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ABSTRACT. Let B3 (N) be the set of all normalized newforms of weight 2 and
level N, and let L(sym?f,1) be the symmetric square L-function associated to
f € B3(N). If N is a prime, then there is a positive constant B such that

4
Z L(1,sym?f) = I@N+O(N27/28(IOgN)B).
fFeBZ(N)

This improves a recent result of Akbary, which requires 45/46 in place of
27/28.

§1. INTRODUCTION

Let S2(N) be the set of all cusp forms of weight 2 for the full modular group
To(N) with trivial character. This is a finite-dimensional Hilbert space with respect
to the Petersson inner product defined by

(f.g) = / o [Ty,

where H is the upper half-plane. Let B5(N) be the set of all normalized newforms
in So(N). Every f € B3(N) has the Fourier expansion of type

1) =3 A e(nz),

where e(2) := e*™*, A\;(1) =1 and A\s(n) € R.
The symmetric square L-function associated to f € B3(N) is defined by
2 Ap(n?)
1 L 2f) == (n (2 A 1
1) (st )= i (2) DAL (e > )
where
(n(s) = [Ja-1/p)7"

PN

Lutsoswntf) = (5 ) T(52) 1 (252).
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1064 J. WU

Then A(s,sym?f) := Loo(s,sym?f)L(s,sym?f) is an entire function and satisfies
the functional equation

(2) A(S,Smef) :A(]- —s,smef).

Similar to the class number formula of Dirichlet, the value of L(s,sym?f) at the
edge of the critical strip (in this case s = 1) is of interest. When N is square free,
one can show that (cf. [3], Lemma 2.5)

3
Q L(1,sym ) = D)

N
Therefore to study the average values of the Petersson inner product when f varies
in B3(N), it is enough to find an asymptotic formula for the average values of
L(1,sym?f).

The mean values of L(1,sym?f) were first investigated by R. Murty [6]. He
proved that if we assume that L(3 + i,sym?f) < (N(|7] + 1))0 for some 6 > 0,
then for prime N we have

4
2, _ T 7/10+46/5 3
(4) > L(,sym®f) = 4—32N+O(N/ /5r3),
feB5(N)
where here and in the sequel we systematically write £ := log N. According to

([B], page 336]), the value § = 3/4 is actually permissible. Thus the estimate (4) is
only a conditional asymptotic formula. Very recently Akbary [I] has obtained an
unconditional result: If N is a prime, there is a positive constant B such that

4
Z L(1,sym?f) = %N—I— O(N45/46£B).
feBz(N)

In order to prove this asymptotic formula, he has combined the method of Duke [2]
and that of Kowalski and Michel [4].
In this paper, we shall propose a better result.

Theorem. Let N be a prime. Then there is a positive constant B such that

4
2, T 27/28 pB
E L(1,sym*f) = 432N—|—O(N L )
feB3(N)

For comparison, we have i—g ~ 0.978 and g—g ~ 0.964. Our improvement comes
from two observations. First we find that only applying the method of [4] is more
effective than the combined method of [2] and [4]. Secondly we give a straightfor-
ward improvement of the method of [], which allows us to make use of a wider
range of parameters (see Lemma 2 below). Without the second remark, we only

have 29/30 in place of 27/28.

§2. SOME LEMMAS

As in [4], we define

_ en (@A (m?)
) erle) = 30 SEETE
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AVERAGE VALUES OF SYMMETRIC SQUARE L-FUNCTIONS 1065

where

0 otherwise.

en(d) m {1 if (d,N) =1,

The next lemma is essentially Lemma 6 of [4], but the second term here is
sharpened. This improvement does not need to add any new idea. In fact their
proof can yield such a result. For completeness, we reproduce their proof here with
some minor modifications.

Lemma 1. Let r > 1 be a fized integer and x,y,z > 2 with y > x. Then there
exist a real number M € [z" 271, y"2] and real numbers c(m) such that

© % e < (X | X ) v oatvyan

feB3(N) feBy(N) ' m~M

and
le(m)| < {7(m)log 2} ™2,
where the B; = B;(r) are some positive constants and 7(m) is the usual divisor

function.

Proof. By Lemmas 4 and 5 of [4], we have

c(m,n _ .
wreay = Y A () 0 og(vy2)y ),
z"<mn<y"
n<z
where ¢(m,n) is defined as in Lemma 4 of [4] and Bs = Bs(r) > 1 is a constant.

