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POLYNOMIAL PELL’S EQUATION
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ABSTRACT. Consider the polynomial Pell’s equation X2 — DY? = 1, where
D = A? 4 2C is a monic polynomial in Z[z] and deg C < deg A. Then for
A,C € Qlz], degC < 2, and B = A/C € Qz], a necessary and sufficient
condition for the polynomial Pell’s equation to have a nontrivial solution in
Z[z] is obtained.

1. INTRODUCTION

Let D be a nonconstant monic polynomial of even degree with integer coefficients.
We consider the polynomial Pell’s equation

(1) X2 -Dy?=1

where solutions X,Y are polynomials with integer coefficients. In 1976, Nathanson
[5] proved that when D = 2?2 + d, equation (]) has a nontrivial solution if and only
if d = 41, £2. This is a special case of the open problem which asks to determine
the polynomials D for which equation (I)) has nontrivial solutions, and the special
quadratics above is the only class of polynomials for which solutions of (I]) have been
completely characterized. We will characterize solutions of () for a much larger
class of polynomials D, which includes all monic D = A2 4+ 2C where degC < 1
and A/C € QJxz]. In particular, this includes all monic quadratic polynomials since
they can be written as A% + 2C where deg C' = 0.

As we will see, solving ([ll) over Q|z] is relatively easy; determining when solutions
in Z[xz] exist is the more difficult question.

We note that equation (1) has no nontrivial solution if D is a perfect square.
For D = A%, we have 1 = (X + AY)(X — AY), which implies X = +1,Y = 0. So,
we assume /D is irrational.

We will call W = U + V+/D a rational solution of @ if U?2—-DV? =1 and
U,V € Qz]. We define

T= {U—l—V\/E :U? = DV? =1,sgnU > 0,sgnV > 0, where U,V € Q[z]}

and Ty to be the subset of T such that U,V € Z[z]. If W is any rational solution
of (), so are £W and £W. Among these four solutions, there is always one for
which sgnU > 0 and sgnV > 0. Thus to determine all rational solutions of (), it
suffices to find all solutions in T'.
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Among all rational solutions in T', we say P+Q+/D is a minimal (or fundamental)
solution if and only if its nonarchimedian absolute value, defined below, satisfies
the following condition:

|P+QVD|<|U+VVD|foral U+ VVD eT.

Then we can show (see Lemmal[3 below) that a minimal solution is unique, and (see
Lemma [ below) every rational solution W € T can be expressed as W = W{ for
some n > 1, where Wy is the minimal solution. So, to determine the polynomials
D for which the polynomial Pell’s equation (II) has nontrivial rational solutions, it
suffices to find the minimal solution.

Let Wy be the minimal solution. We ask the following questions:

(1) When is Wy in Tp?
(2) Is it possible to have W} € Ty even though Wy & Tp?

Since Ty C T, W € T implies W = Wy for some n > 1, where W is the
minimal solution. Thus if the answer to the second question is negative, then every
solution W of the polynomial Pell’s equation () is expressed as W' or :l:Wg for
some n > 1, where Wy € Tj.

To answer these questions, we consider the continued fraction expansion of v/D.
Note that the continued fraction expansion of v/D can be defined in many ways
depending on the base field (see [1], [2], [3], [4], [6]). Let K = Q((z~1)) be the field
of formal Laurent series in 27! over Q. Then a € K implies that

(oo}
o= E ajz~ 7, where a; € Q,a; # 0, sgno = ay.
Jj=t

We define the nonarchimedian absolute value by

la| = e,

So, |A/B| = edesA-deeB for A B € Q[x]. We use the symbol [a] to mean the
integer part of a:

0
[a] = Z ajxd =aqx "t + - +ay € Q]
j=t

Note that for any U + VD € T, |U + VVD| > 1 and |U — VV/D| < 1. Hence,
U| = |V\/5| Also, if W7 and Ws are rational solutions of ([I)), then so is W;Whs.
Write Wy = Uy + V4D and W = Uz + Vo/D. Then
1=U - DVZ =W W, = WoW, = Uz — DV
Hence (W1 W2)(W1Ws) = 1 which implies W1 W5 is a rational solution of ().
A continued fraction expansion for v/D is obtained by putting oy = v/D and,
recursively for n > 0, putting

A, = [an] and app1 = 1/ (an — An).

The algorithm terminates if, for some n, ay, = A,,. This happens if and only if v D
is a rational function. Thus v/D can be expressed in the following way:

VD = WDl+—

g
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POLYNOMIAL PELL’S EQUATION 995

For short, we write
VD = ([VD],[a1],...) = (Ao, A1, ...), where 4; € Q[z].
We write convergents to v/D as P./Qn = (Ao, A1,..., Ay), where

Pn Qn _ An ]- Pn, an
(Pn—l Qn—l)( 1 0)<Pn—; Qn_;>f0fn20

P, Q1 (10
Py, Qo) (0 1)
Then by looking at the determinant of the above matrix, we have for n > 0

PnQn—l - Pn—lQn = (_1)n+1.

