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ABSTRACT. In this paper, we discuss finite rank operators in a closed maximal
triangular algebra S. Based on the following result that each finite rank oper-
ator of S can be written as a finite sum of rank one operators each belonging
to S, we proved that (SN F(H))*" = {T € B(H) : TN C N.,VN € N},
where N = N, if dimN © N_ < 1; and N~ = N_, if dimN & N_ = oco.
We also proved that the Erdos Density Theorem holds in S if and only if S is
strongly reducible.

1. INTRODUCTION

Finite rank operators and rank one operators are important to the theory of nest
algebras. In a nest algebra, each finite rank operator can be written as a finite sum
of rank one operators which belong to itself (This result is in [6], but belongs to
Ringrose); the w*-closure of all finite rank operators is the whole of the nest algebra
([6], it is known as the famous Erdos Density Theorem). Naturally, we may ask
what happens in the case of maximal triangular algebras?

We have proved in [4] that each finite rank operator of a closed maximal trian-
gular algebra S can be represented as a finite sum of rank one operators in S. This
is first appeared in [4], but for completeness and reader-friendly reasons, we state it
in Section 2. In Section 3, using the decomposability of finite rank operators in &
and the technique of annihilators, we calculate the w*-closure of all finite rank op-
erators in S. In the last section, we give some remarks on Rosenthal’s famous note
[16], and obtain a sufficient and necessary condition for which the Erdos Density
Theorem holds in S.

Now we give some notation and terminology. Let H be a complex separable
infinite—dimensional Hilbert space, B(H) the set of all bounded operators on H
and F(H) the set of all finite rank operators in B(H). A nest A is a chain of
closed subspaces of Hilbert space H containing (0) and H which is closed under
intersection and closed span. For N € N, define

’ ’
N_=\/{N eN:N <N}.
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If N # N_, the subspace N © N_ is called an atom of N. If dim N © N_ <1 for
any N € N, N is called a maximal nest. If A/ is a nest, the nest algebra 7 (N) is
the set of all operators T" such that TN C N for every element N in N.

Let & be a subalgebra of B(H), and define §* = {A* : A € §}. Following
Kadison and Singer [8], we shall say that S is a triangular algebra if D = SNS* is
a maximal abelian subalgebra of B(H). The maximal abelian *—algebra D is called
the diagonal of S. A maximal triangular algebra is a triangular algebra which is
not properly contained in any other such algebra. Applying Zorn’s Lemma, we
conclude that any triangular algebra is contained in a maximal triangular algebra
with the same diagonal.

Let S be a maximal triangular algebra over H. It is shown in [8], Lemma 2.3.3,
that LatS is totally ordered by inclusion. Hence it forms a nest A, we shall call N/
the hull nest of S and 7 (N) the hull nest algebra of S. In general, the hull nest N/
is quasi-maximal, that is the subspace N © N_ has dimension 0, 1 or infinity for
any N € N (see [B], Theorem 1). Following []], we shall say that S is irreducible
if the hull nest /' = {(0), H}, and that S is strongly reducible if N is maximal. It
is shown in [T1] and [12] that not all maximal triangular algebras are norm closed.
However, one feels that non-norm-closed maximal triangular algebras are rather
pathological and that the proper objects for study should at least be complete. If
a triangular algebra is norm-closed, we shall simply say it is closed.

Suppose that S is a subspace of B(H), if SN F(H) is weakly dense in S, we say
that the Erdos Density Theorem holds in S.

2. FINITE RANK OPERATORS

Definition 2.1. Let A be a subalgebra of B(H), and let n be a positive integer.

A is n-fold transitive if for any choice of elements x1,... ,Zn,y1,... ,yn € H with
{z;} linearly independent, there exists a sequence {Ax} C A such that
1i}£nAkxi =Y, V1l <i<n.

Thus A is 1-fold transitive if and only if LatA = {(0), H}.

Lemma 2.2. Let S be a closed irreducible triangular algebra, then S is n-fold
transitive, Yn > 1.

Proof. Since the Hilbert space H is separable infinite-dimensional, then the diag-
onal D = § N S* is a countably decomposable maximal abelian *—subalgebra of
B(H), and since S is irreducible, so by [I], Theorem 3.3, S is strongly dense in

B(H).
Suppose that z1,... ,&n, Y1, .. ,Yn € H with {z;}, linearly independent. By
the Hahn-Banach Theorem, we can choose bounded operators Fi, ... , F}, such that

Fz(l‘]) = 51] Set
Tr= Z Fi(z)y;.
i=1

Then T € B(H) and Tx; = y;. Since S is strongly dense in B(H), we can find, for
each k > 1, an Ay € S such that
|| Akxi—Txi Hgl/k}, i:1,2,...,n.

