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CAPACITY ESTIMATES
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(Communicated by Juha M. Heinonen)

ABSTRACT. The relationships between certain Sobolev-Orlicz capacities are
worked out. This, in particular, determines their null sets.

1. INTRODUCTION

Several versions of a capacity for the Sobolev-Orlicz space, with the derivatives
belonging to the Orlicz space LP(log(e 4+ L))?, have recently appeared in litera-
ture. A first version appeared in [AB94] and then in [Kuz00], and most recently
by the authors themselves, [AHOI]. The purpose of this note is to determine all
the relationships between these various versions—this means not only relationships
between their null sets, but also any a priori inequalities. These occur as Theorems
23, and We also attempt to compute, asymptotically, the capacities of a
ball B"(zg,r) C Euclidean R", as a function of r — 0 (Corollary 212). Finally,
we prove a simple comparison theorem (Theorem [£4]) which differs from that of
[AH99, Theorem 5.5.1(d)] in that we do not remain on the critical case unless § = 0.

1.1. Preliminaries. Throughout the paper, the letter C' will denote various con-
stants which may differ from one formula to the next even within a single string
of estimates. In general we make no attempt to obtain the best values for these
constants. The notation ~ means ‘is comparable to’, i.e. the ratio of the two quan-
tities is bounded above and below by finite positive constants. By G, we denote
the Bessel kernel with o > 0. For the properties of Bessel potentials we refer to
[AH99, 1.2].

2. Ba.o(E) AND P, 4(E)-CAPACITIES

The goal is to determine a relationship between the following capacities.

2.1. Definition. Let ap = n. For any £ C B™(0, Ry)

Bu.o(E) = inf{/(b(f)dx  F(2) > 0,(Ga % f)(@) > 17 € E}
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1160 D. R. ADAMS AND R. HURRI-SYRJANEN
and

Pa.a(E) = f{[[fllzs : f(2) 2 0,(Gax f)(z) > 1,z € E}

where ||f||z» < oo is the Luxemburg norm on L*, [BS8S8, Definitions 4.8.2, 4.8.6
and 4.8.10] and ®(t) = tP(log(e +1))?,0 < 6 < p—1,ap = n. We will write
® =@, 4, when p, 0 are fixed.

The main idea is to use the rearrangement equivalent norm for || f||z=, i.e.

(2.2) ||f||m~{/ £ ()P (log * )dt}”p,

[BS88|, Definition 4.6.11, Lemma 4.6.12 and Corollary 1.1.9], and write

1/p
Poo(E) ~ mf{/ @) (log - ) } .

Also, by [BS88, Proposition 2.1.8], we can write

Bao(E ~mf/ (0P (loge + £7(1)))° dt

as an alternative description of the capacity Bq,e(E) in terms of the decreas-
ing rearrangement f*, that is, a decreasing positive function defined on (0,e~2),
equimeasurable with f, [BS88, Definition 2.1.5]. In fact, in [BS88, Proposition
2.1.8] the equivalence is proved only for ®(t) = t*, but the equivalence follows for
®(t) = tP(log(e+1))? in the same way and the upper limit can be chosen to be e~2,
since we always have E C B™(0, Ry) where B"(0, Ry) is a fixed ball.

2.3. Theorem. Let E C B™(0,Ro) be any set, 0 < 6 < p— 1. Then for all
p=mn/a> 1, there is a constant C' depending only on n, p, and Ry such that

1

—6
%T(E)] < Bao(E) < CPao(E)

(2.4) C™'Paa(E)P {log

or

0/p
1

(2.5) C7'Baa(E)Y? <P, s(E) < CByo(E)/P [log 7(E)] ,
a,P

whenever Po,a(E) < 1/e.
2.6. Corollary. Capacities Bo,e and Pq,o have the same null sets.

Proof. For Theorem [2.3] we write

(2.7) / £ log) dt =: NP

and

(2.8) / (1) og(e + £*(1)))” dt = MP.

C. Bennett and R. Sharpley show that these norms are simultaneously finite, [BS88|
Lemmata 4.6.12 and 4.6.2], but we need more, namely that one is bounded by a
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constant multiple of the other. As f* is decreasing, we have for all ¢ € (0,e~?)