We note that since sgn Ag > 0, 0(P,,) = 0(Qy) for all n > 0, where o(A) denote
the sign of the leading coefficient of A.
Now write v/D as

\/5: <A07A1)' "7ATL5AYL+1)' > = <A07A17" '7An7an+1>-

and

Then PP
On414n n—1
\/5 B Qn1Qn + Q1 .

We say «; is reduced if || > 1 and |&;| < 1.

Suppose P + Qv/D is the minimal solution. Then we can show (see Lemma
2 below) that P + QvD = AP, + Q,vD) for some A € Q. We note that if s
is the least index satisfying (APs)? — D(AQs)? = 1, then since o(Ps) = o(Q5),
o(AQ:s)(APs + AQ4V/D) is the minimal solution.

Let D = A? + 2C be a polynomial in Z[z], where A,C € Qx], degC < deg A,
and B = A/C € Q[z]. Since

where

1 V
_ :\/D+A:[ D+A]+L:B+i
vD— A 2C 2C (6 (65}

851

and

1
g =VD+A=2A4+VD - A=2A+ —,
aq

then vD = (A, B,2A4) and
P} —DQ?=(AB+1)> - DB?*= (AB +1)* — (A’B?> + 2AB) = 1.

Thus o(Q1)(Py +Q1V/D) is a nontrivial rational solution in 7. Note that this may
not be the minimal solution.
To see this, notice that

(kPy)? — D(kQo)? = k(A% — (A* +20)) = k*(-20) =1

if and only if 2C = —1/k?. Thus Wy = kPy + kQov/'D with sgn (kPp) > 0 is the
minimal solution if and only if 2C = —1/k?, and Wy = o(Q1)(P1 + le/ﬁ) is the
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996 WILLIAM A. WEBB AND HISASHI YOKOTA

minimal solution if and only if 2C' # —1/k2. Thus we are left to determine when

Wg € Ty for Wy = kPy 4+ kQovV/D and Wy = o(Q1)(Py + Q1 D).
We will show

Theorem 1. Let D = A242C be a monic polynomial in Z[x], where deg C' < deg A
and B = A/C € Q[x]. Suppose either A € Z[x] or 2A € Z[z]. Then the following
are equivalent:

(1) W§ € Ty for some n > 1.

(2) Wy € Tp.
A+/D, where A € Zx],2C = —1,
2A + 2D, where A & Z[x],2A € Z[z],
20 = —1/4,

o(C)(B%*C + 1+ BVD), where B,C € Z[z],
242 +1+2A4VD,  where A€ Z[z],2C =1,
o(C)(B?*C + 1+ BVD), where A€ Z[z],B = +2B;,
B €Z[x],sgnC::|:%,
2C € Z[z],deg C > 0.

Theorem 2. Let D = A2+2C be a monic polynomial in Z[x], where deg C' < deg A
and B = A/C € Q[z]. Suppose C = c1z + ¢co € Qlz]. Then either A € Z[z] or
2A € Z[z].

Hence the complete characterization of solutions of ([I)) for the monic polynomials
of the form D = A?242C = A%+c12+cg, where deg C' < deg Aand B = A/C € Q|x].

Before proving these, we need a few notations and lemmas.

Let vy(m/n) =i — j, where (m,n) = 1,p'|m, p|n. For A = a* + ap_12*~1 +
-+ a1z + ao, define v,(A) = min{vp(a;) : 0 <@ < k}. Denote the coefficient a; of
xJ in A by [27]A and the Gaussian integer function of a by |a].

2. LEMMAS

Lemma 1. Let D = A% +2C be a monic polynomial in Z[x], where deg C < deg A.
Suppose that D = (Ag, A1, Aa, ..., Ap, any1). Then oy is reduced, deg A, > 1,
and |Py/Qpn — VD] = |1/QnQny1| for alln > 0.

Proof. We first show by using induction on n that «,, is reduced and deg A,, > 1
for all n > 0.

