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ABSTRACT. We give uniform BV estimates and L!-stability of Lax-Friedrichs’
scheme for a class of n X n systems of strictly hyperbolic conservation laws
whose integral curves of the eigenvector fields are straight lines, i.e., Temple
class, under the assumption of small total variation. This implies that the
approximate solutions generated via the Lax-Friedrichs’ scheme converge to
the solution given by the method of vanishing viscosity or the Godunov scheme,
and then the Glimm scheme or the wave front tracking method.

1. INTRODUCTION

Consider the one dimensional Cauchy problem for a system of nonlinear hyper-
bolic conservation laws

(1.1) ur+ f(u), =0, z€R, t>0,
with initial data
(1.2) u(z,0) =up(x), xe€R.

Here f(u) is a smooth map from a domain 2 C R™ into R".

The study of the Cauchy problem (1.1), (1.2), especially the well-posedness the-
ory of the entropy solutions, has been one of the most important problems. This
problem for a scalar conservation law was solved perfectly in the 1960’s [3], [9],
[12], [13] mainly because of the maximum principle. Progress on systems of con-
servation laws was made only recently. First, A. Bressan [3], [6] and his group,
T.-P. Liu and T. Yang [6], [11] obtained the L!—stability of the entropy solution to
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systems of hyperbolic conservation laws obtained via the Glimm scheme [8] or wave
front tracking method [3] when each characteristic field is either genuinely nonlin-
ear or linearly degenerate. Second, S. Bianchini and A. Bressan [I] established the
uniform BV estimates to general strictly hyperbolic systems with artificial viscos-
ity and consequently showed that the solution obtained via the vanishing viscosity
method coincides with those obtained via the Glimm scheme or wave front tracking
method.

It is well-known that most of the numerical schemes contain numerical viscosities.
When the grid size tends to zero, the numerical viscosity tends to zero. This is a
discrete version of the vanishing viscosity problem which is more difficult than the
continuous version because the general existence result on discrete travelling wave
solutions is not known. Also, the decomposition of the solutions at each point
into travelling wave solutions is the main new idea in the recent approach in [1]
for the continuous version of vanishing viscosity. Therefore, the well-posedness
theory for numerical scheme is largely open. As a recent result in this direction, A.
Bressan and H. K. Jenssen [4] gave the uniform BV estimates on the approximate
solutions generated by the Godunov scheme for a class of systems of hyperbolic
conservation laws whose integral curves of the eigenvector fields are straight lines,
i.e., Temple class. The main result in this paper is to give uniform BV estimates
on Lax-Friedrichs’ scheme for the same class of systems as in [4].

Based on the theory of compensated compactness [I3], R. J. DiPerna [7] proved
the convergence of Lax-Friedrichs’ scheme for 2 x 2 systems of strictly hyperbolic,
genuinely nonlinear conservation laws provided that the a priori L estimate on the
approximate solutions can be obtained. However, the regularity of these solutions
is not enough to obtain the well-posedness of the solutions. On the other hand,
a uniform BV estimate of the approximate solutions generated by Lax-Friedrichs’
scheme is sufficient to deduce the desired well-posedness result. In the previous
work, the BV estimates on the approximate solutions constructed by Lax-Friedrichs’
scheme was only proved for scalar equations [9], [12]. To our knowledge, even under
the assumption of small total variation of the initial data, the corresponding result
for the system is not known.

As a first step toward the understanding of the uniform BV estimates of Lax-
Friedrichs’ scheme for nonlinear systems of hyperbolic conservation laws, we show
in this paper that, under the same straight line assumption on wave curves as in [2]
and [4], the approximate solutions constructed by Lax-Friedrichs’ scheme converge
to the same solution as obtained by vanishing viscosity [2] or by the Godunov
scheme [4], and then the Glimm scheme [8] or the wave front tracking method [3].

To state our main result precisely, we first list the assumptions as follows. Let
Df(u), the Jacobian matrix of f(u), have n real and distinct eigenvalues \*(u), k =
1,2,---,n, u € Q. By possibly restricting to a smaller domain 2 and by performing
the linear change of independent coordinates

' =2Xt, 2’ =2+ M\,

where A = max  |\¥(u)|, we can assume that there are constants \* = 0 <
ueQ,1<i<n

A < oo < A1 < A =1 such that

(1.3) AN X (u) < A, weQ, i=1,2,---,n.
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The corresponding right and left eigenvectors are denoted by 7% (u), 1*(u), respec-
tively, and normalized so that |[r*(u)| = 1, ri(u) - I#(u) = &;;. Here &;; is the
Kronecker symbol.