Hence limy, Apx; = Tx; = y;, proving that S is n-fold transitive. O
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If x,y are nonzero vectors in ‘H, we define the rank one operator = ® y by
(z@y)(2) = (z,y)z, VzeH.

Lemma 2.3 (F.Y. Lu [10]). Let S be a norm-closed subalgebra of B(H) that satisfies
the following conditions:

(1) Ie€S;

(2) LatS = {(0), H}:;

(8) SNS* abelian.
Then S contains no rank one operators.

Proof. Suppose that there is a nonzero rank one operator t ® y € S. Since LatS =
{(0), H} and I € S, it follows that [Sz] = H. Hence for any z € H, there exists
{Sa} C S such that lim, S,z = z. Since S is norm-closed, it follows that

2@y = (limSez) Yy =limS,(z ®y) € S.

Since LatS* is also trivial, similarly, for any w € H there exists {Sg} C S such
that limg Sjy = w. Hence,

Z@w = liénz ® (Shy) = lién(z ®y)Sg €S.
Thus S contains all rank one operators in B(H).

Now suppose that u, v are linearly independent vectors in H and (u,v) # 0. Then
the self-adjoint rank one operators u ® v and v ® v belong to S N §*. However,

(4@ W) ev) = (v,u)u@ v £ (u,0) @ u = (v v)(u s u);
this contradicts condition (3). O

Proposition 2.4. Let S be a closed irreducible triangular algebra, then S contains
no nonzero finite rank operators.

Proof. Suppose that there exists a rank n operator F' in S. Set

n
F = Z:L‘l ® zi,
i=1

where {z;}7_, and {z;}}'_, are both linearly independent.
Following Lemma 2.2, S is n-fold transitive. So there exists a sequence {A;} C S
such that
li}gn Agry =21 and li}gn Arz; =0, 1<i<n.

Since S is norm-closed, then
n
r1 21 = hinAk(; xr; @ Zz) = hinAkF eSs.

This is a contradiction to Lemma 2.3. Hence S does not contain nonzero finite rank
operators. 0

Lemma 2.5. Let S be a mazimal triangular algebra with hull nest N. If N e N
and dim(N © N_) < 1, then P(N)TP(N_)* € S, VT € B(H).

Proof. Following the proof of [15], Lemma 5.2. O

For the purpose of this paper, we give another form of [I0], Theorem 5.2.3.
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Lemma 2.6. Suppose that S is a closed mazimal triangular algebra. Then a rank
one operator x @y € S if and only if there exists an element N in N such that:
(1) ifdimN© N_<1,z€ N andy € N*;
(2) ifdimNSN_=o0,z€ Nyyc Nt;orz € N_,y e N*.

Proof. Sufficiency. It follows from Lemma 2.5 and [8], Lemma 2.3.2.
Necessity. Since x ® y € S C T(N), there exists an element N € A such that
x € N and y € N*. Write

x = vy+xeN_®(NeN_),

y = yi+y2€(NSoN_)® N,
then

TRQY=1 QY+ T2Q Y2 + T2 QY.
It follows from [8], Lemma 2.3.2 that z1 ® y and x2 ® ya belong to S; thus, z2 ® y1
also belongs to S.

If dimNS&N_ = oo, following the proof of [5], Theorem 1, P(NSN_)SP(NSN_)
is a closed irreducible triangular algebra in B(N & N_). Thus by Proposition 2.4,

22 ®@y1 =P(NON_)(z2®y1)P(NON_)=0.

Then 3 = 0ory; =0. If 20 =0, 2 € N_andy € N*;if y; =0, 2 € N and
ye Nt
IfdimNoON_<1,z€ N andy€ N+t O

Theorem 2.7. Suppose that S is a closed mazimal triangular algebra, and F is a
finite rank operator in S, then F' can be written as a finite sum of rank one operators
each belonging to S, and the number of rank one operators necessary to form F is
bounded above 8 times the rank of F'.