Since D = A% 4 2C with degC < deg A, [VVAZ+2C] = A. Thus if VD =
(Ao, ..., An,ant1), then Ag = A and deg Ag > 1. Now since D is monic, sgn A > 0
and [vD + A| = ed°84, Then

D — A2 2C
D — Al = = < 1.
VDAl =lm A= s
Thus
o] = || = ATV S and | = | <1
"D 4 2C N D+ A

This shows that «; is reduced and deg A; = deg[a;] > 1.
Suppose |ag| > 1, [ak| < 1 and deg Ax, > 1. Then since |ay — Ag| = |og — [ou]| <

1, we have
1
«a =|—)->1
|1 |Oék—Ak|
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POLYNOMIAL PELL’S EQUATION 997

and since @y — Ag| = |Ax| > 1, we have

_ 1

(@1 | = |m| <1
Thus a1 is reduced and deg Ag41 = deg [ag+1] > 1.

Next we show |P,/Qn — vV D| = |1/QnQn1| for all n > 0. By the first part, we
can assume that |y, 12| > 1. Then since |Q2 /ayi2| < |@nQn+1], we have

P, P, Opy1 Py + Py PoQn—1— QnPr_1
n_pl = |Zn_ ntl =
P M T o Mo T N p |
= | : =g
= - = .
Qn((AnJrl + (yn+2)Qn + anl) QnQn+1 + acfiz
= 5]
QnQnJrl .
O
Lemma 2. IfU+ VD € T, then U = AP, and V = A\Q,, for some n > 0 and
Ae Q.
Proof. We have
U 1 1 1
~ _D|= = <=2
4 o oy <Y
Then choose n so that |Qy,| < |V| < |Qn+1], so by Lemma[I]
U 1 P, 1
~ —VD|<|——| and | =% — VD .
1§ = VDI < Iyl and |5 = VI < 7|

IfU/V # P,/Qn, then

1 lnL _QnL ln n
LBVt P UL —1—\/D—|—\/D——L

P, U 1
maX{|@ - \/5|7|\/5— V” < |W|a

IN

a contradiction. Thus U/V = P,/Q,. Note that P,Q,_1 — P,_1Q, = (—1)"*!
implies P, and Q,, are relatively prime, and U? — DV? = 1 implies U and V are
relatively prime, which in turn imply U = AP,,V = AQ, for some n > 0 and
Ae Q. O

Lemma 3. If W1, Wy € T and |Wh| = |Wa|, then Wi = Wa. In particular, the
minimum solution is unique.

Proof. Let Wy, = Uy + VivD and Wy = Uy + Vao/D. Then by Lemma B, W7 =
AP, + AQm /D and Wy = uP, + uQn\/ﬁ for some m,n > 0 and A\, u € Q. Since
|W1| = |Wal, deg P,, = deg P, so m = n. Thus
NP2 — DQE) = (P2 - DQ2,).
Since v/D is irrational, A = 4 and by the definition of T', Wi = W.
If, in particular, W; and W5 are minimum solutions, then by the definition of a
minimum solution, we have |W;| = |Wa|, which implies W; = Wh. O

Lemma 4. If Wy is the minimal solution, then for any W € T, W = W' for some
n>1.
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Proof. It |W| = |Wy|* = |W{|, then by Lemma Bl W = W{. Otherwise choose
n > 1 so that
|W0|n < |W| < |W0|n+1.
Then
1< [Wo"W| < Wl
and Wo" W is a solution of (. Since |W0nW| > 1, either Wy W or —W, W is
in T, which is impossible since [Wo" W/ < [W|. O

Lemma 5. Let D = A2 4+ 2C be a monic polynomial in Z[z], where A,C € Qlx]
and deg C < deg A. If p > 2, then v,(A) > 0 and v,(C) > 0.

Proof. Since D is monic, we write A = z¥ + ap_12*~1 +--- 4+ ag. Suppose 7 is the
largest index so that v,(a,) < —1. Then

[z D = [z A% = 24, + Z aa; € Z.

i+j=k+r
r<i,j<k

Since vp(aj) > 0 for j > r, v (Zi+j=k+r aiaj> > 0, and so vp(a,) = vp(2a,) > 0,
r<i,j<k
a contradiction.

Lemma 6. Let f(m) = ;2,5 ]|. Then for m >0,

(1) 2f(m) < f(2m) — 1.
(2) f(m) = f(m—3j)+ f(j) for1<j<m—1.

