PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 131, Number 4, Pages 1081-1091

S 0002-9939(02)06767-9

Article electronically published on September 19, 2002

THE SHORT RESOLUTION OF A LATTICE IDEAL

PILAR PISON CASARES

(Communicated by Wolmer V. Vasconcelos)

ABSTRACT. The short resolution of a lattice ideal is a free resolution over a
polynomial ring whose number of variables is the number of extremal rays in
the associated cone. A combinatorial description of this resolution is given. In
the homogeneous case, the regularity can be computed from this resolution.

INTRODUCTION

Let I be a lattice ideal in k[X1,...,X,] = k[X], where k is a (commutative)
field. The minimal free resolution of I as a k[X]-module has been studied by many
authors. Recently combinatorial descriptions of this resolution have been given (see
for example [2], [5] and references therein). In this paper we consider the minimal
free resolution of I, not over k[X] but over a polynomial ring over k¥ whose number
of variables is the number of extremal rays in the associated cone. This resolution is
called the short resolution to distinguish it from the usual minimal free resolution,
the long resolution.

Let A be a generating set of the semigroup which parametrizes the associated
algebraic variety. As in [6] we consider a partition of A = E U A, where E consists
of a chosen generator from each extremal ray. From E we can define the “Apéry
set” associated with the lattice ideal (see Definition [[1]). The terminology “Apéry”
comes from the case of numerical semigroups [I].

In section 1, Lemma [ provides a way for computing the Apéry set using
Grobner Bases. The first step of the short resolution can be constructed from the
Apéry set. The second step is described in Proposition [L4l Now, the complete
short resolution can be obtained by the usual methods (for example the Schreyer
Theorem and its improvements [11]).

In section 2 a combinatorial description of the short resolution is given by means
of simplicial complexes. This description is similar to the one which has been
used in [7] (see also [12]) for the long resolution. As a corollary the main result
(Corollary 22)) of the paper is stated: The regularity of a homogeneous lattice ideal
can be obtained from the short resolution. Curiously, in the case of toric curves, the
classical techniques of Gruson, Lazarsfeld and Peskine [§] to study the regularity
amount to understanding the short resolution. The cohomological machinery in [8]
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1082 PILAR PISON CASARES

is used by L’vovsky in [9] to give an explicit bound for the conductor of a numerical
semigroup.

1. APERY SETS

Let S be a cancellative commutative semigroup, with zero element and generated
by n elements A = {mq,...,m,}. Thus, S is a subsemigroup of a finitely generated
abelian group. Denote G(S) the smallest group containing S. The semigroup k-
algebra is k[S] = @, cq kx™ (X - X™ = x™t™"). The ideal of S relative to A is
ker(po), where ¢ is the k-algebra morphism

po : k[X] — K[5]

defined by ¢o(X;) = x™. Notice that ¢¢ is surjective, and hence k[S] ~ k[X]/
ker (o).

Let I be the ideal relative to a fixed A. Equivalently ([13]), I is a lattice ideal.

Assume that SN (=S) = (0). Consider k[S] with the natural S-grading and k[X]
as an S-graded ring, assigning degree m; to X;. Notice that I is S-graded because
¢ is an S-graded morphism of degree zero. The condition SN (—S) = (0) says that
k[X]sm, the homogeneous elements of degree m € S in k[X], is a k-vector space of
finite dimension (see [3]).

Assume that rank(G(S)) = d, let V = G(S) ®z Q, and let C(S) be the cone
generated by the image S of S in V. The cone C(S) is strongly convex because
SN(=S) = (0). Thus, if f is the number of extremal rays of C(S), then f > d. This
implies that there exists a set E C A with {£ = f, such that C(E) = C(S5), where
C(FE) is the cone in V(S) generated by E. Fix such a set F and A =: A\ E, A =
n—f=r.