Proof. Set N to be the hull nest of S, and let F' be a rank n operator in S.
Since F € § C T(N), then by [6], Theorem 1, there exist {N;}, C N and
{3, {y: ), with ; € Ny, y; € Nt i =1,2,... ,n such that

F=510y+22Qy2+-+Tn @ yn.

Write
r; = xf+x7 €N ®(N;©N;),
yi = yi+yie(NioN)o N
then
n
F=Y (¢ @y +ui®y; +al 0y) =+ F
i=1
with Fy = i (Tl @yl +2,0y?), Fy = i (2? @ y}). Following [8], Lemma 2.3.2, the
i=1 i=1

rank one operators z} ® y} and z; ® y2(i = 1,2,... ,n) belong to S. Hence F; € S,
so I, € S. In the following, we shall prove that 27 ® y} € S,i=1,2,... ,n.
Without loss of generality, let

Ny <Ny <--- <N,

If N; = N;_, then 22 = y} = 0. So we can suppose that N; # N;_,V1 <i < n. For
a fixed 7, suppose that

Ni—qg-1 <Nj—q=--+=Ni="--+= Niyp < Nigpi1.
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Since P(N) € SNS* for any N € N, then
i+p
(P(N;) = P(Ni-))Fo(P(N:) = P(Ni-)) = ) a5 @y €8,
Jj=i—q

Now we distinguish two cases.

Case 1. dimN; © N;_ = oo. Following the proof of [5], Theorem 1, we have that
P(N;©N;_)SP(N;© N,_) is a closed irreducible triangular algebra in B(N; & N;_).
Thus by Proposition 2.4, P(N; © N;,_)SP(N; © N;_) does not contain any nonzero

i+p
finite rank operators. Hence, if > x? ® y]1 # 0, we have

j=i—q
i+p
> oy €S
Jj=i—q
i+p
This is a contradiction, so Y x? ® yjl —0.

Jj=i—q
Case 2. dim N; © N;_ = 1. Following Lemma 2.5, we have

x?@y}éS, j=i—¢q,...,i+p.

Since the hull nest is quasi-maximal, the two cases are jointly exhaustive. Since
i is arbitrary, we obtain that F» is also a finite sum of rank one operators in S.
So any rank n operator can be written as a finite sum of rank one operators each
belonging to S. (|

3. THE w*-CLOSURE OF FINITE RANK OPERATORS
In this section, we will describe the w*-closure of finite rank operators in S. Set
W={XeB(H): XN C N,VYN € N},
where N = N_ if dimN © N_ < 1; and N = N if dimN & N_ = cc.

Lemma 3.1. W is a weakly closed T (N')—ideal determined by the order homomor-
phism N — N of N into itself; and a rank one operator x @ y € W if and only
if there exists an element N in N such that v € N,y € N, where N. = N, if
dimN o N_<1; No=N_, if dimN © N_ = co.

Proof. The fact that W is a weakly closed 7 (N)—ideal is obvious from the definition
of W.

By virtue of [7], Lemma 1.1, a rank one operator z ® y € W if and only if there
exists an element N € A such that € N,y € NZ. In the following, we will
compute N.. For any N € N, we consider separately three cases. Recall that
N. =\/{N': N’ < N} defined in [7].

Case 1. dimN © N_ = 1. In this case, N = N_ < N. If N’ > N, N > N.
Thus N’ > N. So N. = N.

Case 2. dimN & N_ = oo. In this case, N = N. Since N_ < N_ < N,
N.=N_.

Case 3. dimN © N_ = 0. Thus, N = N_ = N. In this case, we can prove that

{N'e N:N' <N}={N' €N :N'<N}.
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Indeed, since N’ < N’, we have that {N' € N': N’ < N} C {N' e eN:N < N}.
Conversely, if N’ ¢ {N'" € N : N' < N}, that is N’ > N and N >N=N. So
N' ¢ {N' € N : N’ < N}. Hence {N' e N: N' < N} D {N' € N : N' < N}.
Therefore,

=\/{N'eN:N <N}=\/{NeN:N <N}=N_=N.

Since the hull nest N is quasi-maximal, the three cases are jointly exhaustive. This
completes the proof. (I

Set C1(H) as the ideal of all trace class operators in B(H).

Theorem 3.2. Suppose that S is a closed maximal triangular algebra with hull
nest N, then p € B(H), annihilates S N F(H) if and only if p is of the form

p(:) = tr(X-),

where X is a trace class operator in W.

