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ON A THEOREM OF R. STEINBERG
ON RINGS OF COINVARIANTS

LARRY SMITH

(Communicated by Wolmer V. Vasconcelos)

Abstract. Let ρ : G ↪→ GL(n,F) be a representation of a finite group G
over the field F. Denote by F[V ] the algebra of polynomial functions on the
vector space V = Fn. The group G acts on V and hence also on F[V ]. The
algebra of coinvariants is F[V ]G = F[V ]/h(G), where h(G) ⊂ F[V ] is the ideal
generated by all the homogeneous G-invariant forms of strictly positive degree.
If the field F has characteristic zero, then R. Steinberg has shown (this is the
formulation of R. Kane) that F[V ]G is a Poincaré duality algebra if and only if
G is a pseudoreflection group. In this note we explore the situation for fields
of nonzero characteristic. We prove an analogue of Steinberg’s theorem for the
case n = 2 and give a counterexample in the modular case when n = 4.

For a representation ρ : G ↪→GL(n,F) of a finite group G over the field F denote
by F[V ] the algebra of polynomial functions on the vector space V = Fn. The group
G acts on V and hence also on F[V ]. The algebra of coinvariants associated to
ρ is the algebra F[V ]G = F[V ]/h(G), where h(G) ⊂ F[V ] is the Hilbert ideal, i.e.,
the ideal in F[V ] generated by all the homogeneous G-invariant forms of strictly
positive degree. (As a general reference for invariant theory we use [10].) In the
discussion of coinvariants the following definition has proven useful.

Definition. Let H be a commutative graded connected algebra over a field F. We
say that H is a Poincaré duality algebra of formal dimension d if:
• Hi = 0 for i > d,
• dimF(Hd) = 1,
• the pairing Hi ⊗Hd−i−→Hd given by multiplication is nonsingular, i.e., an

element a ∈ Hi is zero if and only if a · b = 0 ∈ Hd for all b ∈ Hd−i.
If H is a Poincaré duality algebra of dimension d, a nonzero element [H ] in Hd is
referred to as a fundamental class for H . We write f − dim(H) for the formal
dimension of H .

The notion of Poincaré duality comes from the study of closed manifolds in
algebraic topology, and goes back at least to H. Poincaré; see e.g., [6] Section
69. The cohomology of a closed oriented manifold with field coefficients is the
prototypical example of a Poincaré duality algebra. In this note we are concerned
with the problem of determining under what conditions F[V ]G is a Poincaré duality
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algebra. For further results concerning Poincaré duality quotient algebras of F[V ],
with some surprising connections to algebraic topology, see [4].

The portion of Theorem 1.3 of R. Steinberg [11] referred to in the title may
be formulated following R. Kane [2] as follows: If the field F has characteristic
zero, then F[V ]G is a Poincaré duality algebra if and only if G is a pseudoreflection
group. Pseudoreflection groups have played a central role in invariant theory all
along. Since the papers of G. C. Shephard and J. A. Todd [9] and J.-P. Serre [8] it is
known that in the nonmodular case these are the groups whose rings of polynomial
invariants are again polynomial algebras.

In this note we explore the situation over fields of nonzero characteristic. We
prove an analogue of Steinberg’s theorem for the case n = 2, a partial result for
n = 3, and give a counterexample in the modular case when n = 4.

The essential tools we need for the the degree two case are:
• an elegant application of a theorem of J.-P. Serre [7] by W. Vasconcelos [12],
• an ancient argument due to D. Hilbert [1],
• and a very special property of rings of invariants in the degree two case which

seems not to have been observed before.
The result of W. Vasconcelos, [12], Proposition 2.4, in our case runs as follows.

Proposition 1 (W. Vasconcelos). Let F be a field and I an F[x, y]-primary irre-
ducible ideal. Then I is generated by two elements which form a regular sequence
in F[x, y].

The relevance of this result for our problem is the following observation.

Lemma 2. Let H be a Poincaré duality algebra over the field F. Assume that
H ∼= F[V ]/I for some finite dimensional vector space V over F. Then I ⊂ F[V ] is
an irreducible F[V ]-primary ideal.

Proof. Let [H ] ∈ Hd be a fundamental class. The vector space spanned by [H ] is
the unique nonzero minimal ideal of H . This means that I has a unique minimal
proper over ideal and therefore I is irreducible (see e.g. [13] Chapter IV Section
16).

We next record a very special property of rings of invariants in degree two.

Proposition 3. Let ρ : G ↪→GL(2,F) be a representation of a finite group over
the field F. Then the inclusion i : F[x, y]G ↪→F[x, y] is split by an F[x, y]G-module
homomorphism.

