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PSEUDOCOMPACT TOPOLOGICAL GROUP REFINEMENTS
OF MAXIMAL WEIGHT

W. W. COMFORT AND JORGE GALINDO

(Communicated by Alan Dow)

Abstract. It is known that a compact metrizable group admits no proper
pseudocompact topological group refinement. The authors show, in contrast,
that every (Hausdorff) pseudocompact Abelian group G = (G, T ) of uncount-
able weight α, satisfying any of the following conditions, admits a pseudocom-
pact group refinement of maximal weight (that is, of weight 2|G|):

(i) G is compact;
(ii) G is torsion-free with α ≤ |G| = |G|ω;

(iii) [GCH] G is torsion-free.

Remark. (i) answers a question posed by Comfort and Remus [Math. Zeit-
schrift 215 (1994), 337–346].

1. Introduction

All spaces considered here are completely regular and Hausdorff (i.e., Tychonoff
spaces).

The pseudocompact spaces introduced and studied a half-century ago by He-
witt [18] are by definition those on which each real-valued continuous function is
bounded; a property readily shown equivalent is that each locally finite family of
open subsets is finite.

A topological group G which (as a topological space) is pseudocompact is totally
bounded in the sense that for each nonempty open U ⊆ G there is finite F ⊆ G
such that G = FU [10, (1.1)]. According to a non-trivial theorem of Weil [22], a
topological group G is totally bounded if and only if it is a topological subgroup
of some compact group K. Clearly in this case, replacing K by G

K
if necessary,

G may be taken dense in K. The compact group K containing a given totally
bounded group G is unique in an obvious sense [22]; we denote it G and refer to it
as the Weil completion of G.
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1312 W. W. COMFORT AND JORGE GALINDO

1.1. Theorem ([10]). A topological group G is pseudocompact if and only if it is
(totally bounded and is) Gδ-dense in its Weil completion G (in the sense that G
meets each nonempty Gδ-subset of G).

As a matter of convenience in pursuing his/her private thoughts, the reader may
choose to follow the authors in thinking of the characterization given in Theorem 1.1
as the definition of a pseudocompact topological group.

Theorem 1.1 has two useful corollaries (cf. [10]).

1.2. Theorem. (a) The product of (any set of) pseudocompact groups is pseudo-
compact; and

(b) a Gδ-dense subgroup of a pseudocompact group is pseudocompact.

Proof. The Weil completion of a totally bounded group is unique. Now in (a) the
product, and in (b) the indicated subgroup, is Gδ-dense in its Weil completion.

We say for topologies T and V on a set X that V is a refinement of T if T ⊆ V ;
and a topology V is of maximal weight if w(X,V) = 2|X|.

There is extensive literature supporting the conjecture that every pseudocompact
topological group of uncountable weight admits a proper pseudocompact topolog-
ical group refinement. (The restriction on weight is necessary: An elementary
argument, given for example in [7, (3.1)], shows that a pseudocompact topological
group of countable weight (a) is compact metric and (b) admits no proper pseudo-
compact group refinement.) Concerning this conjecture, the following results from
the literature are suggestive but inconclusive.

1.3. Theorem. (a) [8, (7.5)] Every pseudocompact Abelian group of uncountable
weight and with a basis of clopen sets admits a proper pseudocompact group refine-
ment.

(b) [6, (3.4)] Every compact Abelian group of uncountable weight admits a proper
pseudocompact group refinement.

(c) [5, (5.5)] Every Abelian group which admits a compact group topology also
admits a pseudocompact group topology of maximal weight.

The juxtaposition of parts (b) and (c) of Theorem 1.3 suggests the possibility that
every compact Abelian group admits a (necessarily proper) pseudocompact group
refinement of maximal weight. This question is posed explicitly by the authors of
[5], who obtain a positive answer in many special cases. Our goal in this paper is to
answer this question affirmatively in full generality (Theorem 5.1), and to also show
that every torsion-free pseudocompact Abelian group G with ω < w(G) ≤ |G| =
|G|ω admits a pseudocompact group refinement of maximal weight (Corollary 5.3).