Definition 1.1. The Apéry set @ of S relative to E is defined as
Q={qeS | q—e¢S, Yeec E}.
Denote k[E] as the subalgebra of k[S],
KE = @ kx™,
meSp

where Sg is the subsemigroup of S generated by E. Let k[Xg] be the polynomial

ring in the f indeterminates associated with E. k[Xg] can be projected onto k[E];

it is enough to associate to the indeterminate X; the symbol x"*, for any m; € E.
k[S] is a k[E]-module, and therefore also a k[X g]-module. The set

X | ¢eQ}

is a minimal system of generators of k[S] as k[E]-module, and therefore, also as a
k[X g]-module. Since k[Xg] is noetherian, @ is a finite set.
Assume, for the sake of simplicity, that

E={mq,...,ms} and A= {msi1,...,my,}.
Fix a total order on the monomials of k[X] = k[X g, Xa], X7 < X2 < -+ < X,
such that:
(1) X« < XA implies X7 < XA+, for any a, 8 and 7.
(2) If f =" anX* € k[X] has the leading monomial X? ¢ k[X 4], then X% ¢
k[X 4], for any o with a,, # 0.
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THE SHORT RESOLUTION OF A LATTICE IDEAL 1083

For example, we can consider the lex — inf order which is defined
Q >lez—inf B = a <iex B,

where the lex order is the lexicographic order for X7 > --- > X,.

Every order with these properties is not a well-ordering. However, since there
exists only a finite number of monomials of S-degree m € S, a Grobner basis of
I can be computed from any S-graded generating set of I. Assume that I" is the
reduced Grobner basis of I for such an order. Let B be the set of monomials X%
which are not divisible by any leading monomial of T".

Lemma 1.2.

Q={meS | m= Z a;m;, where X4 € B},
i=f+1

and in particular, B is finite.

Proof. We will use the Hironaka division remainder of a monomial by a binomial,
a monomial. Moreover, if a monomial X of S-degree m = Y . | a;m; is divided
by the reduced Grébner basis, T', the remainder X? is also of degree m, i.e. m =
i Bim;. Thus, if o # (3, we obtain a new writing of m in the function of the
generators of S.

Let X% = X}lf{l <. X% € B, and let m = Z?:fﬂ a;m;. If m does not admit
another way of writing in function of the generators, then m € @) and we are done.
Otherwise, m = Z?:l Bim; for some ; € N, and X — X# e I. The remainder
of X4 — X” by T is zero. Thus, X is divisible by some leading monomial of T.
Therefore, X9 is divisible by some non-leading monomial of I', which will only have
variables corresponding to A. Property 2 of the order guarantees that X” € k[X 4].
Thus, m € Q.

Reciprocally, let m € Q. It is possible to write m = Z?:fﬂ a;m;, for some
a; € N. Suppose that X% is divisible by some leading monomial of I'. Thus, the
remainder of X9 by I' is X”, which is not divisible by any leading monomial of T
and it is of degree m. Since m € Q, X = Xi € B and we are done.

B is finite because @ is finite and any element in S only admits a finite number
of writings in the function of the generators. O

Let Iy be the cardinality of B = {X%',..., X5}, and define the k[X g]-module
morphism

Ty : k[Xg]o — k[9],

Uo(e;) = X% + I, where we are using the isomorphism k[S] ~ k[X]/I. Equiva-
lently, Uo(e;) = x%, where ¢; € Q is the S-degree of the binomial X%'. (It is
possible that the cardinality of B is greater than that of @, and therefore ¢; = gj,
for some ¢ # j.)

Uy is surjective because {x? | ¢ € Q} is a generating set of k[S] as a k[Xg]-
module.

Any element in T’ whose leading monomial X% X% has variables in {X; | 1<
1< f} (i.e. v#£0) is, except sign =+,

Xy X% — XU XY
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Property 2 of the order says that v' # 0, and therefore, since I is a reduced Grobner
basis, X% and X% € B. Moreover, u # u' because otherwise, since I is a saturated
ideal, X% — X}’E/ € I, which is a contradiction with I a Grobner basis.
Suppose that X% = X9 and XZ' =X
For any v € N” such that
X eB  and XY eB,

if ayy = v+ o; and oy = v + a;, we associate with the chosen element in I', the
element in k[Xg]" with all the coordinates equal to zero, except the i'th and j'th
ones, which are X%, and —X}’E/, respectively. Notice that there is at least an element
associated, the one corresponding to v = 0.

For any v € N” such that

X eB  and XY ¢ B,

if oy =+ a; and X%XZ’/ is the division remainder of Xfra’ by I', we associate
with the chosen element in T, the element in k[Xz] with all the coordinates equal

to zero, except the i'th and j'th ones, which are X%, and —X}é"’“’, respectively.
In this way, taking all the elements in I' of the above form, we obtain G; €
k[Xg], 1 <i<I;. Let N be the matrix

N = (G4]...|Gy,).
N defines a morphism of free k[X g|-modules
Uy k(X e — k[Xg].

