there is a
U € TN Mgy such that € U C V. Since « is minimal for z € X N M, it follows
that « ¢ X N Mp. Thus for B=U\XNMg € Bg C B wehavex € BCV.

Case 2. If « is a limit ordinal, then there isa U € TN M, such that z € U C V.
Since « is a limit, there is 3 < o such that U € TN Mg41.

By the minimality of «, it follows that ¢ X N Mg. Thus for B =U\X N Mg €
Bg CBwehavex e BCV.

Proposition 1.3. Suppose X is a space of density < w1 with topology T such that
every thin subspace of X 1is first countable, and let M be an elementary submodel
of H(\) with X, T € M. Then

(a) X is first-countable;

(b) TN M contains a base at every point of X N M.

Proof. (a) Let x € X. Pick a dense subspace D of X which is left-separated in
type < wy. Then Y = D U {z} is thin, so it is first countable. Since X is
regular, y(z, X) = x(z,Y) = w.

(b) Let z € X N M. Since there is a countable base V C T at z, there is such a
V € M. Since V is countable, V. C TN M.

Lemma 1.4. Suppose X is a space such that d(X) < wi and every thin-short
subspace of X has a point-countable base. Then for every separable subspace Z of
X, there is a countable family Z of open subsets of X such that Z contains a base
at every point of Z.

Proof. Let (My)a<r be a continuous e-chain of countable elementary submodels of
H (M) such that X, the topology T of X, Z and a countable dense subset A of Z are
all elements of My. Assume indirectly that there is no Z as in the Lemma. Then

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



REFLECTING POINT-COUNTABLE FAMILIES 1291

for every «a € wq, there is a zo, € Z N My41 such that TN M, does not form a local
base at z,. Note that Z3 = AU {z, : @ € w1} is a short subspace of X. Let D be
a dense subset of X\ Z which is left-separated in type < w;. Then Y = Z; U D is
a thin-short subspace, and therefore Y has a point-countable base B. Since 7 is
separable By = {B € B : BN Z; # 0} is countable and it contains a base in Y at
every point of Z. Since Y is dense By = {int(B) : B € B;} contains a base in X at
every point of Z. Let M = UQEW1 M,,. By Proposition 1.3, TN M contains a base
at every point of Z; C X N M. Thus there is a countable Bs C TN M such that
B3 contains a base at every point of Z;. Pick a € wy with By € TN M,. Then
T N M, contains a base at every point of Z, contrary to the definition of z, € Z;.

Theorem 1.5. Let X be a space with d(X) < wy and suppose that every thin-short
subspace of X has a point-countable base. Then X has a point-countable base.

Proof. Let (Ma)acw, be as in Lemma 1.2 and set M = |J,¢,, Ma. Recall that
X N'M is dense in X. By Proposition 1.3(a), (b), X is first countable (and thus,
t(z) = w) and TN M contains a base at every point of X N M. Assume indirectly
that X does not have a point-countable base. Then by Lemma 1.2, we can pick a
stationary S C wp such that for every o € S, there is a point z, € X N M, such
that T N M, does not contain a base at x,. Since X N My, TN M, € Myy1 we
can pick such z, € M,4+1. We will prove that

(%) B < o implies o ¢ X N Mp.

Indeed, by Lemma 1.4, there is a countable Z C T such that Z contains a base at
every point of Z = X N Mg. Since T,Z € M,, there is such a Z € M,. Since Z is
countable, Z C TN M,, so TN M, contains a base at every point of X N Mgz. Thus
Ty ¢ X N Mg.

Since X is first countable, it follows that X = X N M = J,_,, X N M,. Let us
take a subset L of X N M such that for every a € wy, L N M, is dense in X N M,
and (L\M,)NXNM,=0. Letusset Y = LU {x, : o € S}.

Next, let (Ny)yew, be another continuous e-chain of elementary submodels of
H(A) such that L, (Za)acw: s (Ma)acw, € No. Since {N,Nw1 : 7y € w1} is a cub.
subset of wy, there is a v € wy such that 6 = Ny Nw; € S. Let us introduce the
notation N = N,. Note that for every Ac M NN, ANM NN = AN M;s. Since
X, T e NonM Cc NNM, it follows that XNMNN = XNMgsand TNMNN = TNMs.
Thuszs € X N M NN and TNM NN does not contain a base at x5 in contradiction
with the following.

Claim. TN M N N contains a base at every point of E=XNMNNNY.

To prove the Claim note first that by (x), Y is a thin subspace of X. Thus Y
has a point-countable base.

Since Y is dense in X, this implies that there is a B C T such that B is point-
countable and contains a base (in X) at every point of Y. Since X,7,Y € Ng C N
we can pick and fix such a B € N.