The technique we use to treat the case r0(G) = |G| > c of Theorem 5.1 is new.
This paper is self-contained but where possible we invoke and adapt the technique
of [6] as developed in [5] to handle the cases r0(G) < |G| or |G| = c.

1.4. Remarks. (a) The question of which Abelian groups admit a pseudocompact
group topology has been examined in some detail [15], [12], [13], [14], [3], [4].

(b) Although the theorem cited above from [22] and also Theorem 1.1 place
no algebraic restriction on the group G or its completion, we are concerned in
this paper almost exclusively with Abelian groups. This is a matter of weakness,
not of choice. The questions considered in this paper admit natural unrestricted
analogues, but these seem quite beyond the scope and grasp of present techniques.
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PSEUDOCOMPACT TOPOLOGICAL GROUP REFINEMENTS 1313

(c) Our results were presented by the second author at the 14th Summer Con-
ference on General Topology and Its Applications (C. W. Post College, August,
1999).

2. Notation, definitions, and preliminary results

2.1. [Cardinals] The symbols, α, β, γ and κ denote cardinal numbers, usually infi-
nite; ω is the least infinite cardinal; and c := 2ω. The symbol |X | is the cardinality
of the set X , and [X ]κ = {A ⊆ X : |A| = κ}.

2.2. [Algebra] Z and T denote the group of integers and the circle group, respec-
tively; P := {p ∈ Z : p is prime}, and Z(p) is the cyclic group of order p.

The identity element of an Abelian group G is denoted 0 or 0G.
The torsion-free rank and the p-rank (for p ∈ P) are denoted r0(G) and rp(G),

respectively, and r(G) := r0(G) +
∑
p∈P rp(G). It is known that |G| = r(G) when

|G| > ω (cf. [16, §16]).

2.3. [Topology] The weight of a topological space X = (X, T ) is denoted w(X) or
w(X, T ).

2.4. [Topological Groups] The group of continuous homomorphisms from a topo-
logical Abelian group to the group T is denoted Ĝ. It is well-known (see for example
[19]) that a compact Abelian group G with w(G) = α ≥ ω satisfies |G| = 2α and
|Ĝ| = α.

2.5. For each topological group G we write

Λ(G) = {N ⊆ G : N is a closed, normal Gδ-subgroup of G}.
According to the Kakutani-Kodaira theorem (as exposed, for example, in [19,
(8.7)]), every nonempty Gδ-set containing the identity of a group G also contains
an element of Λ(G). The following facts are basic to our investigation.

2.6. Theorem. Let G be an infinite pseudocompact group. Then:
(a) |G| ≥ c;
(b) each N ∈ Λ(G) is pseudocompact;
(c) (for G Abelian) either G is a torsion group or r0(G) ≥ c; and
(d) (for G Abelian) if r0(G) > c and N ∈ Λ(G), then r0(N) = r0(G).

Proof. With no claim for priority we refer the reader to [7, (2.5)] for (a) and to
[8, (6.2)] for (b). The proof in [5, (4.1)] of the compact case of (c) readily adapts
here; see also [11, (2.17)] for the general statement. In (d) the group G/N is
compact metric, so r0(G/N) ≤ |G/N | ≤ c; then r0(N) = r0(G) follows from
r0(G) = r0(G/N) + r0(N).

2.7. Discussion. It is shown in [7] that for α ≥ ω and K a compact group with
w(K) = α, the cardinal number

min{|G| : G is a dense pseudocompact subgroup of K}(*)

depends only on α (and not on any algebraic properties of K). Here we follow
[7] and denote the number (*) by the symbol m(α). (See [1] and [14] for other
notations.) It is clear from Theorem 2.6(a) that every α ≥ ω satisfies m(α) ≥ c.
The following additional inequalities, verified in [7] and elsewhere, will be used in
§5.
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1314 W. W. COMFORT AND JORGE GALINDO

2.8. Theorem. Let α ≥ ω. Then:
(a) cf(m(α)) > ω and
(b) log(α) ≤ m(α) ≤ (log(α))ω.

3. Compact Abelian groups: When |G| = c or r0(G) < |G|

In this section (only), given a compact Abelian group G with w(G) = α > ω, we
reserve the symbols α0 and αp (p ∈ P) to denote r0(Ĝ) and rp(Ĝ), respectively.