Introducing

c(m) — Z C(mﬂn)7

n

z'm~l<n<z

the preceding estimate can be written as

o= Y A 4 0 2 tog(Vy2)) ).

Tz l<m<y"z

After a classic dyadic splitting, we find for some M € [z"271,y" 2],

r by 2 M —1/2) f1oe(N B
ey < (| 32 () S| 2717 ) roatovye)
By using the inequality (a+b)? < 2(a?+b%) (a,b € R) and the fact that |B;(N)| <
N, we deduce the inequality (6) with By = 2Bs5.

It remains to prove the upper bound for ¢(m). Since |c(m,n)| < 7(mn)B+ for
some positive constant By = By(r) ([4], Lemma 4), we have

7(mn) " B 7(n)P B
< —— < 4 —_— 1 2.
elm)l < 3 T2 <oy 30 T ) log 2

n<z n<z

This completes the proof of Lemma 1. O

With the help of Lemma 1, we can improve Lemma 3 of [4]. The next lemma
enlarges the admissible range of parameters in Lemma 3 of [4]. This is one of two
keys in the proof of our theorem.
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Lemma 2. Let r > 1 be a fized integer, 2" > N'° and y > x with logy < L.
There exists a positive constant By = Bs(r) such that

Z wi(z,y)? < LPs.
feB3(N)

Proof. We take z = N in Lemma 1 (instead of z = N? as in [4]). Then the
assumption " > N9 implies that M > N?, and we may appeal to the mean value
estimate of Corollary 1 of ] (with a(m) = c¢(m)/mLP?) to bound the double sums
on the right-hand side of (6). This completes the proof of Lemma 2. |

The following lemma is an improved version of Proposition 1 of [I], which is
feasible for greater range of parameters.

Lemma 3. Let r > 1 be a fized integer and ™ > N'0. There exists a positive
constant Bg = Bg(r) such that

N —1/2r -
Z Ar(n) = mén:g +O(N? Vorr(n)ePe + N 1/233\/57'(71)),
feB3(N)

where 0,0 = 1 if n is a square and §,—g = 0 otherwise.

Proof. Without lost of generality, we can assume that = < N3/2 since |\;(n)| < 7(n)
(Deligne’s bound) and |B3(N)| < N.
Let y € (x,00)\N with logy <« L. By the Perron formula, we can write

S

eN(d))\f(m2) 1 / 9 y

Yo IO o L Ny q
d?m 27 J (1) (sym”f,s +1) s

d2m<y

where (0) := {0 + 9T : —00 < 7 < oo}. Upon moving the line of integration from
(1) to (—2) and using the functional equation (2), the theorem of residues allows
us to deduce

Z en(d)As(m?)
d?m
d?m<y
1

27TZA (_2)

s 2—s
= s

o T(352)2T(352) sds
Lissom e ()

= L(1,sym*f) +

)

where A = N/x3/2. Since L(sym?f,s) is absolutely convergent for Res > 1, it is
easy to see that the last integral is << N3y~2. Hence we obtain

en(d)As(m?)

L(1,sym?f) = Z — + O(N?’y*Q).
d?m<y
As in [4], we write
2
(7) L(1,sym?f) = Z % +wyi(z,y) + O(N?y~?),

d?m<zx

where wy(x,y) is defined by (5).
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In view of (3), we can write

Sm2
S A= Y LLsmy

2
FEB3(N) resginy LLsym?S)

=53 7 L1 sym™f).
w2 Gl )

By using (7), we deduce

(8) > Af(n) =M+ Ry + O(Ry),
feB3(N)

where

ey Al s~ en(@(m?)

R = Y 3 As(n)

In order to evaluate M, we recall the following well-known estimate ([6], Propo-
sition 1):

(9) Z /\f (m)/\f (’I’L)

= pmn + O(N3/2 m,n 12 () 1/2 ,
(e gy e O ) ) )

where 6, ,, is the diagonal Kronecker symbol. It follows that

_ N en(d) Ap(m*)As(n)
M= 272 Z d*m Z 4w (f, f)
d?m<z feEB3(N)
N €N(d)
=2 2 g O+ O(Rs),

d?m<zx

where

R3

(2)1/2 Z (m27n)1/2
N i~ d?

n 1/2d SIQ 1
-7 XY Y

Ln m<z,l|m? d2<z/m
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Now £ can be written uniquely as ¢ = ¢1/2 with ¢; square free. Then we have ¢ | m?
if and only if £145 | m. Therefore we have m = ¢1fom’ and

R3<<(%)1/2;€1/2 Z 1

m<z, £|m?