Proposition 1.3.
coker(N') ~yix ) k[S].

Proof. Since coker(N) ~ k[Xg|l /im¥; and k[S] ~ k[Xg]" /kerWy, it is enough
to prove that
imW¥y = kerWy.

It is clear that im¥; C ker¥y. Let (F1(XE),..., Fi,(XE)) € ker¥o be a homoge-
neous element of degree m € S. This means that if F; £ 0, then F; is homogeneous
of degree m—g;, where g; is the S-degree of X%'. The element F' = Ziozl FX% el,
and therefore the remainder of the Hironaka division of F' by I' is 0.

Notice that if F; # 0, then F; ¢ k; otherwise, X’ would appear in the remainder.
Thus, F = 0 and we are done, or the leading monomial of F' is £X4 X%’ for some
i, and w # 0. In the latter case, there exists

H(XYXY - XyXY) er,
with leading monomial X%XZ’“, a; =apy +v, w=v+ 3, and v # 0. Assume, for
simplicity’s sake, that both elements are positive.
If XZJ’+7 =X’ € B, we consider
FO = F - X5 (X3X% - Xy XY) e I.

We can write
lo

) — ZFZ(I)X%v
=1
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THE SHORT RESOLUTION OF A LATTICE IDEAL 1085

where the following equations are satisfied:
Féli = F,— X%,
1) B+’
FY =B+ X5,
FY =R, forall I#i,j.
Equivalently, if we suppose i < j and denote

GM = (0,...,0,X%,0,...,0,-X%,0,...,0) € {G1,..., Gy},
~ ——

( J
we obtain
(F o B = (B, Fg) = XG0,
If XZJ’+7 ¢ B, let X% X% be the division remainder of XZJI—M by I'. We

consider

lo

a; w’ +v' N 1 e’
FO = F - XE(X5XS - Xy T'xXYy) =Y VXY el

=1

Now,

(FY,.. . F))y = (RA,..., F,) - XEGW,
where if we suppose i < j
G¢M = (0,...,0,X%,0,...,0,-X%+"0,...,0) € {G1,..., G}, }.
~ —
v J

In any case, if F() =0, then Fl(l) = 0 for any [, and we are done.

If F(O £ 0, notice that the leading monomial of F(!) is less than the leading
monomial of F. We can proceed by recurrence.

Suppose that for fixed » > 2 and for any j, 1 < j < r — 1, there exists

FO = B (Xp)XG + -+ B (Xp)X30 € 1 {0},
satisfying
. . i1 i1 ) . 0
BB = RV LR =X eV (R =y,

where GU) € {G4,...,G), }, and B0 € N* () = ).
Reasoning as before, we obtain G(") € {G1,...,Gy, } and X%(T) such that if

r r r—1 -1 ™)
(F7, By = (R R X e,
then

lo
FO =3 FIXg e,
=1

and the leading monomial of F(") is less than the leading monomial of F("~1),
Therefore, if F(") = 0, we obtain

(F0 BT = XE 6,
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From
(Ff?”w.qu?”)z(ﬂy.wfky—gfxg”am,
i=1
we obtain 1
@L”qﬂgzgfxgkw%
i=1

and we are done.
If F(") = 0 the result follows by recurrence, because the elements F() are ho-
mogeneous of degree m, and in each step the leading monomial decreases. O

Therefore, we obtain the first step of a free resolution of k[S] as a k[X g]-module
that is S-graded:

KX )" B kX g 28 k[S] — 0.

In the above proof, for any element X%’ € B we have considered its S-degree
¢i € Q. Assume, for simplicity’s sake, that @ = {qi,...,¢3,}, where Gy = #Q.
Notice that By < ly. In the case 8y < lo, if fo +1 <4 < lg, ¢; = g; for a unique j,
1< j < Bp. Denote j = j(i). We consider

™ k[Xp]" — k[Xg)%,
the k[X g]-module morphism defined by

N € lflglgﬁ(%
71'(6){6](1) if ﬁO"‘lSZSlO

Notice that 7o Wy : k[Xg]"t — k[Xg]? is given by the matrix
M= (2(G)]...|x(G,)).
On the other hand, considering the morphism of k[X g]-modules
o : k[Xp]™ — k[S]
defined by ®g(e;) = x%, 1 <1i < fp. It is clear that ®gom = Uy

Proposition 1.4.
coker(M) ~px 1 k[S].