For proofs of the following two results the reader may consult [5](5.4) and [5](5.2),
respectively.

3.1. Theorem. Let G be a compact Abelian group with w(G) = α > ω. Then
there is a continuous surjective homomorphism h : G� Tα0 ×

∏
p∈P (Z(p))αp .

3.2. Theorem. Let (G, T ) and K be compact groups with |K| > 1 and K metriz-
able. If there is a continuous surjective homomorphism h : G � Kκ with κ > ω,
then there is a pseudocompact group topology V on G such that V ⊇ T , V 6= T , and
w(G,V) = w(G, T ) + 22κ.

3.3. Corollary. Let G = (G, T ) be a compact Abelian group with w(G) = α > ω.
If |G| = c, then there is a pseudocompact group topology V for G such that V ⊇ T ,
V 6= T , and w(G,V) = 2|G|.

Proof. Since ω < α = |Ĝ| = α0 + Σp∈P αp, some κ ∈ {α0} ∪ {αp : p ∈ P} satisfies
ω < κ ≤ α < 2α = c and hence 2κ = c. By Theorem 3.1 there is a continuous
homomorphism from (G, T ) onto either Tκ or (Z(p))κ, so Theorem 3.2 applies.

Next we achieve the conclusion of Corollary 3.3 for compact Abelian groups G
with r0(G) < |G|. Our proof of the following lemma parallels that of [5, (5.5(c))]
(cf. also [20, proof of 4.10]).

3.4. Lemma. Let G be a compact Abelian group with w(G) = α > ω. Then either
r0(G) = |G| or there is p ∈ P such that |G| = 2αp .

Proof. By Theorem 3.1 there is a continuous homomorphism from G onto the group
H := Tα0 ×

∏
p∈P (Z(p))αp . Since w(H) = α0 +

∑
p∈P αp = α we have 2α = |H | =

r(H) = r0(H) +
∑
p∈P rp(H) by subsections 2.4 and 2.2 (applied to H). Since

cf(2α) > ω, either r0(H) = 2α or rp(H) = 2α for some p ∈ P. If r0(H) = 2α, then
2α = |G| ≥ r0(G) ≥ r0(H) = 2α so r0(G) = |G|; and if r0(H) < 2α = rp(H), then
|G| = 2α = 2αp follows from 2α0 = r0(Tα0 ) ≤ r0(H) < 2α and |G| = 2α = rp(H) =
rp(Tα0 ) · rp(Z(p)αp) = 2α0 · 2αp .

3.5. Theorem. Let G = (G, T ) be a compact Abelian group with w(G) = α > ω.
If r0(G) < |G|, then there is a pseudocompact group topology V for G such that
V ⊇ T , V 6= T and w(G,V) = 2|G|.

Proof. By Theorem 3.4 there is p ∈ P such that |G| = 2αp , and by Lemma 3.1 there
is a continuous homomorphism from G onto (Z(p))αp . The statement then follows
from Theorem 3.2 (with κ = αp).
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PSEUDOCOMPACT TOPOLOGICAL GROUP REFINEMENTS 1315

4. Compact Abelian groups: When r0(G) = |G| > c

4.1. Lemma. Let G = (G, T ) and H be pseudocompact topological groups with
w(G) = α > ω and w(H) = κ ≥ ω. If there is a homomorphism h from G into H
such that each N ∈ Λ(G) has h[N ] Gδ-dense in H, then there is a pseudocompact
group topology V for G such that V ⊇ T , V 6= T and w(G,V) = α+ κ.