()T 3

ln m!' <z [/l
n1/2
< N~Y2%g\/nr(n)

since (£102)% > (103 = {.

If n = k2, then
en(d) 1 en(d)
P o T g > a2
d2m<a d<(a/k)1/>
1 en(d)
d>(z/k)1/2

2
= —67:/5 + O(x*1/2n71/4 + N72n*1/2).

Thus we can write, for any positive integer n,

en(d) ™ -1/2, — -2, —
5o, =4 / 1/4 N 2 1/2 5 .
20 = {0l o

Combining these estimates, we find that

d2m<zx

N
(10) M= Wénzg + O(N*I/Qx\/ﬁT(n) + Na= V2V, o+ nil/Qénzg).
By using Deligne’s inequality |As(n)| < 7(n) and (9) with m = n =1, we have
(11) Ry < Ny =27(n).

Let ' > 1 such that 1/r'4+1/2r = 1. By using the inequality [Af(n)| < 7(n), the
estimate (f, f) > N/L (see [2], Proposition 4), the Hélder inequality and Lemma
2, we deduce that there exists a positive constant Bg = Bg(r) such that

. 1/ . 1/2r
Ry <)L BN[T (Y wrlwy)®)
(12) JEB3(N)
< NY/2rr(n) LB,

Inserting (10), (11) and (12) into (8) and taking y = N2 + 1, we obtain

__ N 1-1/2r Bs ~1/2,,.1/2
> () = p=0) + O(N 7(n)LB + N~V 2an1/27(n)),

12/n

feB;(N)

where we have used the fact that (Naz:_1/2n_1/4 + n_1/2)5n:[1 can be absorbed by
N'=1/2r7(n) (since #” > N'°). This completes the proof of Lemma 3. O
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§3. PROOF OF THE THEOREM

Now we are ready to prove our Theorem.

We start with the formula (7) instead of representing L(sym?f,1) by a sum of
two absolutely convergent series as done in [I] (cf. [1], Lemma 4).

Let 71 > 1 be an integer and z|* > N'0. Define 7{ > 1 by 1/r] + 1/2r; = 1.
By the Holder inequality, Lemma 2 and the fact that |B5(N)| < N, there exists a
positive constant By = Br(r1) such that, for y; > x1 with logy; < £,

‘ > wf(xl,yﬂ‘é\l%;(]v)r/%( 3 wf(xl,yl)%)w”

feB3(N) feBs(N)
< N'-1/2mpBr

Thus we have

> Lisym’f,1)

feB3(N)

= Z Z Ap(m?) + O(NT=V2rLBr o N4y 2).

d?m<zq feB5(N)

(13)

It remains to evaluate the last double sum. According to Lemma 3, we have

> - Z Ap(m EN(d) + Ry,

12 2m?
d?m<xy feB3(N) d?m<xy

where

2 2
Ry < N1*1/2T£BG Z Tc(l;nm) _’_N71/2x Z T(;;L )

d2m<zq d?m<zq

< (N171/2T +N71/2$$1)£BS7

2" > N'0 and By = Bg(r) is a positive constant.
It is apparent that

) S L@+ 0l ) )

d2m<zq m<x

=(n(2) ) m—+0( )

m<zxi

_T /2 -2
*36+0( +N7?).

Combining these estimates yields

> Y. Ar(m?

(14) d?m<z, feB3(N)

—4—32N+O((N1 V2 N~V 4 Nay 2 LPs).
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Inserting (14) into (13), we find that

S L(Lsym?))

fEBS(N)
4
_ 47T—32N+0((N1_1/2T°+N_1/2xx1+Nx1_1/2+N4yf2)EBS),
where 79 := max{r,r}. Now by taking r = r; = 14, z = x; = N*/% and
y1 = N2+ %, we obtain the desired result. This completes the proof of the Theorem.

O
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