Proof. Since f(m) < > oo, o =m,

i=1 27

= 2m = m

fem) =S 120 = S5 = mt fm) > 2f(m).
i=1 i=0

Inequality (2) follows from the well-known fact that f(m) is the largest power of 2

which divides m/!. O

Lemma 7. Let D = A% +2C = (2% + ap_12" 1 + -+ 4+ ag)? + 2C be a monic
polynomial in Z[x], where degC < k. If A & Z[x], then let k —m > 1 be the
largest index such that ve(ag—_pm) < —1. Then vo(ag—m) = —1. Furthermore, for
gm < j < (g+1)m,

va(ax—j) > —q — f(q),

o0

q
where f(q) = 3" 2],
i=1
Proof. Since k — m is the largest index such that ve(ar—_,,) < —1, suppose that
va(ag—m) < —2 and va(ak—;) > 0 for j < m. Then consider

D = @A = 20+ Y ar—ian € 2.
Oz<+zj,]=<mm

Since 19 (E itj=m akiak]) > 0, »»(2ax—m) > 0, a contradiction. Hence
0<i,j<m
va(ag—m) = —1.
Next we show for all j with ¢gm < j < (¢ + 1)m, ve(ax—;) > —q — f(g). We use
induction on ¢g. For ¢ = 0, we have 0 < j < m and va(ak—;) > 0.
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Assume that the induction hypothesis is true for all values less than ¢, where
q > 1. Suppose k —mgy, gm < my; < (¢ + 1)m is the largest index such that
vo(ak—m,) < —q — f(g). Then consider

Rl D = [P A% = 20, + Y ap—jap—; € Z.

i+j=mgq
0<i,j<myg

Let sm <i < (s+1)m. Then since i +j =my < (¢+1)m, j < (¢ —s+ 1)m. By
the induction hypothesis, va(ar—;) > —s— f(s) and va(ar—;) > —(g—s)— f(g—9).
Thus by Lemmal[6],

va(2ar—iax—j) > —q— (f(s) + flg—8)) + 1> —q— f(q) + 1.

Now for mg even, since gm < m, < (¢ + 1)m, we have

[5lm < < (5] +Dm.
Thus
Va0 ny2) = 22(ak,2) > 2=La/2] ~ F(la/2))

{—2L%J—f(2L%J)+1 for g > 1,
—2(4] —2/(|4) =0 forg=1

—q¢—flg)+1 forg=1,
—1—-f(1)+1 forqg=1.

Therefore, v5 (Z itj=m, Qk—iGk—j | = —q— f(q)+1 which implies that v5(ar—m,)
0<i,j<mygy

> —g—f(q), acontradiction. Thus for gm < j < (¢+1)m, va(ak—;) > —q—f(¢). O

3. MAIN THEOREMS

Proof of Theorem [l We break Theorem [l into two cases according to whether
2C = —1/k?* or not. We first treat the case 2C = —1/k% Note that in this case,
the minimal solution is Wy = kP + onx/ﬁ = kA + kv/D with k > 0. [l

Proposition 1. Let D = A? + 2C be a monic polynomial in Z[z], where 2C =
—1/k% k € Q. Suppose either A € Z[x] or 2A € Z[z]. Then the following are

equivalent:
(1) W € Ty for some n > 1.
(2) Wy € Tp.
A++D, where Aec Z[z],2C = —1,
(3) Wo = _
244 2VD, where A¢ Z[x],2A € Z[z],2C = —1/4.

Proof. The implications (3) = (2) and (2) = (1) are clear. So, we show (1) = (3).
Case 1. A€ Z[z].
Note that 2C = D — A? = —1/k? € Z[z] implies 1/k = u, u € Z. Suppose that
Wi = (kA+ k\/ﬁ)” =X, 1+Y, 1VD € Ty, where k > 0. Then

X1 = Z <2’;> (KA 2% DI = Z <§7) (kA2 |2 (A% + 20

J J
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has the leading coefficient of A™:

n
n __ 2n71 n __ 2n71 n
> <2j)k; k Ju

J

which is in Z only if k = u = 1. Thus, we have Wy = A + /D, where A € Z|[z]
and 2C = —1.
Case 2. A ¢ Z[x],24 € Z[z].
Note that 8C = 4D — (2A4)? = —4/k? € Z[x] implies 1/k = u/2, u € Z. Suppose
that W' = (kA + kvD)" = X,,—1 + Y,,_1VD € Ty, where k > 0. Then

n N—271.27 i
Xn—1 = Z (2]) (kA) QJkQJDJ

J

has the leading coefficient of A™:

n _on—lpn _ 92n—1
Z <2j>k” = onTlgn = 92—y
J
which is in Z only if £ = 1,2. But k = 1 implies 2C € Z, which implies A =
D? — 2C € Z|x], a contradiction.
Thus, we have Wy = 2A+2v/D, where A € Z[z], 2A € Z[z], and 2C = —1/4. O

Proposition 2. Let D = A? + 2C be a monic polynomial in Z[x], where degC' <
deg A, B = A/C € Qlx], and 2C # —1/k?. Suppose either A € Z[x] or 2A € Z[z].
Then the following are equivalent:
(1) W € Ty for some n > 1.
(2) Wy € Tp.
o(C)(B%*C + 1+ BVD), where B,C € Z[z],
242 +1+2A4VD,  where A€ Z[z],2C =1,
(3) Wo =14 o(C)(B*C + 1+ BVD), where A€ Z[z], B = +2B;,
B; € Z[z],sgnC = :I:%,
2C € Z[z],deg C > 0.