Proof. The set graph(h) is a Gδ-dense subgroup of G × H . (For, let aN × V be
a “basic Gδ-set” in G × H . Here a ∈ G, N ∈ Λ(G), and V is a Gδ-subset of H .
By hypothesis there is t ∈ N such that h(t) ∈ h(a−1)V , and then (at, h(at)) ∈
graph(h) ∩ (aN × V ).) The group graph(h) is then pseudocompact by Theo-
rem 1.2(b), so G is pseudocompact in the topology V defined by the requirement
that the map x→ (x, h(x)) from (G,V) onto graph(h) is a homeomorphism. Since
weight is invariant under passage from a topological group to a dense subgroup, we
have

w(G,V) = w(graph (h)) = w((G, T )×H);

the conditions V ⊇ T and V 6= T are easily checked.

4.2. Remark. Although the product of pseudocompact topological groups is pseu-
docompact [10, (1.4)], it is not difficult to produce Abelian groups G with pseudo-
compact group topologies T0 and T1 such that the supremum T0∨T1, though neces-
sarily a group topology for G, is not pseudocompact. (For an example to this effect
let h be a discontinuous automorphism of any compact metric group (G, T0) and
let T1 be the topology defined on G by the requirement that h : (G, T0)� (G, T1)
is a homeomorphism. As noted earlier, no pseudocompact group topology on G
properly contains T0; in particular, T0 ∨ T1 is not pseudocompact.) Accordingly it
is useful to notice that the proof of Lemma 4.1 gives a simple and workable criterion
under which such a supremum topology will indeed be pseudocompact, as follows.

Let T0 and T1 be pseudocompact group topologies on a group G such that each
N ∈ Λ(G, T0) is Gδ-dense in (G, T1). Then T0 ∨ T1 is a pseudocompact group
topology on G.

To prove this statement it is enough to consider the homomorphism h : G =
(G, T0) → H = (G, T1) given by h(x) = x. Since graph(h) is the “diagonal” copy
of G in (G, T0) × (G, T1), the pseudocompact topology V defined in the proof of
Lemma 4.1 is T0 ∨ T1.

The perspective afforded by the foregoing observation is useful in addressing the
question of the existence of pseudocompact topological groups (G, T ) of uncount-
able weight which are extremal in the sense that either G contains no proper dense
pseudocompact subgroup or T admits no proper pseudocompact topological group
refinement [2].

The next two lemmas, of combinatorial flavor, pave the way for the construction
of proper pseudocompact group refinements of a pseudocompact group (G, T ) in
the case that r0(G) is large.

As usual, we say that a subset X of an Abelian group G is independent if each
x ∈ X satisfies 〈x〉 ∩ 〈X\{x}〉 = {0G}.

4.3. Lemma. Let H be a subgroup of an Abelian group G and let X be an indepen-
dent subset of G such that |H | < |X |. Then there is x ∈ X such that 〈x〉∩H = {0G}.
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1316 W. W. COMFORT AND JORGE GALINDO

Proof. If the statement fails, then for x ∈ X there is nx ∈ Z such that 0G 6= nx ·x ∈
H . The map X → H given by x → nx · x is not one-to-one, so there are distinct
x, y ∈ X such that

0G 6= nx · x = ny · y ∈ 〈x〉 ∩ 〈y〉 ⊆ 〈x〉 ∩ 〈X\{x}〉 = {0G},
a contradiction.

4.4. Lemma. Let β ≥ ω, let G be an Abelian group, and for η < β let Xη ∈ [G]β

be an independent set of non-torsion elements. Then there is a family {Bη : η <
β} ⊆ P(G) such that

(i) Bη ∈ [Xη]β for η < β,
(ii) Bη′ ∩Bη = ∅ for η′ < η < β, and

(iii)
⋃
η<β Bη is an independent set.

Proof. Let S := {(δ, η) : η ≤ δ < β} be lexicographically ordered in the usual way:
(δ′, η′) < (δ, η) if either (a) δ′ < δ or (b) δ′ = δ and η′ < η. We will use transfinite
induction over S to choose xδ,η ∈ Xη so that

〈xδ,η〉 ∩ 〈{xδ′,η′ : (δ′, η′) < (δ, η)}〉 = {0} for (δ, η) ∈ S.(*)

To begin, choose x0,0 ∈ X0. Now let (ρ, σ) ∈ S, suppose for all (δ, η) < (ρ, σ) that
xδ,η has been chosen in Xη so that (*) holds, and let Hρ,σ = 〈{xδ,η : (δ, η) < (ρ, σ)}〉.
Since |Hρ,σ| < β = |Xσ|, by Lemma 4.3 there is xρ,σ ∈ Xσ such that 〈xρ,σ〉∩Hρ,σ =
{0}, i.e., (*) holds for (δ, η) = (ρ, σ). The inductive construction is complete, (*)
holds for all (δ, η) ∈ S, and it is enough to set Bη := {xδ,η : η ≤ δ < β}.

