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ABSTRACT. In this paper we present an interpolation inequality in the ho-

mogeneous Besov spaces on R", which reduces to a number of well-known
inequalities in special cases.

1. INTRODUCTION

There are several types of interpolation inequalities in the Sobolev and Besov
spaces on R"; see for instance [1]-[15] and references therein. We prove the following
theorem (see below for notation).

Theorem 1. Let A\, u,p,q,7,0 satisfy A, peR, 1 <pg<r<oo, 0<0<1,
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Then there exists a constant C' > 0 such that

(1.4) 1F: BRall < CULf By oo ll*ILf Bl oclI'°
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forall f € B) N B .

By the embeddings Bg,l < L" and HP — B,’f}oo with 1 < r < o0, p € R, we
have the following corollary.

Corollary 2. Let A\, pu,p,q,7,0 be as above. Then there exists a constant C' > 0
such that

(1.5) 1Fs L7 < CILF YOI Hy

for all f € H;‘ nHY.
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The results above generalize various previously known interpolation inequalities.
In [9], Miyakawa proved (L) in the special cases: (a) 1 = oo, A = u; (b) r =
00, p = ¢, 4 = 0. In [5], Escobedo and Vega proved ([[H) in the special case:
(¢) r =00, p,g >1, 0 < A, u < n. Corollary 2 ensures that (CH) holds when
p < 0. In [11], (L) is proved in the special case: (d) r = oo, p=¢q = 2.

There are some available interpolation inequalities not covered by the results
above. Complex interpolation yields (L&) with 1 < p,¢,r < oo, 1/r =
(1-6)/p+6/q, (1 —0)\+0u =0 (see also [7]), and therefore (I1]) and (L2)
amount to additional restrictions. The known complex interpolation formulas for
Besov spaces do not cover ([L4), however. A possible dependence of the third index
on the interpolation inequalities is a novelty of ([4) (see also [} [12]).

We know a few more results which seem to be related to (L4) and ([L5). In [6],
Gérard, Meyer, and Oru proved
(1.6) £ 27N < ClLf RPN Bl P/T,

where 1 <p <r < oo, afr/p—1)=X> 0, in particular,p=2, r =6, A=1, a =
1/2. In [4], Cohen, Dahmen, Daubechies, and De Vore proved
(1.7) I/ L2 < CILf BYIV2 1 Blool 2

,oo” )

where BV denotes the space of functions vanishing at infinity in the weak sense
and satisfying the estimate

sup ly| ™ [ 1@ +9) - f@)lds < C.
yeER™

We prove the theorem in the next section. The proof depends on the standard
technique from the Littlewood—Paley theory (see [1l, 2, 3, [6], [8, 1T, [T5] for instance)
and therefore the theorem holds for the homogeneous Besov spaces on the Heisen-
berg group H" with necessary modifications (see [1]).

We finally introduce the notation. For any r with 1 < r < co, L"™ = L"(R")
denotes the Lebesgue space on R™. For any p € R and any r with 1 < r <
0, Hﬁ denotes the homogeneous Sobolev space defined as the space of classes
of distributions f modulo polynomials such that (—A)?/2f € L", where A is the
Laplacian in R™. For any p € R™ and any r,m with 1 < r,m < oo, B,’f}m denotes the
homogeneous Besov space defined as the space of classes of distributions f modulo
polynomials such that {277|¢; * f; L"||} € I"™(Z), where * denotes the convolution
in R™ and the Fourier transformed functions {¢;} C C° satisty > ;.7 ¢;(§) = 1 for
all ¢ € R™\{0}, 0 < ¢; < Lsupp@; C {&2771 < [¢] < 2771, 95(€) = po(277€).
We refer to |2, 3} [7, [15] for general information on homogeneous Besov and Triebel-
Lizorkin spaces.

2. PROOF OF THE THEOREM

We may assume that ||f,B£OO|| # 0 and Hf,BgOOH # 0. From the support
properties of ¢; it follows that

1
(2.1) 15BN =Y N« LTS D llgrx i+ f5L7].
JEL JE€Z k=j—1
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By the Young inequality, we have
llon @i+ f; L7 < lleows L™ [l f5 L7
(2.2) = 2R log: ™|l 3 L7,
where 1 +1/r =1/m + 1/s. We apply 22) with s = p, ¢ to () to obtain
1 BRIl < € 20 /pn/r=NI 9Nl f5 1P|

izl
+ CZ o(n/a=n/r=1)i . 91i | p; % f; L]
i<l
< CZ o(n/p=n/r=2j|| f. B{)\,OOH + CZ o(n/a=n/r=wi|| f. BE |
>l i<l

< ORI By | 20 el B )
— C(z(n/p—n/r—/\)lal—é + 2(n/q—n/r—u)la—0)”f; Bz/)\oo||9||f7 Bg

where a = || f; By oo ||/ [1F; B o .
Let o = (A—n/p+n/r) — (u—n/g+n/r) >0 and let | be the largest integer
that is less than or equal to 0~ logy a. Then,

2! <a'/7<2.2, 6= —(u—n/q+n/r)fo, 1—6=\—n/p+n/r)/o,

and therefore

ol

2(n/p7n/r7)\)la179 < (20171/0'))\7n/p+n/ra179 _ 2)\7n/p+n/r’
2(n/q7n/r7p,)la70 < a(n/qfn/rfp,)/aafe —1.
This proves the theorem.
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