Proof. The implications (3) = (2) and (2) = (1) are clear. So, we show (1) = (3).
Since B = A/C € QJz], we have

VD = (BC,B,2BC) and W, =0(C)(B*C+1+BVD)eT.

Assume W§ € Tp. If t = sgn B, then we can write B = tB,,C = %C’l, where
te Qand A= B1Cy. If v,(B1) = e,1,(Cy) = f, then since By and C) are monic,
e, f <0 and vp(A) = vp(B1C1) = vp(B1) + vp(C1) = e+ f. But 24 € Z[z], so if
p# 2,then e = f =0. If p=2, then e+ f is equal to either 0 or —1 depending on
whether A € Z[z] or not.

Case 1. A€ Zx].

Then e+ f = 0 and By,Cy € Z[z]. Since 2C = D — A% € Z[a], 2C € Z[a].
Thus 2/t € Z which in turn implies that ¢ = 1/u or 2/u for some v € Z. Write
(P +Q1vVD)" = (tB}Cy + 1 +tB1VD)" = X,, + Y,,/D. Then

n o . .
X, = Z (2j) (tB?Cy +1)""%(tB,)¥ DI
J
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has the leading coefficient

Z n o on—lyn _ 2"*1/u" ift =1/u,
—\2j)" T 2w ift=2/u
j
which is in Z only if |t| =1, 2.

If |¢| = 1, then B =tB; € Z[z], C = C4y/t € Z[x], and

Wo = o(C)(B*C + 1+ BVD).

If |t| = 2, then B = tB; € Z[z] and 2C = +£C; € Z[z]. Since C is monic,
C = %C’l implies sgn C' = +1/2. Note that for degC = 0, sgnC = —1/2 implies
2C = —1 which is impossible since 2C # —1/k?. Thus for degC = 0, we have
2C = 1. Then B = A/C = 2A and W = 24% + 1 + 2Av/D. For degC > 0,
Wo = o(C)(B2C + 1+ BVD), where sgnC = +1/2, B = +2By, By, 2C € Z|z].

Case 2. A& Z[z],24 € Z[z].

We will show that W' ¢ Z[x]. Let p = 2. Then e+ f = —1. Thus either f =0
or f = —1 which implies either C; € Z[z] or 2C; € Z[z]. Since 8C = 4D — (24)? €
Zlz], 8Cy € Z[a]. Thus 8/t € Z and we can write t = 29/u, 0 < g < 3, where u is
an integer.

Now as above, the leading coefficient of X, is 2(9+1)”*1/u”, which is in Z only
if u|29. Thus ¢|8. Recalling that e + f = —1 and e, f < 0, we see

(1) t = =£1,£2 implies f = 15(C1) = v2(tC) < —2 which is impossible.
(2) t = £4 implies e = 0 and f = —1 which in turn implies

Wo = o(C)(B*C + 1+ BVD) = 4B*Cy £1 + 4B,V D € Ty,

where By1,2C) € Z[x].
(3) t = £8 implies e = —1 and f = 0 which in turn implies

Wo = o(C)(B*C + 1+ BVD) =8B?Cy 1+ 8B,VD € Ty,

where 2B, C; € Z[x].
Thus in either case, 8C' € Z[z] and B € Z[z]. So, we let

A = 2" +ap_12" 1+ 4+ ag, where 2a; € Z for all i,

1
C = g(csms +es 12 -+ ¢g), where ¢; € Z for all 4,
B = 8(byx" +bp_1z" -+ by), where 8b; € Z for all i.

Let m be the largest index so that va(a,,) = —1. If 2m > s, then
[me]D = [me]A2 = 2(apaom + a1G2m-1 + ** + Gmt1am—1) + afn € Z,

which is impossible since v2(2a;a;) > 0 for ¢ # j and va(a?) = —2. So, assume
2m < s. Thus

A2 =$2k+d2k_1$2k_1+"'+ dez® + -+ deme_'_“.7
2C = Cep4 2

where v5(d;) > 0 for all j > 2m. Then ¢;/4 € Z for j > 2m. Also, [z*™](A%2+2C) €
Z implies that va(cam/4) = —2 which in turn implies that cay, is odd.
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Now write A as
A = BC
= bpesa" T 4 (brcs—1 + Csbr—l)xTJ’_s_l .
+  (bream +br_1c2myr + -+ br+2m_scs)x’“+2m 4

Suppose that s > 2m. Then since 4|c, and b.c; = 1, we have v2(b,) < —2. We also
note that since 8b; € Z for all ¢ and ¢;/4 € Z for j > 2m, vo(by—icom+:) > —1 for
i > 0, which implies that v ([z"T2™]A) < —2, a contradiction.