4.5. Theorem. Let G = (G, T ) be a pseudocompact Abelian group with w(G) =
α > ω, and set β = min{r0(N) : N ∈ Λ(G)}. If αω ≤ β and if κ ≥ ω satisfies
m(κ) ≤ β, then G admits a pseudocompact group topology V such that V ⊇ T ,
V 6= T , and w(G,V) = α+ κ.

Proof. Let A be a dense pseudocompact subgroup of Tκ such that |A| = m(κ).
Since w(G) = α ≤ αω ≤ β there is a (not necessarily faithfully indexed) set

{Nη : η < β} ⊆ Λ(G) such that each N ∈ Λ(G) contains some Nη. Since each
r0(Nη) ≥ β, there is an independent set Xη ∈ [Nη]β of non-torsion elements; then
by Lemma 4.4 there is Bη ∈ [Xη]β such that B :=

⋃
η<β Bη is independent. Let

h : B � A be any function such that h[Bη] = A for each η < β, and extend h
first to a homomorphism from 〈B〉 onto 〈A〉 = A and then to a homomorphism
(also denoted h) from G into the divisible group Tκ. Since each N ∈ Λ(G) has
h[N ] ⊇ h[Nη] = A for some η < β, the existence of V as required is immediate from
Lemma 4.1 (with H = Tκ).

4.6. Remarks. (a) If in Lemma 4.1 or Theorem 4.5 the hypothesis w(G) = α > ω
is replaced by w(G) = α = ω, the remaining hypotheses cannot be satisfied (since
in this case the trivial group {0G} ∈ Λ(G)). As noted parenthetically following
Theorem 1.2, the conclusions of Lemma 4.1 and Theorem 4.5 also fail in this case.

(b) The hypothesis r0(N) ≥ m(κ) of Theorem 4.5, equivalent to r0(G) ≥ m(κ)
when r0(G) = |G| > c, may strike the reader as unexpectedly and unnecessarily
strong. The condition cannot in general be weakened, however, since (for example)
it is known (cf. [3, (4.15)], or [14, (7.1)]) that every Abelian group G which admits
a pseudocompact connected group topology of weight κ ≥ ω satisfies not only the
obvious condition |G| ≥ m(κ) but also r0(G) ≥ m(κ).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



PSEUDOCOMPACT TOPOLOGICAL GROUP REFINEMENTS 1317

(c) It is tempting to believe that the hypothesis r0(N) ≥ m(κ) of Theorem 4.5,
which allowed a homomorphism from (G, T ) onto a Gδ-dense subgroup of Tκ
(and then a proper pseudocompact group refinement V of T such that w(G,V) ≥
w(Tκ) = κ), might be replaced by rp(N) ≥ m(κ) and then by a homomorphism of
(G, T ) onto a Gδ-dense subgroup of (Z(p))κ (and hence, again, a pseudocompact
refinement V of T such that w(G,V) ≥ w((Z(p))κ) = κ). To see that this attempt
to strengthen Theorem 4.5 fails, suppose that G is a divisible Abelian group. Any
pseudocompact group topology V on G (say of weight κ) then has a divisible com-
pletion (G,V) which is necessarily connected [21], and r0(G) ≥ m(κ) then follows
from w(G,V) = w((G,V)) = κ and the argument of (b) above. Evidently, then,
no “largeness” condition on the numbers |G|, rp(G) or rp(N) (N ∈ Λ(G)) can
substitute in Theorem 4.5 for the assumption r0(N) ≥ m(κ).