Proof. The situation is the following:

KXelt S kXple TS k[S)

7TO‘1/1\ Trl <I>O/
k[XE]ﬁo

As in Proposition 3], it is enough to prove that
im(mo ¥q) = ker(®y).

im(woWy) C ker(®g) follows from @ (7(G;)) = ¥o(G;) =0, for any i, 1 <14 <.
For the other inclusion, let (F1(Xg),...,Fp,(XEg)) € ker®. Thus,

(Fl(XE), ce ,FBO(XE)7O; c. ,0) € ker¥y = imWV;.
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There exist \;(Xg) such that (F1,...,Fg,,0,...,0) = 211:1 X;G;. Notice that if
we denote G;; the jth coordinate of G, then

I
Z XiGij =0,
i=1

for any j, 8o + 1 < j < lyp. Therefore, if we denote 7(G;): the tth coordinate of
7(G;), notice that

m(Gi)e = Git + Z Gis, 1<t<[fy.
j(s)=t, Bo+1<s<lp

Thus, for a fixed ¢,

l1 ll
Z )\[]T(Gi)t = Z )\iGit.
i=1 =1
Therefore,
5
(Fi,... . Fgy) =Y \im(Gy),
i=1
and we are done. [l

From the free resolution
KX )" " B[X )% 28 k[S] — 0,

using the Schreyer Theorem and its improvements (see [I1]), the S-graded minimal
free resolution of k[S] as a k[X g]|-module can be obtained. We will call this resolu-
tion the short resolution of k[S] to distinguish it from the minimal free resolution
of k[S] as a k[X]-module.

2. COMBINATORIAL DESCRIPTION OF THE SHORT RESOLUTION
Assume that S # (0), and consider the S-graded minimal free resolution of k[S]
as a k[Xg]-module

0 — E[Xp)%1 P50 kX ) 22 kX ) B kX )% 22 k]S] — 0.

The S-graded Nakayama’s lemma (see [3]) says this resolution is unique except
for isomorphisms. Moreover, denoting M; = ker(®;) as the ith module of syzygies
of k[S] as a k[Xg]-module, 0 <4 < f — 1, we obtain

ﬂi+1 = Z dlle(m),
mesS

where W;(m) := (M;/mgM;),, is considered as a k-vector space, and mg is the
ideal of k[X g] generated by the indeterminates of Xg (X; such that m; € E).

We will show how this resolution can be described by means of some simplicial
complexes. Concretely, if m € S, let T}, be the simplicial complex

Tn={FCE | m-—npeS}

Den~ote IA{Q(Tm) the ith reduced homology space of the simplicial complex T;,, and
let hi(Ty,) = dim(H;(Th,)).
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Proposition 2.1.
H(T,,) ~ W;(m),
for any m € S and for any i, 0 <i < f—2.

Proof. Let us consider k[S] and k ~ k[Xg]/mg as k[Xpg]-modules and use the
commutativity of the functor Tor, concretely

Tor; 11 (k[S], k) =~ Tor;y1(k, k[S]).

In order to compute the space Tor;y1(k[S], k) as k[Xg|-module, take the Koszul
complex for the regular sequence {X; | m; € E}, which is an exact sequence.

f Jj+1 J
0— /\k[XE]f dysv /\ k(X p)! 4 /\k[XE]f
Y RX ) R kX ] — k0.
Here d; is given by
J
dj(eio VARERIAN 61'].) = Z(—l)le €io N Nej, | A €iryy VACERIVAN €i;-
1=0
These homomorphism are S-graded of degree 0 assigning the degree m;, +- - - +m;,
to the element e;, A---Ae;;. Tensoring this exact sequence with the k[X g]-module
k[S], we obtain the S-graded Koszul complex
f 41 L 4 .
0— NK[S)Y — = N KIS = NE[SY "5 - — k[S) S k[S] — &k — 0.

The restriction to its degree m € S is the following complex of finite-dimensional
k-vector space

B @ klSlm—nr — @ kLS m—np— @ k[STm—np—k[S]m — 0.
FCE FCE FCE
HE=3 HF=2 HF=1

Notice that this complex can be identified with the augmented-oriented chain com-
plex of T;,, because
[k, ifFeT,

K[Shm—nr = { 0, otherwise.
Thus, we obtain that

(Tori+1(k[s]7 If))m ~ Hl(Tm)
In order to compute Tor;y1(k, k[S]) as a k[ X g]-module, take the S-graded minimal
free resolution of k[S] as a k[Xg]-module. Tensoring with k ~ k[Xg|/mg it is
obtained

0 — (KXgl/mp)” " "5 o (kX 5] /mp)™

2 (k[Xp)/mp)” B (k[Xp)/me)® — 0.