*

Proof. Necessity. If p € B(H), = C1(H), there exists an operator X € C;(H) such

that p(-) = tr(X-) and p annihilates S N F(H). For any Y € F(H) and N € N/, by

8], Lemma 2.3.2 and Lemma 2.5, the operator P(N)Y P(N)* € S N F(H). Thus
tr(P(N)Y*XP(N)Y) = tr(XP(N)Y P(N)*) =0, VY € F(H).

From f(H)w* = B(H) and the w*-continuity of the map tr(P(N):XP(N)-) it
follows that
tr(P(N)*XP(N)Y) =0, VY € B(H).
Then
P(N)*XP(N)=0, VNEeWN.
So
X eWwncCi(H).

Sufficiency. If X € WNC1(H), let £ ® y be any rank one operator of S. Then,
by Lemma 2.6, there exists an element N € A such that: N
(1) if dimN © N_ <1, then € N and y € N*. Since N = N_, we have that

tr(X(zr®y)) = tr(XP(N)(z®y)P(N_)*1)
= tr(P(N_)*XP(N)(z®y))=0.

(2) if dimN & N_ = oo, we distinguish two cases.
Case 1. z € N,y € N+. Since N = N,

tr(X(z ®y)) = tr(P(N)*XP(N)(z ® y)) = 0.
Case 2. € N_,y € N*. Since X e W, XN_ C N_CN_. Thus,
tr(X(z®y)) = tr(P(N_)*XP(N_)(z ®y)) = 0.

Therefore the map ¢r(X-) annihilates any rank one operators in S. Since the map
tr(X-) is linear, it follows from Theorem 2.7 that

tr(XF)=0, VFeS&nFH).
So p(-) = tr(X-) annihilates S N F(H). O
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Theorem 3.2 tells us that (SNF(H))L = WNCi(H). Since (SNF(H))NK(H) =
S N F(H), Theorem 3.2 also shows that (SN F(H))t =W NCi(H).

In order to calculate the annihilator of W N Ci(H), we need some results about
weakly closed 7 (N)-modules. These results have their own interest. Note that the
symbol “~” in the following results 3.3-3.5 is not the same as that defined in the
beginning of Section 3.

Lemma 3.3. Suppose that F, E are comparable projections in B(H). If A € C1(H)
and (I — E)AE =0, then A can be decomposed as A = Ay + As such that

1) (I-E)A; =0, AyE =0;

2) | A=l Ar flx + || A2 [|1 .

Proof. We consider separately two cases. B ~
Case 1. E < E. We decompose H as E @ (E© E) @ E+. Since (I — E)AE =0,
corresponding to the decomposition of H, the trace class operator A has the matrix

form
Bi1 Bz Bis
A= 0 0 Bos
0 0 Bss
Thus, following [9], Lemma 3.3, A can be written as
Bin B C 0 0 D
A= 0 0 0 + 0 0 Bsg =A; + Ay
0 0 0 0 0 Bs3

and || A |1=]| 41 |1 + || A2 ||1. It follows from the matrix form of A;, Az that
(I — E)A; =0 and AyFE = 0.

Case 2. E < E. Decompose H as E & (E OF)® EL. In this case A has the
matrix form

Bi1 Bz Bis
A= | Bz B Bas
0 B3 Bss
Similarly, by [9], Lemma 3.3, we have
By Cia Cis 0 Dio Dis
A=| Ba Cxn Cix |+ | 0 Dy D | =A1+ A
0 0 0 0 B3z Bss

and || A [1=]| 41 |1 + || A2 ||1. Following the matrix form of Ay, As, we have that
(I - E)Al =0 and AQE =0. U

Lemma 3.4. Let U = {X € B(H): XN C N,YN € N}, where the map N — N
is an order homomorphism of N into N'. Then P(N)TP(N)* € U, for any N €
N, T € B(H).

Proof. The proof is routine. O

Proposition 3.5. Suppose that U is a weakly closed T (N)-module determined
by the order homomorphism N — N, then each extreme point of the unit ball
bi(U NCi(H)) is a norm-one rank one operator in U N C1(H).
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Proof. Suppose that A is an extreme point of b1 (U N C1(H)). First, we shall prove
that there exists an element Ny € N such that A = P(Ng.)AP(Ng)*. Recall that
Now = N{N : N > Ny,VYN € N'} defined in [7].