Thus we assume that s = 2m. Then since ¢z, is odd, 8b,. € Z, and b,ca,,, = 1
imply that co,, = b, = £1. Now write A as

A = BC
+ (bo+ brcam—1 + - + bameo)z¥™ + -

We divide this into cases m > 0 and m = 0.

If m > 0, then since vo(a;) > 0 for j > m, all coefficients of a* for ¢ > 2m are
integers. But then ¢; € Z implies that b; € Z for all j > 0. Then A = BC € Z[z]
which is a contradiction.

So, we suppose that m = 0, C = ¢y/8, and ¢ = £1. Since D = A? +2C =
2?4+t ak+co/d € Z[x], a2 +co/4 € Z. Then a2 +cp/4 € Z and ¢g = £1 imply
that ¢ = —1, which in turn implies 2C' = —1/4 = —1/k?, a contradiction. Thus
for A & Z[z] and 2A € Z[z], W] € Tp for all n > 1. O

Proof of Theorem [A Since D is monic, we write A = zF 4+ ap_12¥"1 4+ +ag. We
first treat the case ¢; = 0. Since D € Z[x], if either A € Z[z] or 2C' € Z[z], then
both are. Otherwise, by Lemma [B, we may suppose that v2(2¢o) < —1 and since
az + 2cy € Z, va(ag) < —1. Suppose that [ > 1 is the smallest index satisfying
va(a;) < —1. Then

[2']D = [z A% = 2a4a0 + Z a;a; € 2.

i+j=l
0<i,j<l1

Since vy (Z itj=l aiaj) > 0, 12(2ajap) > 0 which implies that vo(a;) > 0, a
0<i,j<l
contradiction. Hence a; € Z for i > 1. Now
[z*]D = [2%] A% = 2a0 + Z aa; € Z

i+j=l
0<1i,5<!

and 9 (E itj=l aiaj> > 0 imply that v2(2a9) = 1 4 v2(ap) > 0, which in turn
0<4,j<I
implies that v5(ag) > —1. So va(ag) = —1 and 24 € Z[z].

We next treat the case ¢; # 0. We will divide the proof into two cases according
to whether v5(ag) > 0 or va(ap) < 0.

Case 1. va(ag) > 0.

Suppose that vz(a;) = —t < —1. Then since va(ag) > 0, [2°]D = a2 +2¢o € Z
and [z']D = 2aja0 + 2¢; € Z imply that v5(2¢o) > 0 and vz(c;) > —t. Thus
2!C € Z[x]. Since D = A? +2C € Z[z], 271D = 217142 4+ 2!C € Z[x], which
implies that 271A% € Z[z]. Thus 1»(A) > -5 > —t = 1y(a1), a contradiction.
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Therefore, if v5(ag) > 0, then v5(a;) > 0. But then a3+2cy € Z and 2a1a9+2c; € Z
imply that 2C = 2¢12 4 2¢9 € Z][z], which in turn implies that A € Z[z].

Case 2. vz(ag) < 0.

Suppose first that va(a1) < ve(ag). Let va(a1) = —t and va(ag) = —u. Then
a2 +2co € Z and 2aja0+2c; € Z imply that vo(cy) = —2u—1 and va(c;) = —t —u.
Since —t < —u, we have 2!7%C € Z[x]. Then 2!T4~1D = 2t+tu=142 4 ottuC ¢ Z[q]
which implies that 2747142 € Z[z]. Thus vy(A4) > —% > —u = a(a1), a
contradiction.

Suppose next that v2(ag) = va(a;) = —t < —1. Then a3 + 2¢y € Z and
2a1a¢ + 2¢; € Z imply that ve(co) = va(ad) — 1 = =2t — 1 and va(c1) = vo(ay) +
va(ag) = —2t. Thus 22/T1C € Z[z]. Since D = A? + 2C, we have 22D = 221 A? +
22111C € Z[z], which implies that 2°A € Z[z]. Thus v5(A) > —t. Now consider
[22]D = [2?]A? = a2 + 2a2a¢ € Z. Then v5(2a2a0) = va(a?) = —2t implies that
va(ag) = —t — 1 < —t < v,(A), a contradiction.

Finally suppose va(ag) < v2(ay).