The basic assumption throughout the paper is that the integral curves of the
eigenvector fields are straight lines, i.e.,

(1.4) (Drf(w)) -r¥(u) =0, ueQ, k=1,2,--- ,n,

where Dr*(u) denotes the Jacobian matrix of r*(u). (1.4) implies that the shock
curves and the rarefaction curves coincide and are straight lines in €; see [14].

By assumption (1.3), the Courant-Friedrichs-Lewy condition is satisfied with
equal time and space step Az = At. Thus, without loss of generality, we assume
Az = At in the following discussion for simplicity. Denote the value of the ap-
proximate solution in the i — th cell [(i — 3)Az, (i+ 3)Az) at time jAt by ul.
Lax-Friedrichs’ scheme is given inductively as follows (cf. [9]): At time ¢ = 0, let
u? denote the average over the i — th cell of the initial data ug(x),

(i+1)Ax
o :

= Az uo (§)dE.

Az (i—1)Az
Given the values u/_, and ufﬂ in the (i — 1) — th and (i + 1) — th cells, at time
jAtL, § >0, u{“ in the i — th cell at time (j + 1)At is given by

(1.5) ut = 2 (bl ) 3 (Fd) — £l )

It is easy to see that for each Ax, the scheme gives an approximate solution uag
of (1.1) and (1.2) for all (z,t) € R x R™ provided that the values ui remain in ).
For each fixed time step jAt, we use u(j) to denote the discrete function: ¢ —
uf,z € Z. The total variation of u(j) is then given by
TV [u(i)] = 3 [ul = ul_y|.
icZ
Based on the above notations, our main result can be stated in the following.

Theorem 1.1. Suppose that (1.1) is strictly hyperbolic for each u € Q and the
normalized eigenvectors satisfy (1.4). Then there exist constants o > 0, 61 > 0
such that the following holds. For each initial data uo(x) with

(1.6) T.V.[uo(x)] < o,

the corresponding solution uz of Lax-Friedrichs’ scheme (1.5) is well defined for all
time steps j € ZT and satisfies

(1.7) T.V.[u(4)] < 61, forall j€Z™.
Furthermore, there exists a constant L such that for all pairs of initial data uo(z),
vo(z) satisfying (1.6), the corresponding solutions u(j) and v(j') satisfy

+oo

(1.8) >

1=—00

ui —vfl‘ Az <L- (|j — 7' At + ||uo(x) —vo(x)||L1>.

As a direct consequence of Theorem 1.1, we can deduce that the approximate
solutions constructed via Lax-Friedrichs’ scheme converge to the same solution as
given by the method of vanishing viscosity [2] or the Godunov scheme [], and then
the Glimm scheme [§] or the wave front tracking method [3].
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Before concluding this section, we give the main idea in proving Theorem 1.1.
Due to the straight line assumption (1.4), the increase in total variation induced
by Lax-Friedrichs’ scheme comes only from the terms involving two different char-
acteristic families and consequently the techniques developed in [4] can be used to
control the creation of new oscillations in the approximate solutions generated by
the scheme. It is worth pointing out that the straight line assumption (1.4) plays
an essential role in our analysis and new tools are needed to study the influence of
those terms from the interaction of the same family in the general case.

2. BV ESTIMATES

Let us first give some basic properties of the Riemann problem for (1.1) under
the assumption (1.4), i.e., (1.1) with initial data

u_, for x <0,
(2.1) up(x) =
uy, for x> 0.

Given u_, ug € 2, by strict hyperbolicity, the assumption (1.4), and the Implicit

Function Theorem there exist unique intermediate states w® = u_, w', .-, w™ =
u, and wave strength o* such that

(2.2)

wk = RE (Uk) (wkq) N (wkq) P (wkq) — ok (wk) k=12 .n,

provided that € is a small neighborhood of u_.
It is easy to verify that the solution u(x,t) of the Riemann problem (1.1) and
(2.1) is given by

u_, for $ <0,
(2.3) u(e,t) = { Rlu_,us)(®), for £ e0,1]
Uy, for §>1.