Proof. If F has characteristic prime to the order of the group, the splitting may be
obtained from the transfer homomorphism TrG : F[x, y]−→F[x, y]G by dividing by
the order of the group [10], Section 2.4. Otherwise, let P = Sylp(G) be a p-Sylow
subgroup of G. Up to conjugation ρ(P ) is a finite subgroup of

Uni(2,F) =
{[

1 λ
0 1

]∣∣∣∣λ ∈ R}
so ρ(P ) is a Landweber-Stong group; see [10], Section 8.2. Hence F[x, y]P is a
polynomial algebra and F[x, y] is a free F[x, y]P -module, loc.cit. Therefore there
exists an F[x, y]P -module splitting

π : F[x, y]−→F[x, y]P
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to the inclusion F[x, y]P ↪→F[x, y]. The composition with the relative transfer TrGP ,
viz.,

F[x, y] π−→F[x, y]P
TrGP−−−−−→F[x, y]G

when restricted to F[x, y]G is multiplication by the index |G : P | of P = SylP (G)
in G which is prime to p, so dividing by |G : P | gives the desired splitting.

The next result is the analog of R. Steinberg’s theorem in the degree two case.

Theorem 4. Let ρ : G ↪→GL(2,F) be a representation of a finite group G over the
field F. If F[x, y]G is a Poincaré duality algebra, then it is a complete intersection
and the Hilbert ideal h(G) is generated by two invariant forms f, h ∈ F[x, y]G which
form a regular sequence in F[x, y], and F[x, y]G = F[f, h] is a polynomial algebra so
G is generated by pseudoreflections.

Proof. If F[x, y]G is a Poincaré duality algebra, then the Hilbert ideal h(G) ⊂
F[x, y] is an irreducible F[x, y]-primary ideal so by W. Vasconcelos’ Proposition [12],
Proposition 2.4 (quoted here as Proposition 1), the Hilbert ideal h(G) is generated
by two forms f, h that form a regular sequence in F[x, y]. If we suppose that
deg(f) ≤ deg(h), then for degree reasons we have f ∈ F[x, y]G. We claim that
it is possible to choose h ∈ F[x, y]G also. Granted this we may complete the
proof by using an argument of D. Hilbert [1] as follows: By Proposition 2 there
is an F[x, y]G-module homomorphism σ : F[x, y]−→F[x, y]G splitting the inclusion
F[x, y]G ⊆ F[x, y]. Let d ∈ N be the smallest integer for which there is an invariant
form of strictly positive degree. For degree reasons F[x, y]G and F[f, h] agree in
degree d. Suppose that we have shown that F[x, y]Gk = F[f, h]k for d ≤ k < ` and
let F ∈ F[x, y]G` be an invariant form of degree `. Since F ∈ h(G) we may write
F = Φf + Ψh with Φ,Ψ ∈ F[x, y] forms of positive degree. If we apply σ to this
equation, then, since F , f , and h are G-invariant we get F = σ(Φ)f + σ(Ψ)h. The
forms σ(Φ) and σ(Ψ) are G-invariant and have degree strictly less than `, so by the
inductive hypothesis belong to F[f, h]. Hence so does F . Thus F[x, y]G = F[f, h]
is a polynomial algebra and therefore ρ(G) is generated by pseudoreflections by a
theorem of J.-P. Serre [8].

So it remains to show that we may choose h to be a G-invariant form. Choose
a minimal set of algebra generators f = φ1, φ2, . . . , φm ∈ F[x, y]G for F[x, y]G, with
deg(φ1) ≤ deg(φ2) ≤ · · · ≤ deg(φm). Suppose that deg(φ2) < deg(h). Then,
since φ2 ∈ h(G) = (f, h) we must have for degree reasons that φ2 = f2 · f for
some f2 ∈ F[x, y]. Since φ2 and f are invariant so is f2, but this contradicts the
indecomposability of φ2. Therefore deg(h) ≤ deg(φ2) ≤ · · · ≤ deg(φm) and, since
h ∈ h(G), we may write

h = h1φ1 + h2φ2 + · · ·+ hkφk

where deg(φ2) = · · · = deg(φk) = deg(h). If we set

φ = h− h1φ1 = h2φ2 + · · ·+ hkφk,

then φ ≡ hmod(f) so h(G) = (f, φ), f, φ ∈ F[x, y] a regular sequence. Moreover
h2, . . . , hk are scalars since they are of degree zero, and therefore φ is an F-linear
combination of the invariant forms φ2, . . . , φk so φ ∈ F[x, y]G, which shows that h
may be chosen to be a G-invariant form, and completes the proof.
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If P ↪→GL(n,F) is a representation of a finite p-group over the field F of char-
acteristic p, then the action of P on the space of linear forms always has a nonzero
fixed point. If 0 6= z ∈ (V ∗)P is such a fixed point, then

F[V ]P =
F[V ]
h(P )

∼=
F[V ]/(z)
h(P )/(z)

.