Suppose v2(a1) > 0 and consider [z!] A% for | > 2. For | = 2, we have 2aza¢+a? €
Z and va(ag) > 0. For I = 3, we have 2agag+2aza1 € Z and va(a3) > 0. Continuing
this, we have vy(a;) > 0 for all 0 < 4 < k. Then

[2%]D = [2%]A? = 240 + Z aa; € Z
itj=l
0<i,j<l

which implies that v2(2a¢) > 0. Thus v2(ag) > —1 and 24 € Z[z].

Suppose v(a;) < —1 and let v2(a1) — va(ag) =t > 1. Then since a3 + 2¢ € Z,
v2(2¢o) = va(ad) = 2va(ag) = 2(va(a1) — t). Also since 2ajag + 2¢1 € Z, v2(2¢1) =
va(2a1a0) = va(ar) + v2(ao) + 1 = 2v9(aq1) — t + 1. Then

2
Vo (2_C()> = 21/2(a1) — 2t — 21/2(a1) +t-— 1=—-t—-1.
C1

Thus —cg/c; = u/2, where u € Q@ and ve(u) = 0. Since A(z) = B(z)C(x) =
B(z)(c1z + co),

Co U
0 = A(—a) = A(ﬁ)

u U u
= (W)k +ak—1(ﬁ)k L4 ---+a1(ﬁ) + ap.

Let kK — m be the largest index such that vs(ak—_,,) < —1. Then by Lemma []
va(ag—m) = —1. Thus for 1 < j <m,

(o (5 ) 2 (500

Now we evaluate 14 (ak_j (thil)k_j) for j > m. By Lemma[7 for gm < j <

(¢ + 1)m, we have

vo(ar—j) > —q — f(q)-
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Thus for gm < j < (¢ + 1)m,

Vs (akj (zt—zil)k_j> = wvaar—j) — (t+1)(k —j)

—q¢—f(g) =+ 1)(k—j)
—q¢— [l +i(t+1)—k(t+1)
)
(

> —q¢—fl@)+gm(t+1)—k(t+1).

Sincem >landt > 1, —q— f(q)+qm(t+1)—k(t+1) > —qg— f(q) +2q—k(t+1) >
1 — k(t 4+ 1). Then since vy ((57%5)¥) = —(t + 1)k, we have

(s (55)") ()

for 7 > m. Thus we have

u k
"2 (a’” <2t+1) > <(2t+1) )
for all j > 1, which implies that A(—¢%) # 0, a contradiction. O

As a corollary to Theorems 1 and 2, we characterize the solutions of the polyno-
mial Pell’s equation () for a class of quartic polynomials D.

Corollary 1. Let D = z* + ax® + ba® + cx + d € Z[z]. Suppose D = A? + 2C,
where B = A/C € Q[z]. Then Wy € Ty if and only if
(1) Wo = 2® + a1z +1+VD, where a = 2a1,a1 € Z,b=a?+2l,1 € Z ¢ = 2a1l,
and d=1%—1.
(2) Wo =2(2? + arz + 1+ 3) + 2VD, where a = 2ay,a, € Z,b=a? + 20 +1,
le Z,c=2a1l+ay, andd=1?+1.
(3) Wo = (z+a1 Ft)2(x£t) £ 1+ (x + ay F t)VD, where a = 2a1,a1 € 2,
b=a3+2l,l € Z,c=2c1,¢c1 = arl+1,d =1?+2t,t € Z, and | = t(+a1—t).
(4) Wo =22+ a1z + 1) + 1+ 2(2? + a1z + l)\/ﬁ, where a = 2a1,a1 € Z,
b=a?+2l,l€Z, c=2a1l, andd=1?>+1.
(5) Wo = 2(x+ (a1 Ft)*(x £t) £ 1+2(z + a1 Ft)VD, where a = 2a1,a; € Z,
b=a?+2ll€Z, c=2a1l+1,d=1>+t,t€ Z, and | = +t(a; F1).

Before proving this, we note that by letting a = b = ¢ = 0 and X = x2, we can
obtain Nathanson’s result. Also, by letting a = ¢ = 0 and X = 22, we have the
complete characterization of all quadratic polynomials for which Pell’s equation ()
with D = X2 4+ bX + d is solvable over Z[z].