Here
(24) R(u—,uy)(€) =RF (2"(&1)) (w™) for €€ [N N], k=1,2,-- n,

and z¥(z,t) is the unique (self similar) entropy solution to the scalar Riemann
problem

k

. B B 0, for z <0,
(2.5) zt+ F*(2), =0, z(z,0)=
o”, for = >0,

wi k(o) = Y k(s)(whkt s.
th Po) = [ A (RMs) () a

In order to obtain a uniform BV estimate on the approximate solutions, we need
to estimate the summation of wave strengths for all adjacent discontinuities at time
t = jAt,j € Z,. This requires the relation between the wave strengths at time
t = (j+ 1)At and those at time ¢t = jAt. For the Godunov scheme, such a relation
is easier to obtain because the definition of the Godunov scheme comes from the
averaging of two Riemann solutions. For Lax-Friedrichs’ scheme considered in this
paper, we will first introduce an auxiliary state a{ *1 gimilar to that of the Godunov
scheme and then rewrite the expression (1.5) in terms of a{ . Then, the relation is
obtained by using the assumption (1.4) as explained in the following.
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Set
(2.6) W =] = (f(ud) = ()
We have by integrating (1.1) over the rectangle
{(i ~ A i+ %)Am] % [jAt, (j + 1)AY]
that

1
(2.7) alt! :/0 R (ul_yul) (€)de.
It is easy to see that if u{_l is connected to ui by a single k — th wave of strength
o} 1 1, then
@28) @ = w4 (L= Nl ud)) ol ), TRl = ).
Here
k k k
AN (ul_ 1,u]) = /o A (u{_l + 507y (u{_l)) ds.

From (1.5) and (2.6), we can deduce that

. 1 1/ . ,

+1_ j+1 +1
(2.9) Wt =S (@ al]) = 5 (-l
We now consider the variation between two grid points at time (j+1)At by relating

it to the variation of four grid points at the time jAt. Given four consecutive states

ui_l, ul ,ulq and ul ), let w/th and uj_tll be the two resulting states given by Lax-

Friedrlchs scheme (1.5). From (2.9), we have

o 1 —j+1 | —j+1 1 J J

(2.10) Uip1 = 5 ( Uipg + 1,+2) — o M1 T U )

The strengths of the k-waves, k = 1,2,---,n, in the four Riemann problems
J j J _]-'rl j+1

(U’z 1> W )7 (U’ U’erl) ( z+1’ ’L+2) and ( U’erl) are denoted by Uz 1,k 'Lk’
o; +1 . and ;. kl, respectively. The intermediate states in the first three Riemann

problems are denoted by w 0 = uf Lwlt e wl T Wl nl =l =w Wit
Jsm—1 7, J j,n—1 3,n

wi Wy = uy = le, ’L+17 cowyyy s and wily = ui+2, respectively. Now

we define the map which measures the change in the amount of waves in the k —th
family produced by Lax-Friedrichs’ scheme from ¢t = jA¢ to t = (j + 1)At:

j i J j+1 k 1 gk j
‘I’k(ag—l; al; Uf+1) = ik (1 + )‘k( i wz]'—l)) Ug—l,k
(2.11)
1 jk—1 ke j
-3 (1 - )\k(wz]'+1 ’wz]'-i-l)) Uf+1,kv
where Jlj = (Jljl,~~ aln) l=4i—1,4,i+ 1.

Under the assumption (1.4), we have the following main lemma in this paper.
Lemma 2.1. Under the assumption (1.4), there exist smooth functions Ap @ B;f @
C’;fq, p ¢ Epq and Fz?q, depending on 0’?71, Ui and UHl, such that
(2.12)

k iy — ko _J E _J ko _J

\Ij(zl’ jag-l—l)* E (quilpzlq—’—qulp zq+cqglp i+1,q
1<p#q<n
k k j j
+Dy, qagpaz ot Epg gp T1a T g g+17p05+17q) ‘
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Proof. From the standard interpolation technique and a first order Taylor expansion
(cf. []), to prove (2.12) we only need to show that U*(c? ;0 ] o7, ) satisfies
(2.13)

ok (0,--- 0,071 410,050, ,0,07,,0,---,050,--- 0,07, .0, ,o) =0.

In fact, agl = UZ w0k, (s =1 —1,4,i4 1) implies that

uj =uj_g + 0371,krk(u371)a rH(ui_y) = ¥ (uf),
(2.14) u{H = ui + U{,M’k (Ui)v rk(ug_H) =7k (Ui),

uf+2 = ufH + Uzj‘+1,krk(ug+1)a Tk(Ungz) =rk(u 1,+1) rk(ug).