So, for n = 3 the coinvariants F[x, y, z]P are actually a quotient of F[x, y]. Hence
Vasconcelos’ proposition [12], Proposition 2.4 (quoted here as Proposition 1), shows
that if F[x, y, z]P is a Poincaré duality algebra, then h(P ) is generated by three
elements that form a regular sequence in F[x, y, z] and F[x, y, z]P is a complete
intersection. Hence we have shown

Corollary 5. If P ↪→GL(3,F) is a representation of a finite p-group over the field
F of characteristic p and F[x, y, z]P is a Poincaré duality algebra, then h(P ) is
generated by three elements that form a regular sequence in F[x, y, z].

Therefore for p-groups the first degree in which Steinberg’s Theorem can fail,
even in the weak sense that the Hilbert ideal fails to be generated by a regular
sequence, is degree four, and in degree four Steinberg’s Theorem fails in this weak
sense for the vector invariants of Z/2 over F2. This much-used example has a num-
ber of other interesting properties in this connection that we then briefly indicate.

Example. Consider the permutation representation of Z/2 on the set XY(2) =
{x1, y1, x2, y2} where the nonidentity element of Z/2 acts on XY(2) by simultaneous
interchange of x1, x2 with y1, y2, i.e., if τ ∈ Z/2 is the nonidentity element, then

τ(xi) = yi for i = 1, 2, and

τ(yj) = xj for j = 1, 2.

We consider this permutation representation as defining a linear representation of
Z/2 ↪→GL(4,F2) of degree 4 over the Galois field F2 with 2 elements. The ring of
invariants F2[XY(2)]Z/2 is known (see e.g., [10], Chapter IV, Section 3, Example 4);
it is generated by five polynomials

x1 + y1, x1y1, x2 + y2x2y2, x1y2 + x2y1.

The formulas
x2(x1 + y1) = x2x1 + x2y1,

x1(x2 + y2) = x1x2 + x1y2,

when added together show that x1y2 +x2y1 belongs to the ideal in F2[x1, y1, x2, y2]
generated by the four polynomials x1 + y1, x1y1, x2 + y2, x2y2, so these four polyno-
mials, which are a regular sequence in F2[x1, y1, x2, y2], generate the Hilbert ideal
h(Z/2). Hence F2[x1, y1, x2, y2]Z/2 is a Poincaré duality algebra, although the ring
of invariants F2[x1, y1, x2, y2]Z/2 is not a polynomial algebra, and Z/2 contains no
pseudoreflections.

This example has a number of other interesting properties.
Although the four polynomials x1 + y1, x1y1, x2 + y2, x2y2 generate the Hilbert

ideal h(Z/2) they do not generate the ring of invariants F2[x1, y1, x2, y2]Z/2. Fur-
thermore, if we denote by ρ : Z/2 ↪→GL(2,F2) the linearization of the permutation
representation of Z/2 on XY = {x, y} where τ ∈ Z/2 interchanges x and y, then
ρ× ρ : Z/2×Z/2 ↪→GL(4,F2) is a faithful representation of Z/2×Z/2 of degree 4.
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Choose a basis x1, y1, x2, y2 for F2
4 so that the generators τ × 1 and 1 × τ act by

the rules:

(τ × 1)(x1) = y1 (τ × 1)(y1) = x1 (τ × 1)(x2) = x2 (τ × 1)(y2) = y2

(1 × τ)(x1) = x1 (1× τ)(y1) = y1 (1× τ)(x2) = y2 (1 × τ)(y2) = x2.

For the ring of invariants one obtains that

F2[x1, y1, x2, y2]Z/2×Z/2 = F2[x1 + y1, x1y1, x2 + y2, x2y2]

and so

h(Z/2 × Z/2) = (x1 + y1, x1y1, x2 + y2, x2y2) = h(Z/2).

Passing to the quotients by the Hilbert ideal gives for the coinvariant algebras

F2[x1, y1, x2, y2]Z/2×Z/2 ∼= F2[x1, y1, x2, y2]Z/2.

This means the two distinct groups, Z/2 and Z/2×Z/2, of distinct orders, each have
a four dimensional representation for which the Hilbert ideals coincide, and hence
for which their rings of coinvariants are isomorphic. The coinvariants are a complete
intersection; one group is generated by reflections and has polynomial invariants,
the other contains no reflections and its ring of invariants is not a polynomial
algebra.

In closing we note that in the nonmodular case it has been shown by T.-C. Lin
[3] that the ring of coinvariants of a representation ρ : G ↪→GL(n,F) is a Poincaré
duality algebra if and only if the ring of invariants is a polynomial algebra. From
the theorem of Shephard and Todd (see, e.g. [10], Theorem 7.4.1) this in turn
is equivalent to ρ(G) being generated by pseudoreflections. Taken together with
the results demonstrated this here raises the problem of characterizing those rep-
resentations ρ : G ↪→GL(n,F) for which F[V ]G is a Poincaré duality algebra. In
particular what happens in the case of degree three for groups of composite order?
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