Now let z € E and let V' 3 Z be an open set. Since z € Y there is a B; € B
such that Z € §; C V. By Proposition 1.3(b), there is a U € M N T such that
z € U C By. Finally, there is a By € B with z € Bo C U. Since z € XN M NN
and since by Y € N, Y N N is dense in X N M N N, it follows that there is a
y€ BiNB;NNNY. Since B,y € N,B, ={B € B:y € B} € N. By countability
of B, it follows that B, C N and thus B;, B € N. Since the statement “there is a
Ue MNT(By CU C By)” holds in H(A) and By, B, M NT € N, it follows that
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1292 ZOLTAN T. BALOGH

there issuch a U € M NTNN. Since z € U C V and V was an arbitrary open set
containing Z, we have proved the claim.

2. REFLECTING POINT-COUNTABLE COVERS

Lemma 2.1. Let X be a space, let D € [X]S%t with X = |J{A: A € [D]*} and
let U be an open cover of X. Let My = 0 and let (My)1<a<w, be a continuous
e-chain of elementary submodels of H(\) such that X, U, D € My. Suppose that for
c.u.b. many o € wy, UN M, covers X N M. Then U has a point-countable open
refinement.

The proof of Lemma 2.1 is very similar to that of Lemma 1.2 and is therefore
omitted.

Lemma 2.2. Let X be a space, let U be an open cover of X, and suppose that
for every short Y C X and every W C W with JUW DY there is an open partial
refinement B of W such that |JB DY and B is point-countable at every point of
Y. Then every separable subspace Z C X is covered by a countable Z C U.

Proof. Let (My)acw, be a continuous e-chain of elementary submodels of H(X) such
that X,U and a countable dense subset A of Z are all elements of M. Assume
indirectly that no countable Z C U covers Z. Then for every a € wq, there is a
point z, € Z\J(UNM,). Since Z, UN M, € M,+1 we can assume without loss of
generality that z, € My41. Let Y = AU {24 : @ € w1}. Note that Y is short and
that by Y € XN M, Y is covered by W = UNM. Thus there is a partial refinement
B of UNM such that [ JB DY and B is point-countable at every point of Y. Since
Y is separable, B is actually countable. Since B is a partial refinement of U N M,
there is a countable U; Cc UNM = Uaew1 UN M, such that [JU; D Y. Let o € wy
be such that U3 € UNM,. Then J(UNM,) DY contrary to zo ¢ Z\ J(UNM,).

Theorem 2.3. Let X be a space, let D € [X]S%t be such that X = [J{A : A €
[D¥}, and let U be an open cover of X. Suppose that for every thin or short
subspace Y and for every W C U with |JU DY, there is an open partial refinement
B of W such that |JB DY and B is point-countable at every point of Y. Then U
has a point-countable open refinement.

Proof. Let My = (), and let (M,)o<a<w, be a continuous e-chain of elementary
submodels of H(A) such that X,U, D and the topology 7 of X are elements of
M. Set M = M,. Since D € M; C M, it follows that D C M and
thus, X = U(XEW1 X N M,. Assume indirectly that U has no point-countable open
refinement. Then by Lemma 2.1, there is a stationary S C w; such that for every
a € S we can pick a point z, € X N M, N My4+1 which is not covered by U N M,.
We will prove that

(%) B <aefS implies z, ¢ X N Mg.

acwi

Indeed, by Proposition 2.2, there is a countable subfamily Z of U such that
XNMg C JZ. Since X N Mg, U € M,, there is such a Z € M,. Since Z is
countable, it follows that Z C TN M,. Thus J(UNM,) D X N Mg and () follows
as xo ¢ JUN M,).

Let us now take a subset L of X N M such that for every o € wy, L N M, is
dense in X N M, and (L\M,)NX NMy,=0. Set Y = LU{x,:a €S}
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Next, let (N,)yew, be another continuous e-chain of countable elementary sub-
models of H(X) such that L, (Za)acw: s (Ma)acw, € No. Since {N,Nwy : v €wi}isa
c.u.b. subset of wy, thereis a y € w; such that § = NyNw; € S. Let us set N = N,.
Note that for every A € MNN, ANMNN = ANM;. Since X, U € NonM C NNM,
it follows that XNMNN = XNMgsand UNMNN = UNMs. Thuszs e XN M NN
and UN M N N does not cover z5 in contradiction with the following.

Claim. JUNMNN)DXNMNNNY.

To prove the Claim, let E = X N M NNNY. Note first that by (%), Y is a
thin subspace of X. Thus there is a partial open refinement B of U N M such that
UB DY and B is point-countable at every point of Y.