FH ()P (log > 1og /ds

/ £*(s)P(log - )ds—Np

This means

1
(log )~ o/v,

0 <

and inserting this into (2.8)
M”—/ ()P (log(e + f*(1)))? at
/ FH ()P (log(2¢)) dt+/ £ ()P (log(2f* () dt
0
SC’N”+/ f*(t)”L;log—+log2N—gloglog%]

o P loglog X1’
Ny / - ( log _) {Hm(my) _Hogo?} < CNP
log 3 log ¢

by (Z7)). Hence,
(2.9) Ba,a(E)/? < CPaa(E).

Next we find an upper bound for P, ¢(E) . Setting A = ||f||,+ where f is a test
function for the capacity Pu,¢(E), then for A < 1/e

1~/<@>p[1og(e+@)rdx

<A p/f [1og 6+Af(x))rda:

< O (log 5 /f” Jdz + CA~ ”/f P(log(e + f()))! do
SC)\_p(logX) /@(f)dx.

This implies
-6

for arbitrary f, and thus

1 —0/p
(2.10) Poa(E) [log m] < CBaa(E)YP.

Hence, combining with (29) yields

1 :|9/p

“1Baa(E)/P <Py a(E) < CBao(E)YP |1
C™ Baa(E)/'? < Paa(E) < CBaa(E) %8B 2 (E)
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1162 D. R. ADAMS AND R. HURRI-SYRJANEN

for all p > 1. On the other hand, (Z9) and (2I0) directly imply

1 -0
— < Boo(E) < CPqo(E)P
| < Baa(B) < CPaolE)

for all p > 1. O

C™'Pya(E)P [bg

Now we calculate the capacity Pa.o(B™(z0,7)).

2.11. Theorem. Let B"(xg,r) C B™(0, Ry) be a ball with a center xo and radius
r>0. Let p=n/a > 1. Then for sufficiently small r

1
Pa,a,,_ . (B"(x0,7)) ~ (loglog ;)(1—10)/1)
and

1
P“vq’p,e (Bn (.130, T)) ~ (IOg ;)(17p+9)/p
when 0 <0 <p—1.
Proof. 1f ®(t) = t*(log(e + t))? ,ap = n, then ®(t) ~ t* (log(e + t))~%'/7 p' =
p/(p—1), is the conjugate Young function. We want to obtain an upper bound on
|[Io * p|| & with du = x B, dx, where B, = B"(0,r) and I, ~ |z|*"™ is the Riesz
kernel. From [BS&S, Definition 4.6.11, Lemma 4.6.12 and Corollary 1.1.9]

1/2 P’ 1 , 1/p’
1~ [/ <(Ia * XBT)*(t)> (log E)fep /e dt] .
0

By definition f**(t) = %fot f*(s)ds. By (1.8.10) in [Zie89] and O’Neil’s inequality,
[Zie89] Lemma 1.8.8],

(Lo * xB,)"(t) < (Lo * xB,)""(t) = tIJ"()XE, (1) + /too 15(5)xp,(s) ds .

Since I (t) ~ IX*(t) ~ to/m1

||Ia * XB,.

(1) 1, t<r",
XB. 0, otherwise,
and
o>t
A t )
XB,,.() {1, t<
we have

(Lo * xB,)" (1),

to/n=lpn p s g0
<i (7 ) Y
o {ro‘ t<rm.

)

Let ®(t) = @, 4(t) and ®(t) = @ _gpr/p(t) with 0 < 6 < p — 1. Hence

n 1/2

’ r / 1 ’ /
L ~/ P (log =)~/ dt 4 P /
L 0 t

rn

$le/n=1)p (log %)7011'/13 dt

||Ia * XB,.

/ 1 ’ 1 ’ ’ 1 ’ ’
~ 1% (log H)—Op /Prm 4 (log ;)1—9p /Pprr’ < C(log ;)1—911 /pynp’
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CAPACITY ESTIMATES 1163

Note that from the work of N. Aissaoui and A. Benkirane, [Ais95], [AB94], we have
Po,a(E) =sup{||v|| :sptv C E and ||Gq *v|| s < 1},
for all E C B™(0, Rp). So set

dv = Xs, dr :
r”(log %)1/11/*9/177

then ||I, * V||, & < 1 implies

Pao,a(B" (w0,7)) > C(log %)_1/1’49/1).
Next, we obtain an upper bound

Pa,a(B"(z0,7)) < C(log %)*1/P'+9/p

by choosing f(y) = |y|~*(log ﬁ)’(’p//” when 2r < |y| < 1/2 and f(y) = 0 other-
wise. When |z| < r and r < |y|/2, then |z —y| > |y|/2, and

