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A CHARACTERIZATION OF QUASICONVEX
VECTOR-VALUED FUNCTIONS

JOËL BENOIST, JONATHAN M. BORWEIN, AND NICOLAE POPOVICI

(Communicated by N. Tomczak-Jaegermann)

Abstract. The aim of this paper is to characterize in terms of scalar quasi-
convexity the vector-valued functions which are K-quasiconvex with respect
to a closed convex cone K in a Banach space. Our main result extends a well-
known characterization of K-quasiconvexity by means of extreme directions of
the polar cone of K, obtained by Dinh The Luc in the particular case when
K is a polyhedral cone generated by exactly n linearly independent vectors in
the Euclidean space Rn.

1. Introduction

Various generalizations of the classical notion of quasiconvex real-valued function
have been given for vector-valued functions, their importance in vector optimization
being nowadays recognized (see e.g. [4], [7] or [10] and references therein). Among
them, the concept of cone-quasiconvexity, introduced by Dinh The Luc in [9], is of
special interest since it can be characterized in terms of convex level sets. Actually,
in one case, this property has been taken as the definition of quasiconvexity for
vector-valued functions in an early work [6] of Ferro.

In contrast to the simplicity of its definition, cone-quasiconvexity cannot be
easily handled from the point of view of scalarization. This is because it is not
stable under composition with functionals belonging to the nonnegative polar of
the ordering cone, essentially because the sum of quasiconvex functions is usually
not quasiconvex, in contrast with the convex case.

For this reason, some authors have restricted their study to the particular class of
those cone-quasiconvex functions which satisfy this stability property (the so-called
?-quasiconvex functions in [8], or scalarly-quasiconvex functions in [11]). But, the
natural way to characterize cone-quasiconvexity via scalar quasiconvexity seems to
be that indicated by Dinh The Luc in [10] in the particular case when the ordering
cone is generated by an algebraic base of a finite-dimensional space, which consists
in imposing the above mentioned stability property just to the extreme directions
of the nonnegative polar cone. The primary aim of this paper is to show that this
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characterization of cone-quasiconvexity is still true for any closed convex cone with
nonempty interior in a Banach space— and indeed somewhat more generally.

2. Preliminaries

Throughout we consider a Banach space Y , partially ordered by a nonempty
closed convex cone K ⊂ Y . As usual, we denote by

K+ := {` ∈ Y ? | `(y) ≥ 0, ∀ y ∈ Y }
the polar cone of K in the topological dual Y ? of Y , and by extdK+ the set of its
extreme directions. Recall that ` ∈ extdK+ if and only if ` ∈ K+ \ {0} and for all
`1, `2 ∈ K+ such that ` = `1 + `2 we actually have `1, `2 ∈ R+`.

The following preliminary result gives a weak lattice property and will play a
key role in the proof of our main theorem. For y, z ∈ Y the notation y ≤K z will
mean z − y ∈ K.

Lemma 2.1. Assume that (Y,≤K) is directed, i.e.

for all y1, y2 ∈ Y there is z ∈ Y with y1 ≤K z and y2 ≤K z.(1)

Let ` ∈ extdK+ and let y1, y2 ∈ Y be such that `(y1) ≤ 0 and `(y2) ≤ 0. Then, for
every ε > 0 there exists zε ∈ Y satisfying y1 ≤K zε, y2 ≤K zε and `(zε) ≤ ε.
Proof. Consider the abstract linear program

µ := inf{`(z) | z ∈ Y, z ≥K y1, z ≥K y2},(2)

which can be rewritten as µ = inf{`(z) | z ∈ Y, 0 ∈ (y1, y2) + H(z)}, where
H : Y → 2Y × 2Y is the convex process defined by H(z) = (−z + K, −z + K) for
all z ∈ Y . Since (1) is equivalent to Y = K −K, which ensures the surjectivity of
H , by Corollary 2.1 in [3] it follows that H is open at zero (see [2, 3] for a detailed
study of convex processes). Then, by the Lagrange multiplier theorem in [1] there
exist `1, `2 ∈ Y ? such that

µ ≤ inf{`(z) + `1(y1 − z + k1) + `2(y2 − z + k2) | z ∈ Y and k1, k2 ∈ K}.
Taking into account that µ in (2) is finite, we infer that `1, `2 ∈ K+,

` = `1 + `2 and µ ≤ `1(y1) + `2(y2).

Since ` ∈ extdK+, we must have `1 = t1` and `2 = t2` for some t1 ≥ 0 and t2 ≥ 0.
The hypothesis on y1 and y2 now shows that

µ ≤ t1 `(y1) + t2 `(y2) ≤ 0.

This clearly implies the desired conclusion. �
Remarks 2.2. 1. It is easy to see that if intK 6= ∅, then (Y,≤K) is directed (not
necessarily a lattice). In this case extdK+ is nonempty (see Remark 3.2, 1).

2. Note that (Y,≤K) may be a lattice and hence directed, with extdK+ 6= ∅,
even if intK = ∅ (see Example 3.3, 3).

3. In certain lattice cones, such as K+ = L+
q [0, 1] with 1 < q < +∞, there are

no extreme directions. Of course, in this case, Lemma 2.1 is not relevant.
4. The extremality of ` in Lemma 2.1 is essential. Indeed consider Y = R2,

K = R2
+, and let ` = (1, 1) ∈ K+ \ extdK+. By choosing y1 = (1,−1) and

y2 = (−1, 1), it is easy to see that the conclusion of Lemma 2.1 fails to be true.
This explains neatly why in our main Theorem below, (ii) does not usually hold for
all members of K+.
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5. We could give provisions for the infimum in (2) to be attained. Certainly
this holds when (Y,≤K) is a lattice, and also when K is a polyhedral cone with
nonempty interior in Y = Rn (which is not necessarily a lattice). In this case
the conclusion of Lemma 2.1 can be improved in the sense that a zε exists with
`(zε) ≤ 0.