Let z € E. Since |JB DY D E, we can pick a B € B with z € B. Note that
since L is dense in X "M and L, X N M € N, it follows that L N N is dense in
XNMNN. Since z € X N M N N, it follows that there is a point y € BNLNN. Since
y, Be N, B, ={B € B:yec B} €N and since B, is countable, B € B, C N,
i.e. B € N. Since B is a partial refinement of U N M, there is a U € U N M such
that B C U. Since B, U € N, there is such a U € UN M N N. We thus conclude
that z € JUNMNN).

Theorem 2.4. Let X be a space with a D € [X]|S%1 such that X = |J{A: A €
[D]“}. Suppose that every thin or short subspace of X is meta-Lindeldf. Then X
is hereditarily meta-Lindelof.

Proof. Theorem 2.4 follows directly from Theorem 2.3. |

Theorem 2.5. Let X be a space with a D € [X]|S%1 such that X = |J{A: A €
[D]“}, and let U be an open cover of X of cardinality wi. Suppose that for every
thin or small Y C X there is a partial open refinement B of U such that | JB DY
and B is point-countable at every point of Y. Then U has a point-countable open
refinement.

Proof. The proof of Theorem 2.5 is obtained from the proof of Theorem 2.3 by
noting that if |U| = wy, then UN M = U. O

Definition 2.6. Y C X is meta-Lindel6f in X, if for every open cover U of X,
there is a point-countable relatively open cover H of Y that is a partial refinement
of U.

Corollary 2.7. Suppose that X is a space with a D € [X]S*' such that X =
U{A : A € [D]*} and L(X) = wy. Suppose that every thin or small Y C X is
meta-Lindeldf in X.

Then X is meta-Lindelof.

3. COROLLARIES AND APPLICATION

Theorem 3.1. Let P be a closed hereditary property such that for space with prop-
erty P having a point-countable base implies having a countable base. Let X be a
space with property P such that every thin-short subspace of X has a point-countable
base. Then X is a separable metrizable space.

Proof. If d(X) < wy, then by Theorem 1.5, X has a point-countable base and is,
therefore, second countable.

If d(X) > wo, then let Z be a closed subspace with d(Z) = w1. Then by Theorem
1.5, Z is second countable, contradicting d(Z) = w;. O
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1294 ZOLTAN T. BALOGH

Corollary 3.2. Suppose X is any one of the following kinds of spaces: (a) count-
ably compact; (b) Lindeldf p-space. Suppose further that every thin-short subspace
of X has a point-countable base. Then X is a separable metrizable space.

Corollary 3.2.1 (Dow, [D88], [D91]). If X is a countably compact space and every
subspace of cardinality < wy of X has a point-countable base, then X is separable
metrizable.

Corollary 3.2.2 (Vaughan, [V]). If X has a conditionally compact dense subspace
and every subspace of cardinality < wy of X has a point-countable base, then X is
separable metrizable.

Corollary 3.3 (Hodel and Vaughan, [HV]). If d(X) < w1 and every subspace of
cardinality < w1 of X has a point-countable base, then w(X) < wy.

Theorem 3.4. Suppose d(X) < w;y and X is one of the following kinds of spaces:
(a) locally compact; (b) a paracompact p-space. Suppose that every thin-short sub-
space of X has a point-countable base. Then X is metrizable.

Proof. By Theorem 1.5, X has a point-countable base which in the given classes of
spaces implies metrizability.

Remark. It is a fascinating question whether d(X) = w; can be dropped from
Theorem 3.4. For the locally compact case, this is independent of ZFC (see Example
4.4 and Theorem 4.3).

One type of potential application of the reflection theorems in this paper is to
use forcing or Martin’s Axiom to prove that all “small” subspaces are “good” and
then use reflection to conclude that the whole space is. From this point of view it is
worthwhile to see how Theorem 2.4 plugs in to reprove a result from [B] (Theorem
3.6), even if it only saves a pressing down argument. We need the following result
first.

Lemma 3.5 ([B83]). Assume M A(w1). Suppose thatY is a locally countable sub-
space of size wi in a compact space of countable tightness. Then Y is the union of
countably many discrete subspaces.

Theorem 3.6 (|B83]). Assume MA(w1). Let X be a locally hereditarily separable,
hereditarily collectionwise Hausdorff subspace of a countably tight compact space.
Then X is paracompact.

Proof. We will show first that every separable subspace Z of X is hereditarily Lin-
delof. Otherwise Z contains a locally countable subspace Y of size wi. By Theorem
3.5, Y has an uncountable discrete subspace which by hereditarily collectionwise
Hausdorff contradicts separability of Z.