4.7. Corollary. Let G = (G, T ) be a pseudocompact Abelian group with w(G) =
α > ω such that

(i) each N ∈ Λ(G) satisfies r0(N) ≥ m(2|G|), and
(ii) r0(G) ≥ αω.

Then there is a pseudocompact group topology V on G such that V ⊇ T , V 6= T ,
and w(G,V) = 2|G|.

Proof. With κ := 2|G| we have κ ≥ α and hence α + κ = κ, so in order to apply
Theorem 4.5 it suffices to show r0(N) ≥ αω for each N ∈ Λ(G). By (i) surely
r0(N) > 0, so r0(N) ≥ c by Lemma 2.6(a)(b) and hence r0(N) ≥ αω if αω = c; and
if αω > c, then r0(N) = r0(G) ≥ αω by Lemma 2.6(d) and (ii).

Our goal is to prove Theorem 5.1—that every compact Abelian group of un-
countable weight admits a (necessarily proper) pseudocompact group refinement
of maximal weight. Our principal consequence of Theorem 4.5 (indeed of Corol-
lary 4.7) is the following, which allows us to deal with the special cases not handled
in §3.

4.8. Corollary. Let G = (G, T ) be a compact Abelian group with w(G) = α > ω
such that r0(G) = |G| > c. Then there is a pseudocompact group topology V on G
such that V ⊇ T , V 6= T , and w(G,V) = 2|G|.

Proof. From Theorems 2.8(b) and 2.6(d), for N ∈ Λ(G) we have

m(2|G|) ≤ (log(2|G|))ω ≤ |G|ω = (2α)ω = 2α = |G| = r0(G) = r0(N);

in particular r0(G) = 2α ≥ αω. Thus Corollary 4.7 applies.

5. Pseudocompact refinements of maximal weight

5.1. Theorem. Let G = (G, T ) be a compact Abelian group with w(G) = α > ω.
Then there is a pseudocompact group topology V on G such that V ⊇ T , V 6= T ,
and w(G,V) = 2|G|.

Proof. The cases |G| = c or r0(G) < |G| are handled by Corollary 3.3 and Theo-
rem 3.5, respectively, and the remaining case by Corollary 4.8.

5.2. Corollary. Let G = (G, T ) be a compact Abelian group with w(G, T ) = α >

ω. Then with κ := 222α

there are κ-many pseudocompact group topologies Vξ (ξ < κ)
on G such that Vξ ⊇ T , Vξ 6= T , and w(G,Vξ) = 2|G|.
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1318 W. W. COMFORT AND JORGE GALINDO

Proof. We have remarked already (Theorem 1.1) that every pseudocompact topo-
logical group is totally bounded. It is known further ([9]) that every totally bounded
group topology on the Abelian group G is the topology TA induced by a suitably
chosen point-separating subgroup A of Hom(G,T); further, different such groups
induce different topologies, and w(G, TA) = |A|.

Now let G, T and V be as in Theorem 5.1 and let A and B be those subgroups
of Hom(G,T) such that T = TA and V = TB (with necessarily A ⊆ B, |A| = α,
and |B| = w(G,V) = 2|G| = 22α). Since |B/A| = 22α there are κ-many subgroups
Cξ (ξ < κ) of B such that Cξ ⊇ A and |Cξ| = 22α . With Vξ := TCξ (ξ < κ) the
family {Vξ : ξ < κ} is as required.

We continue with two additional miscellaneous corollaries of Theorem 4.5.

5.3. Corollary. Let G = (G, T ) be a torsion-free pseudocompact Abelian group
such that ω < α = w(G) ≤ |G| = |G|ω. Then there is a pseudocompact group
topology V on G such that V ⊇ T , V 6= T , and w(G,V) = 2|G|.

Proof. Noticing m (2|G|) ≤ (log(2|G|))ω ≤ |G|ω = |G| by Theorem 2.8(b), we verify
hypotheses (i) and (ii) of Corollary 4.7.