Thus, (TOI‘H_l(kJ, k[S]))m ~ Wt(m)
Now it is clear that the isomorphism follows from the commutativity of the
functor Tor. O
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As an application of these isomorphisms, if denote
D(i):={me S | Hy(Ty)+#0},

we obtain that
Bir1= Y hi(Tm), —1<i<f-2.
i€D(3)
Notice that, by the noetherian property, D(i) is finite. These sets D(i) can be
computed from the short resolution. Moreover, we can state the following corollary.

Corollary 2.2. The regularity of a homogeneous lattice ideal I can be computed
from the short resolution.

Proof. Assume that [ is a homogeneous ideal for the natural grading. In this case,
it is well defined that ||m|| = [|a|[1, where m = > | aym; and ||af|y = Y1, ;.
It is enough to use the following formula ([4]):
reg(I) = mar_1<i<f—o{u; — i},
where u; = maz{||m|| | m € D(i)}. O
Remark 2.3. The results in section 1 allow the computation of the sets D(i) using

Grobner Bases. This method is more useful for explicit computations than that in
[4] using Hilbert bases of some diophantine systems (see [10]).

Example 2.4. Consider the semigroup S C N3 generated by
[5,0,0],[0,5,0],[0,0,5],[4,1,0],[1,4,0],[2,3,0],0,1,4], [0, 4, 1], [0, 2, 3],

a projective simplicial toric surface.
The Grobner basis of I with respect to lex-inf is

2 3 2
T :{—mgmg + Xy, X9xg — ToT7, Ty — T5X9, —T2X3 + X7Xg,
2 2 2
— X9T3 + X7, —T2T4 + T, Ty — TeT2, —T1T5 + T6T4,

2 3 2 2
T4Ts — T1X2, —T1Xe + Ty, —X2X7T9 + T3TZ, Loy — m6x1x5}.

Thus,
B ={1, 4,22, x5, x5, T5T6, T7, T4T7, T2 27,
T57, Tel7, T5T6TT, T, T4Ls, T3Ts,
T5Tg, TeTy, T5TeTs, Ta, T4Ta, ToTa, T5Ta,
TeTE, T5TETE, Tg, T4Tg, T3Tg, T5T9, TeTo, T5L6Tg,
L7, T4T7XY, xi:wxg, T5T7X9, LeXL7LY, {E5:C6£E7{E9},
and
Q ={]0,0,0],[4,1,0],[8,2,0],[1,4,0],[2,3,0],[3,7,0], [0,1,4], [4,2,4], 8, 3, 4],
[1,5,4],[2,4,4],[3,8,4],[0,4,1],[4,5,1],[8,6,1],[1,8,1],[2,7,1], [3, 11, 1],
[0,8,2],[4,9,2],[8,10,2],[1,12,2],[2,11, 2], [3, 15, 2], 0, 2, 3], [4, 3, 3], [8, 4, 3],
[1,6,3],[2,5,3],[3,9,3],0,3,7],[4,4,7],[8,5,7],[1,7,7],[2,6, 7], [3,10, 7]},

and therefore u_; = 4. Notice that {58 = §Q = 36 and thus &y = Uy.
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In order to construct the matrix N, from the underlined binomial in I" we obtain
twelve elements G; € ker(¥y) and ug = 5.

Notice that if we denote oy = X42X82, g = XZX7X9, a3 = X5X6X82 and
ay = X5X6X7Xg, the elements

G1 = (X3,—X2,0,...,0),

G2 = (X2a07 —X1,0,...,0),
(07X2a07 _Xlaov"'70)7

Gy = (0,0, X3, —X5,0,...,0),

are the unique ones with some non-null coordinates in some common position.
It is easy to see that the unique possible minimal relation between them is

XoG1 — X3Go + XoG3 — X1G4 = 0.

Therefore, u; = 6.
The short resolution is

0— k[Xp] 22 k[Xg]'2 2 k[Xe*¢ 22 k[S] — 0.
The regularity of I is

reg(I) =max{us —1=5u90—0=5,u_1+1=5} =5.
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