We conclude that all short subspaces are (hereditarily) Lindel6f. Next, let Y be
a thin subspace of X. Since X is locally hereditarily separable, it follows that Y
is locally countable. Thus Y is the union of countably many discrete subspaces,
and by hereditarily collectionwise Hausdorff, Y is meta-Lindelof. Finally a locally
hereditarily separable, hereditarily collectionwise Hausdorff space has density < w,
(IB83]), so Theorem 2.5 applies to conclude that X is meta-Lindel6f. In locally
separable spaces, this implies paracompact.

By substituting < k in place of w and « in place of w; we can repeat, word for
word, the proofs in the first two sections to obtain the following results. Let us
say that a family of sets is point-< &, if no point is in > x members.
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Theorem 3.7. Let k > w1 be a regular cardinal. Let X be a space with d(X) < k
and suppose that every subspace of X of cardinality < k has a point-< k base. Then
X has a point-< Kk base.

Let us say that X is meta-< x-Lindeldf if every open cover has a point-< &
open refinement.

Theorem 3.8. Let k > wy be a reqular cardinal. Let X be a space with a subset D
of cardinality < k such that X = |J{A : A € [D]<*}. Suppose that every subspace
of X of cardinality < rk is meta-< k-Lindelof. Then X is hereditarily meta-< k-
Lindeldf.

4. EXAMPLES AND QUESTIONS

Example 4.1. Let X = wy+1, and equip X with the following topology: (a) every
a € wy is isolated; (b) an open neighborhood base for wy is { X\ : @ € we}. Then
every subspace of size w1 of X is discrete, but X does not have a point-countable
base. This example shows that in Theorem 1.5, d(X) = w; cannot be dropped.

Example 4.2. It is consistent to assume ([KV], p. 864) that there is an S C {a €
ws : cf(a)) = w} which stationary in wsy, but S N « is non-stationary for every limit
ordinal & < wy. Then every subspace of cardinality < w; of S has a point-countable
base, but by the Pressing Down Lemma, S does not. This shows that even in first
countable spaces, d(X) = w; cannot be dropped from Theorem 1.5.

One can ask whether d(X) = w; can be removed from Theorem 3.4. The answer
is consistently “yes” for locally compact spaces.

Theorem 4.3 ([B]). Under Aziom R, if every subspace Y € [X]=*' of a locally
compact space X has a point-countable base, then X is metrizable.

On the other hand, the answer is “no” in some other models of set theory.

Example 4.4. S. Shelah [S| gave a consistent example of a locally compact normal
Moore space X which is < wy-collectionwise Hausdorff but not ws-collectionwise
Hausdorff. These properties imply that every subspace of size < w; of X has a
point-countable base, but X does not.

Example 4.5. Let (H;);c; be a maximal uncountable family of uncountable sub-
sets of wy such that ¢ # j in I implies that H; N H; is countable. Pick I so
that 7 Nw; = 0 and note that by maximality, |I| > ws. Let us consider the
space X with underlying set I U w;, each point in w; isolated and each i € [
having ¥; = {H;\E : E € [w1]“} as an open neighborhood basis. Then X is a
zero-dimensional Th-space, each subspace Y € [X]“* is meta-Lindeldf (even ultra-
paracompact), but X is not meta-Lindelof, because d(X) = wy and L(X) > ws.

Thus in Theorem 2.4 we cannot relax “X = (J{A : A € [D]*} for some D €
[X]591” to d(X) = wi.

Example 4.6. Assume that 2“ > wy. Let A be a countable dense subset of the
Tychonoff cube I¥2. By the Tychonoff Embedding Theorem, I“?> contains a copy
of the ordinal space wy that we will also denote by ws. Consider the subspace
X = AUws of I*2. Then every Y € [X]*" is meta-Lindel6f (even Lindel6f) in X,
d(X) = w and yet X is not meta-Lindeldf.

This example shows that L(X) = w; cannot be dropped from Corollary 2.7.
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Question 4.7. Is it consistent that if X is a first countable space and every Y €
[X]=“1 has a point-countable base, then X has a point-countable base?
By Example 4.2, consistency is the best we can hope for.

Question 4.8. Suppose X is a paracompact p-space and every Y € [X]=“1 has a
point-countable base. Is X metrizable?
By Theorem 3.4, the answer is yes, if d(X) = ws.

Question 4.9. Suppose X is a Lindelof space, and every Y € [X]“* has a point-
countable base. Does X have a point-countable base?

Question 4.10. Is it consistent that if X is a first countable space and every
Y € [X]=“1 is meta-Lindeldf, then X is meta-Lindelsf?
Again by Example 4.2, consistency is the best to expect.

Question 4.11. Suppose d(X) < w; and every Y € [X]|=%1 is submeta-Lindelof.
Is X submeta-Lindelof?
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