1 ,
(1< )~ | | — g1y (log —) %'/ dy
2r<|y|<1/2 |y|
a—n|, |—a L. ¢ '/
<C ly|* " |y|~“(log — )P /P dy
2r<|y|<1/2 |y|
1/2 1 , d 1 1_910//1’
< c/ (log =)' /P 2P < C(log—) .
, p p T

So, when ap = n,
1/2 1 , p 1 dt
||f||i«b < C/ [t_a(log g)_al’ /ZD] (10g Z)atn_

2r

t

1/2

~ / (log 1)9(1—#) dt
o t t

1 /
~ (log ;)He(kp )
Thus, for a ball B"(xg, ),
Pea (B (20,7) < Oflog 1) /17 fl| s < Cllog ) #+0/r.
The case § = p — 1 is similar, giving the double logarithm. O
From Theorems 2.3] and [2.11] we have

2.12. Corollary. Let B"(xo,r) C B"(0, Roy) be a ball with sufficiently small radius
r >0, and p=n/a > 1. Then there is a constant C depending only on n, p and
Ry such that

1 1 1
Cil(log log ;)1*p(logloglog ;)1*” < Ba,® (B™(z,7)) < C(loglog ;)177)

p,p—1

and
1 1 1
C™H(log —)! 7" (loglog )™ < Ba,a, ,(B" (w0,7)) < C(log —)'~"**

foro<O<p-—1.
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1164 D. R. ADAMS AND R. HURRI-SYRJANEN

2.13. Remark. For a ball B™(xq,r) C B™(0, Ry) with sufficiently small r, by [AH01]
Theorem 3.1] we have By ¢, ,_,(B"(z0,7)) ~ (loglog 2)!~" and Bi¢, ,(B™(z0,T))
~ (10g%)1_”+9 for 0 < 6 < n—1. A similar result for the higher order case is
unknown. Note that notation in [AHOI] is different.

3. KUZNETSOV’S CAPACITY

In the paper by S. Kuznetsov, [Kuz00], concerning removable singularities for
L(u) = ®(u), where L is a second order elliptic differential operator and ® is an
increasing convex function with ®(0) = 0, the capacity with a = 2 is

b, 5(E) =sup{||v|| :sptv C E and /&J(Ga xv) <1}

a7

here ® and ® are conjugate Young functions.
3.1. Remark. If we define
Koo(E) =inf{||f|lge : f>0and I, *f >1on E}
and
Ryo(E) = inf{/@(f)dx :f>0and I, * f >1on E},
where I, is the Riesz kernel with 0 < o < n, then
Ka,a(E) ~ Pas(E)
and
Ra,¢(E) ~ Ba,o(E)
for all sets E C B"(0, Ry) where B™(0, Ry) is a fixed ball.
From the work of N. Aissaoui and A. Benkirane, [Ais95], [AB94],
Po,o(E) =sup{||v|| :sptv C E and |G *v|| s < 1},
for all E C B™(0, Rp). This leads to
3.2. Theorem. Let E C B™(0,Ry). Then
bo.5(E) ~ Pa,o(E).

Proof. The argument is similar to that of Theorem 2.3] but we provide the details
for the convenience of the reader. We have ®(t) ~ t” (log(e + 1)) %'/ as t — oc;

P =p/(p—1). By D), [|[Is * V|| s <1 yields
, 1 , 1/p’
C’([(I(y «v)* ()] (log Z)—Gp /pt> <|Ha*v||pe <1.
If we write ||Io * V||, s = N*, then

(Io xv)*(t) < W(log =)0/
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CAPACITY ESTIMATES 1165

Hence, for N* <1,

/i)(la *v)dr ~ /0 [(Io * V)*(t)]pl [log(e + (I, * y)*(t))]—ap’/p dt

>/1[(I *V)*(t)]p/[llo 1—10 ! +Q10 lo l]*9”//”dt
> | s o logy —log o 4 loglog 5

1 , 1 .. [1  #loglogt —0p'/p
> I*V*tplo—_ap/”[——i——it} dt
> [ es vy Gos gy | - 2

> L+ v

Thus

/é(za £ ) > OllLa + ][y
and so
(3.3) Po,a(E) > Cb, 4(E).