Furthermore, from (2.8) and (2.14) we deduce that
ag—H = Ugfl + (1 - /\k(ugfl,uf)) Uzjfl,krk(ugfl)’
i , . , ,
uf+2 = Ug+1 + (1 — M (u] Wit1s i+2)> Uzj‘+1,krk(ug+1)-

CODJFSIGQUGHE}}” fyo (2 9) (2+15), and (2. 14) we;have o n _ ‘
oy =3 {n(u] ] i+1 —u; )} 5 {( ) — (] _ug—l)}

i1 T Wi u
1, . . 1, . , ,
_ —j+1 ~J+1 J J J
) (ui+2 - u; ) ~3 (U'iJrl — 2u; + Uiﬂ)

1 . e , . o
=3 {ungl + (1 - A (uerl’ Ug+2)) Uqurl,kr (U3+1)}

(2.15)

_% {ng_l + (1 — )\k( ul_ 1,uj)) 0571,k7”k(ug_1)}
_% (ugJrl —2ul + ug_l)

:% (1 - Ak(ug’ﬂ,ugﬂ)) ol )
_% (1 - )\k(ugqﬂz)) 0571,1@7“’9(7@71) 4l —d )

=3 {(1—A’“(Uf+17uf+2)) Oit1, k+(1+)‘ (wi_y, Uj)) Ugfl,k} Tk(ugﬂ)v
which implies that the Riemann problem (ufill , uf Y

family k and with strength é(l No(ul,y,u i'+2)> Uerl’k-f—é (1+/\k( wl_ l,uj)>affl7k.
This shows that

, 1 g j 1 ) o
03‘,41;1 =3 (1 — /\k(unglaUngZ)) Uzq+1,k + 9 (1 * /\k( -t j)) 0371,1@-

This is (2.13) and completes the proof of Lemma 2.1.

is solved by a single wave of

From Lemma 2.1, we know that the strengths of (it € Z, j > 1) satisfy the

following systems of equations: For k =1,2,--- ,n
(2.16)
iv1 L ik—1 ik j ik ik
Ug,Jlg =3 {(1 - )\k(wzj‘ﬁrl awzj‘ﬁrl)) Uzj‘+1,k + (1 + /\k(wgq swi” 1)) } + Q
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Here the quadratic coupling terms are given by
Qz’k: Z (A 11p11q+quzlp 'Lq+c zlp z+1,q
(2,17) 1<p#q<n
k k k J j
+Dp qagpaz q + E g gp ngl q + Fp,qUzJJrl,pUzj'Jrl,q) )

from which we can see that the increase in total variation induced by Lax-Friedrichs’
scheme comes only from terms involving two different characteristic families.
To control the increase of total variation induced by Qf’ 4> as in [4], the properties

of solutions pg i to the following linear homogeneous difference equation

, 1 , 1 , .
1 k=1 4, -1 gk
(218) plf =5 (1N W) ) o+ 5 (1= AT )
plays an essential role. ‘
It is easy to see that the solutions p!, to the difference equation (2.18) satisfy

(i) Nonnegative Perserving: if pik >0foranyl € Z,j >0, then pﬂ;l >0 for
any ¢ € Z.

(i) Conservation: E p]'|r1 Z pz k-

1_700 71_700
(iii) L'-contraction: Z |pﬁ1 < E |pz el
i=—00 i=—o00

For the interaction between two different families, the following lemma is proved

in [4]:

Lemma 2.2. Assume that 1 < p < ¢ < n and that (1.3) holds. Let pf’p and pg’q

denote the solutions of (2.18) with initial data p?’p and p?’q, respectively. Then for
fixed m € Z, we have the estimate

(2.19) D> e asller < Cpq) < > Ip?,p|> ( > Ip?,q|>a

m=0i=—o0 i=—00 i=—00

where C(p,q) satisfies

(2:20) Cp,q) < m e {ﬁ} .

Based on Lemma 2.1 and Lemma 2.2, the total variation norm of the approximate
solutions by Lax-Friedrichs’ scheme can be estimated as the one for the Godunov
scheme in [4]. For convenience of the reader, we give the estimations as follows; cf.
[4].

We start by assuming that Lax-Friedrichs’ scheme is well defined up to the time

step 7 and we let Co be a constant that dominates the absolute values of all A’; ,

k k

By 4. Cpg Dy g» By g and .