3. Main result

In what follows, f : D → Y will denote a function defined on a nonempty convex
subset D of a vector space X . Recall that f is said to be K-quasiconvex if for
all y ∈ Y the level set {x ∈ D | f(x) ≤K y} is convex. We have the following
characterization of K-quasiconvexity in terms of scalar quasiconvexity:

Theorem 3.1. Assume that (Y,≤K) is directed and suppose that

K+ is the weak-star closed convex hull of extdK+.(3)

Then the following assertions are equivalent:
(i) f is K-quasiconvex;
(ii) ` ◦ f is quasiconvex for every extreme direction ` of K+.

Proof. Suppose that (ii) holds and fix y ∈ Y . Let x1, x2 ∈ {x ∈ D | f(x) ≤K y} and
let t ∈ [0, 1]. Then, for every extreme direction ` of K+, we have ` (f(x1)) ≤ `(y)
and ` (f(x2)) ≤ `(y). As ` ◦ f is quasiconvex, it follows that

` (f(tx1 + (1− t)x2)− y) ≤ 0.

This inequality being true for all extreme directions of K+, it follows by (3) that

y − f(tx1 + (1− t)x2) ∈ K++ = K.

Hence tx1 + (1− t)x2 ∈ {x ∈ D | f(x) ≤K y}, as required.
Conversely suppose that (i) holds and let ` be an extreme direction of K+. We

need to establish that for all λ ∈ R the level set Dλ := {x ∈ D | ` ◦ f(x) ≤ λ}
is convex. To this end fix an arbitrary λ ∈ R, and let x1, x2 ∈ Dλ and t ∈ [0, 1].
Since ` ∈ extdK+ we have ` 6= 0 and hence λ = `(y) for some y ∈ Y . By applying
Lemma 2.1 to y1 := f(x1) − y, y2 := f(x2) − y, and an arbitrary ε > 0, we infer
the existence of some zε ∈ Y such that y1 ≤K zε, y2 ≤K zε and `(zε) ≤ ε. Then

f(tx1 + (1− t)x2)− y ≤K zε

because f is K-quasiconvex. Then

`(f(tx1 + (1− t)x2)) ≤ `(y) + `(zε) ≤ λ+ ε.

Since ε was arbitrary we conclude that tx1 + (1 − t)x2 ∈ Dλ, completing the
proof. �

Remarks 3.2. 1. If intK 6= ∅, then K+ has a bounded hence weak-star compact
base and so, by the Krein-Milman Theorem, it follows that condition (3) is fulfilled.
Indeed, we take e ∈ intK and observe that extreme points of {µ ∈ K+ | µ(e) = 1}
yield the desired extreme directions.

2. Under the assumption that K+ has a weakly compact convex base, the
implication (ii)⇒(i) in Theorem 3.1 was also proven by Dinh The Luc in [10].

3. Of course, condition (3) may hold even if intK = ∅ (see Example 3.3, 3).
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4. When the dual cone has a strictly convex base, then every boundary direction
is extreme and so every such composition is quasiconvex. This is the case of the right
circular Bishop-Phelps cone. Another interesting case is that of the cone of positive
semidefinite matrices in the space of symmetric matrices of given dimension. Their
extremal structure is well understood: extreme and exposed directions coincide and
correspond to A→ tr (PA) for a selfadjoint projection P .

Examples 3.3. 1. Let Y = Rn and let K be a polyhedral cone with nonempty
interior in Rn. Then K+ is also polyhedral and is generated by some extreme
directions, say d1, . . . , dm. In this case, Theorem 3.1 shows that a function f =
(f1, . . . , fn) : D → Y defined on a nonempty convex set D ⊂ X is K-quasiconvex
if and only if, for all i ∈ {1, . . . ,m}, the function 〈di, f(·)〉 is quasiconvex. Note
that this characterization was already obtained by Dinh The Luc in [10] for the
particular case when m = n. Obviously, if K = Rn+, then f is K-quasiconvex if and
only if its scalar components f1, . . . , fn are quasiconvex.

2. Let Ω be a nonempty compact Hausdorff topological space. Consider the
Banach space Y = C(Ω) of real continuous functions on Ω, equipped with the
usual uniform norm. Then K = {y ∈ C(Ω) | ∀ t ∈ Ω, y(t) ≥ 0} is a closed convex
cone with nonempty interior. The dual space C(Ω)? being the space of Radon
measures, the polar cone K+ is the cone of positive Radon measures (see e.g.
[5]). Its extreme directions are the Dirac measures multiplied by strictly positive
numbers. By virtue of Theorem 3.1, a function f : D → C(Ω) is K-quasiconvex if
and only if the function x ∈ D 7−→ f(x)(t) ∈ R is quasiconvex, for every t ∈ Ω.

3. Let Y = lp (1 ≤ p < +∞) and K = lp+ = {y = (yi)i∈N ∈ lp | ∀ i ∈ N, yi ≥ 0}.
Then, by identifying (lp)? with lq (1/p + 1/q = 1), we have K+ = lq+. Note that
in this case the interior of K is empty while condition (3) holds. Theorem 3.1
shows that a function f = (fi)i∈N : D → lp is K-quasiconvex if and only if fi is
quasiconvex for all i ∈ N.
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