To go the other way: Let X\ = ||g]|, 4,

To have .
(log X)—ap'/p <1,

we assume A < e~ !. Hence,

P’ —0p’/p
g g
> 7 7
C> /()\) {log(e—i— )\)] dx
g

. /<§)p/ [10g(e—>|: )} —azo’/zodJU

, 1 , 11 —0p'/p
= A" (log X)*GP /p/gp [ Oigl(()eg_i 9) + 1] dz
)
/ 1 ’ / 76p//p
> CA7? (log X)_ep /”/g” {log(e —|—g)] dx .

Thus
b 4 —0p"/p 4 L\
(9)dz ~ [ g* (log(e + g)) dz < CI | log 3 .
So if g = (I, * v), then

. , 9 op'/p
®(I, xv)dx < O\, *l/p~(10 7> .
/ (0’ ) — || @ ||L<I> g“I(y*V”L&)
Let v be the capacity extremal for P, ¢, i.e. the measure that gives equality
V]| = Pao.a(E).
For such a measure, one must have

[ Ia * V|| e =1.
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1166 D. R. ADAMS AND R. HURRI-SYRJANEN

Thus, for p = Cv with sufficiently small C' > 0, we have

_ , 2 epl/p
O(I, * p)dx < Cl|I, * p-<1o 7> <1,
[t sy e < YL« s (108 7 e
SO
(3.4) b (E) = Ilull = CPus(E).

Hence, by (B3) and (34
bo.5(E) ~ Paa(E)
where ® and ® are conjugate Young functions. O
Thus combining Theorems and [3.2]
3.5. Theorem. Let E C B™(0,Ry) and ap =n. Then
Ba,ao(E)'/P < Cb, 4(E).

The reverse inequality is well known when 6 = 0, but open for 6 > 0.

4. A COMPARISON THEOREM
For comparison results to ba, ¢, , with different values of a,p and 6, a Sobolev
inequality for the function ®(t) = t"(log(e +¢))", ar =n, 0 <n < r —1, is needed.
We state the Sobolev inequality which might be of independent interest.

4.1. Theorem. Let r* = nL with ar <n and let 0 < n <r —1.Then

(4.2) |Ga * fllLr (og(e+Lyym=/r < ClF | Lr(og(et+ L)) -

The inequality follows by using Hedberg’s method, [Hed72|. Also, it agrees with
the Orlicz-Sobolev inequality of R. A. Adams, [AdaT75], when « is a positive integer.
4.3. Remark. We agree on the following notation bq p.¢(E) = ba,o(E) when ®(t) =
D, 4(t) = tP(log(e +1))°.

4.4. Theorem. Let E C B"(0,Rp). Let « > 8, 1 < p < q, ap = g = n, and
0<0<p-—1. Then

bg,q:0(E) < Cb,, 00 (E).

.9p
P

Proof. The dual space for L?(log(e 4+ L))° is L? (log(e + L))~%/®=1 and the dual
space for L4(log(e + L))? is LY (log(e+ L))~%/@@=1Y_ Thus by (), we have for any
measure v

G V||L<q’>*(1og(e+L))—e<q/)*/<<q—1>q'>

= [|Ga—p * (Gg * V)||L<q'>*(10g(e+L))—e(q'>*/<<q—1>q'>

< C||Gg * V||Lq'(log(e+L))—9/(q—1) .

Since ap = Bq = n, we get (¢')* = p’. Here, in order to get § in terms of p, ¢, 0, we

set —p%l = —(qfﬁ, which implies § = %. Thus, by Theorem [3:2]
bs.40(E) < b, 00 (E)
for some constant independent of E. 0
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CAPACITY ESTIMATES 1167

4.5. Remark. Now since a-potentials of functions in L”(log(e + L))? with ap = n
spaces are only embedded in the continuous functions when 6 > p — 1 and not
when 6 < p— 1, we notice that the capacity at the extreme case does not dominate
another such capacity, i.e.

(4.6) bﬁ,q;p% (E) < Cbapip-1(E),

and ﬁ < q—1, since g > p. Thus the right side of [8), at the critical case p — 1,

does not dominate the critical case ¢ — 1 on the left-hand side. Hence, one stays on
the critical case only when 6 = 0, [AH99, Theorem 5.5.1. (d)].
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