(i) Since w(G) = α > ω, every N ∈ Λ(G) satisfies |N | > 1 and hence r0(N) =
|N | ≥ c. Now if |G| = c, then r0(N) = c = m(2|G|), and if |G| > c, then r0(N) =
r0(G) = r(G) = |G| ≥ m(2|G|) by Theorem 2.6(d).

(ii) From |G|ω = |G| ≥ α follows |G| ≥ αω.

5.4. Corollary (GCH). Let G = (G, T ) be a torsion-free pseudocompact Abelian
group with w(G) = α > ω. Then

(a) either (i) α = 2|G| or (ii) α ≤ |G| = |G|ω, and
(b) there is a pseudocompact group topology V on G such that V ⊇ T and

w(G,V) = 2|G|.

Proof. (a) Surely |G| ≤ 2α and α ≤ 2|G|, so from GCH we have either α = 2|G|

(which is (i)) or |G| = 2α (hence (ii)) or |G| = α. Now if |G| = α and (ii) fails, then
α = |G| < |G|ω, so cf(α) = ω and α = log(α); then from GCH and Theorem 2.8(a)
m(α) = (m(α))ω follows, so

2α = αω = (log(α))ω = (m(α))ω = m (α) ≤ |G| ≤ 2α

and hence (ii) holds.
(b) If (a)(i) holds, take V = T , and if (a)(ii) holds, apply Corollary 5.3.

6. Concluding comments and a question

6.1. Remark. It is reasonable to inquire whether every compact Abelian group
group G, say with w(G) = α > ω, maps by a continuous homomorphism onto
some (compact) group of the form Fκ with |F | > 1 and with 22κ = 22α . (For if
so, then F may be chosen metrizable and Theorem 3.2 above cited from [5, (5.2)]
proves Theorem 5.1 immediately, and the more delicate argument presented in this
paper is unnecessary.) We now show, using a group G suggested in this context in
[5, (5.7)] and answering the question posed there, that the answer to this question
is “No”. Thus the technique of [5, (5.2)] cannot apply to certain compact Abelian
groups G.
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6.2. Theorem. Let α0 ≥ ω, recursively define αn+1 = 2αn, let {pn : n < ω} faith-
fully enumerate P, and set G =

∏
n<ω (Z(pn))αn (with the usual compact topology).

Then w(G) = α :=
∑
n<ω αn, and if h : G � Fκ is a continuous surjective

homomorphism with |F | > 1, then 22κ < 22α .

Proof. That w(G) = α is routine. The adjoint map

ĥ : F̂κ =
⊕
κ

F̂ → Ĝ =
⊕
n<ω

(⊕
αn

Z(pn)

)

is injective, so r0(F̂ ) = 0 and there is n < ω such that rpn(F̂ ) > 0. Then

κ ≤ κ · rpn(F̂ ) = rpn

(⊕
κ

F̂

)
≤ rpn(Ĝ) = αn < 22αn = αn+2

and hence 22κ ≤ 22αn+2 = αn+4 < α, as asserted.

6.3. Remark. In [8, (4.10(d))] the authors construct, for each cardinal α ≥ ω, a
compact non-Abelian group G(α) with w(G(α)) = α which admits no homomor-
phism onto any group of the form F0 × F1 with |Fi| > 1.

6.4. Discussion. Returning to Theorem 1.3 and its embracing paragraphs, we recall
that it is unknown whether every pseudocompact Abelian group G of uncountable
weight admits a proper pseudocompact group refinement. We address this question
in our work in progress [2], conjecturing there an affirmative answer. (See also in
this connection the forthcoming work [17], which is a comprehensive survey of the
literature on this question and on the related question of whether such groups
G necessarily admit a proper dense pseudocompact subgroup.) In the interest of
completeness and with the encouragement of the referee, we pose in Question 6.5(b)
another question, concerning which however we make no conjecture. Of course, a
positive answer to Question 6.5(b) would yield a positive answer to Question 6.5(a).

6.5. Question. (a) Does every pseudocompact Abelian group of uncountable weight
admit a proper pseudocompact group refinement?

(b) Does every pseudocompact Abelian group of uncountable weight admit a
proper pseudocompact group refinement of maximal weight?
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