Let
(221) Vk(]): Z |Ug,k|a k:172a"'an
we have from (2.16) that

7 o
(2.22) VEG+1) < VR Z QLI < VRO + > Y o
i=—00 m=0i=—00
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Denote

J )

(2.23) =3 > 1en;

m=0i=—o0

we have from (2.17) that

7 00
Q () <CoY D> > (o pllofy ol + 1o pllofl + loiy o7 |

p#qg m=0i=—oc0
Hofpllolgl + loip ol ol + o7 pllofi o)

2 J 00
<3033 D lofimlon

p#q m=0m=0i=—o0
2

=:3C0» Y En.

p#q m=0

(2.24)

Now we turn to the estimate E;. For this, let Fk(i,j;if,j’) be the corresponding
Green kernel to (2.18), i.e., for j > j', T*(i, j;4',j') = pik is the solution of (2.18)
at the node (i, 7), with initial data

, . 1, if i=14,
Pl = 8 (0) =
0, otherwise.

By Duhamel’s principle we can write the solution of the linear inhomogeneous
system (2.16) as

00 j—1 oo
(2.25 oli= D THigil 0ot + 3 3 TH. 5L
: ) l=—00 _ r=0[]=—o00
:aik—i—ﬂik.
Consequently
(2.26)

7 oo
S Z Z |az+m,p||ﬁ | + |az+m,p||a | + | i+ﬁ1,p||a | + |ﬁz+m,p||6i7ﬁ1 )

::S,%L+S,%L+S§h+sﬁh.

SL (1 =1,2,3,4) can be estimated by the following:

2.27
( ) J o] m—1 oo m—1 oo
Sh= 2l 2|2 X Mm@, 13, 3 T )R,
m=01i= r=0 l=—c0 5=0 h=—00
J o) m—1 oo m— 0o
SZZQZMMMW@@Zmew)
m=0i=—oco0 \7r=0Il=—0c0 s=0 h=—00
j—1 oo - 3j 00
|Q;p|z Z Qs (Z > FP(i+m,m;l,r)1‘q(i,m;h,s)>.
r=0l=—o00 s=0 h=—o00 m=0i=—o0
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J 00
We now have to estimate the term > > TP(i+m,m;l,r)T'%(i,m; h, s). For this,
m=0i=—o0
without loss of generality, we assume s > r and in this case I'P(i +m,m;(,r) is the
solution of (2.18) (with k = p) at the time step m and with data I'P(i + m, s;1,r)
at the time step s, I'%(¢,m; h, s) is the solution of (2.18) (with k = ¢) at the time
step m and with data 6} (i) at the time step s. Thus from Lemma 2.2, we have

7 0o
Z Z I?(i +m, m;l, )i, m; h, s)

m=0i=—o0

(2.28) < C(p,q) ( i F”(i—l—m,s;l,r)) ( i 52(1))

=C(p,q) Z IP(i +m,s;l,r) = C(p,q).

Here we have used the conservation property of solutions to the linear homogeneous
difference equation (2.18).
Substituting (2.28) into (2.27) yields

(2.29) ' 4
St < C(p,q) (Z > |Qz,,|> (Z > |Qz,q|> < Clp, QI — QI — 1),
r=0Il=—oc0 s=0 h=—0o0
Similarly, by the L!-contractive property of solutions to (2.18) and Lemma 2.2, we
have
(2.30) S < Clp,@)VP(0)V(0),
(2.31) S5 < Clp.)VP(0)Q(j — 1),
and
(2.32) S < Clp.)VI(0)QP(j — 1).
Putting (2.29)-(2.32) into (2.26), we have
(2.33) Eqs < Clp,q) (VP(0) +QP(j — 1)) (V*(0) + Q*(j — 1)) -
Thus
Q"(4) <3Co Y Y Clp,q) (VP(0) + QPG — 1)) (VU(0) + Q%(j — 1))
(2.34) p#£q m=0
<Ciy (VP(0) + Q75 — 1) (VI(0) + Q1 — 1))
p#q
Here
2
Ci1=9C, _ max o { N9 (w) — A2 (v)] } '

Set
(2.35) V) =D VG, QU =) Q ()

k=1 k=1
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Then, we have from (2.22), (2.34) and (2.35) that
(2.36) V(i) <V(0)+ QG - 1),

(2.37) Q) < C2(V(0) + Q7 — 1)),
where Cy = 2nC;.

It follows from (2.36) and (2.37) that, if the total amount of waves V(0) in the
initial data is sufficiently small, then @Q(j), and hence also the total amount of
waves V (j) remains small for all time steps. Thus (1.7) holds for all j € Z* and u?
remains in  for all ¢ € Z, 7 > 0 which means that the scheme is well defined for
all i € Z, j € Z*. Based on these uniform BV estimates, the L'—stability result
(1.8) follows from the previous works; cf. [3] 4 [ [6l [11]. This completes the proof
of Theorem 1.1.
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