Proof. Write D = A? + 2C, where

2 3 22
A:x2+%x+4b;a 20 = 80—4gb—|—a m+64d—(§z—a ) .
Then by Theorems 1 and 2, we have
(1) Wo = A+ VD if and only if A € Z[z], 2C = —1. This occurs if and
only if § € Z, 4bg“2 € Z, 8 — 4ab+ a® = 0, and 64d — (4b— a?)? =
—64, which in turn is equivalent to a = 2a;,a; € Z, b—a? = 2,1 € Z,

3 2191843 3
c = 4ab8a _ 8a1(a1—|él) 8ay _ 2a1l, and d = W — 12 _ 1. Thus

Wo::CQ—l—alx—l—l—l—\/ﬁifandonlyifa:%tl,alEZ,bzal—l—Zl,lEZ
c=2al,and d =12 —1.
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(2) Wo = 2A+2VD if and only if A ¢ Z[z], 24 € Z[z], and 2C = —2. This
occurs if and only if § € Z, # €z, % ¢ Z,8c—4ab+a® =0, and
64d — (4b — a?)? = —16, which in turn is equivalent to a = 2a;,a; € Z,
b—a?=2l+1,1€ Z, c=48=t’ —24,] gy, and d = W= 216 _p2 1)
Thus Wy = 2(z? + ayox + 1 + %) +2v/D if and only if a = 2a;1,a; € Z,b =
a%—l—Zl—l—l,lEZ,c:Zall—l—al, and d =12 +1.

(3) Wy = o(C)(B2C + 1+ BVD) if and only if A, B = A/C,C € Z[x] which
is equivalent to @ = 2a1,a; € Z,b—a? =2I,1 € Z, 80_41“6b+a3 = Scfllgall =
edul ¢ g SMd-Uboa®) _ 6T ¢z 4nd B = A/C € Z[a]. Note
that % € Z if and only if ¢ = 2¢1,¢1 € Z, 64(1‘12;12) € Z if and only if

d—1?2=2tte Z. Also, B= A/C € Z[xz] if and only if

2 +aix+1
B = Lrarrtt
(c1 —arl)x +t
1 alcl—a%l—t
pr— Z
cl—allx—’— (c1 —aql)? € Zla]

and the remainder term satisfies
l(en — all)2 —t(aye; —all — t)=0.
Now ¢; — a1l € Z and % € Z if and only if ¢; — a1l = £1. Thus

—al
Wo = (z+a1 Ft)>(x+£t)+ 1+ (2 +a1 Ft)VD if and only if a = 2a;,a; € Z,
b=a3+2l,l€ Z,c=2c1,c1 = arl+1,d=1?>+2t, t € Z,and | = t(+a;—t).
(4) Wy = 24% + 1+ 2AV/D if and only if A € Z[z], 2C = 1. This occurs
if and only if %, 2=2 ¢ Z 8¢ —4dab+ a® = 0, and 64d — (4b — a2)? =
64, which in turn is equivalent to a = 2a1,a1 € Z, b — a3 = 2l,1 € Z,

_a3 8 2421)—8a? 4b—a?)? 464
¢ = daboa — al(alg )=841 _ 94,1, and d = {b=a ) +64 a64) % — 241, Thus

Wy = 2(x2+a1x+l)2+1+2(m2+a1x+1)\/5if and only if a = 2a1,a1 € Z,
b=a?+2l,1€ Z, c=2ail,and d =1?>+ 1.

(5) Wo = o(C)(B*C +1+ BVD) if and only if A € Z, B = 2By, B; € Z|z],
sgnC' = :I:%, 2C € Z[z], degC > 0. This occurs if and only if a =

2 _ 8c—4ab+a® __ 8c—16a1l __ c—2a3l _ 1
2a1,01 € Z, b—af] = 2l,]l € Z, 16 = T6 = =5 = +3,

64d7(gifa2)2 = 64(g;l2) € Z,and B = A/C € Q[z]. Note that =21l = 11

if and only if ¢ = 24,1 + 1, 9= ¢ Z if and only if d — 12 = ¢ € Z, and

B =A/C € Q|z] if and only if

22 +arx+1
+ir+ 1
= $2x+2(a; Ft)

B =

and the remainder term satisfies
IFtlag Ft)=0.

Thus Wy = 2(z + (a1 F1))*(x £1) £ 1 4 2(z + a; F t)V/D if and only if
a=2a,a1 € Z,b=a?+2,l€ Z,c=2al+1,d=1>+tt e Z, and
l:ﬂ:t(alet) O
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By the corollary above, we can list the complete types of monic quartic poly-
nomials for which the polynomial Pell’s equation (Il) has a nontrivial solution in
Z[x]:

(1) D = 2* + 2ua3 + (u? + 2v)2? + 2uvr + 0% — 1,

(2) D =2* +2uz® + (u? + 2v + 1)2? + (2uv + u)x + v* + v,

(3) D = z* +2uzd+ (u?+2(v(Fu—0)))x? +2(uv(Fu—v) £ 1)z +0v?(Fu—v)?+v,
(4) D = a* 4 2ux® + (u? + 2v)2? + 2uvx + v? + 1,

(5) D = a* + 2ux® + (u? + 2(Fv(u Fv)))2? + u(Ev(u Fv)) £ Dz + v?(u £
v)? + v, where u,v € Z.
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