For N € N, suppose that A # P(]\7)A and AP(N) # 0. Since A € U and
N,N € N, we have that (I — P(N))AP(N) = 0 and P(N), P(N) are compara-
ble projections. Thus, it follows from Lemma 3.3 that the trace class operator
A can be decomposed as A = A; + Ay and P(N)*A; = 0,4,P(N) = 0. So
A P(N) = AP(N),P(N)*Ay; = P(N):A. Owing to the hypothesis A # P(N)A
and AP(N) # 0, we have that Ay # 0 and 4; # 0. Now we shall prove that
A1, A2 € UNCi(H). Following Lemma 3.3 (2), we only need to prove Ay, A2 € U.
Since P(ZV)LAl =0,

A =P(N)A; = P(N)A,P(N)+ P(N)A;P(N)+
P(N)AP(N) + P(N)A; P(N)*.
Since A € U, P(N),P(N) € T(N) and U is a weakly closed T (N')-module, the
operator P(N)AP(N) € U; and by virtue of Lemma 3.4, P(N)A; P(N)*+ € U.
Hence A; € U. Similarly, we can prove As € U. Thus, it follows from Lemma
3.3 (2) that A is not an extreme point of by (U N C1(H)). This is a contradiction.
Therefore, for any N € N, either A = P(N)A or AP(N) = 0. Set

No =\/{N e N': AP(N) = 0}.
Naturally, AP(Ny) = 0 and for any N > Ny, A = P(N)A. Thus we have
A= P(N)AP(Ny)*, VN > N,.
Taking a limit, it follows from the definition of Ny, that
A = P(No.)AP(No)*.

In the following, we shall prove that A is a rank one operator. Since A € C1(H) C
KC(H), A can be written as

+oo
A= Z Aker ® fr,
k=1
where > is convergent according to the norm topology, {\;} are s-numbers of A
and || ex [|=| fi = 1. Thus,

+oo
A = P(No.)AP(No)* = > M P(No.)(ex @ fi) P(No)*.
k=1

Since || A [1= 32125 Mk < 32055 Ak || P(Now)(ex @ fr)P(No)™ [|1, we have
M =M || P(Now)(ex ® f)P(No)* |1, Vk=1,2,---.
Therefore, if A\x # 0, we have | P(No.)ex || - || P(No)* fi ||= 1. Hence
erx € Nox» and fi € NOL.

By [7], Lemma 1.1, for any k& > 1, e, ® fr € UNC1(H). Since A is an extreme point
of bl(uﬁcl(H)),
Mo=Ag=---=0.

Thus A is a norm-one rank one operator. O
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We come back to study finite rank operators in S.

Lemma 3.6. The unit ball by(W N C1(H)) is the norm-closed convex hull of its
extreme points, where W is defined in the beginning of Section 3.

Proof. Following Theorem 3.2 and SNF(H) = (SNF(H)) N K(H), we obtain
SnFR)IE = (SnFH)E=wne(H).
Hence,
WNC(H) = (KH)/SnFH)H=.

By virtue of the Krein-Milman Theorem, b; (W N C1(H)) is the w*- closed convex
hull of its extreme points. It follows from [3|, Corollary 16.4, that the boundary
points of by (WNC1(H)) belong to the norm-closed convex hull of its extreme points.
Therefore by(W N C1(H)) is the norm-closed convex hull of its extreme points. O

Now we are in the position to compute the W N Cy(H))*. Set
V={TeB(H): TN C N.,¥N € N},
where N = N, if dimN & N_<1;and N. = N_, if dimN & N_ = .
Theorem 3.7. WNCi(H))t = V.

Proof. Suppose that T € (W N Cy(H))*. For any N € N, nonzero vectors z € N
and y € NZ. By virtue of Lemma 3.1, the rank one operator  ® y belongs to
WNF(H) CWNCi(H). Hence

0=tr(Tz®y) = (Tz,y), Yxe& N,yc N

So TN C N.. forany N € N, and T € V. Thus, (W NCi(H))t C V.
Conversely, let T € V. For any N € N,z € N and y € N2, we have that

tr(Tz ®@y) = (Tx,y) = (P(N)*TP(N)z,y) = 0.

Thus, T annihilates all rank-one operators in W. It follows from Lemma 3.1 and
Proposition 3.5 that T annihilates all extreme points of by (W N C1(H)). Thus
by Lemma 3.6, T annihilates by (W N Ci(H)) and T € (W N C1(H))*. Therefore
WncCi(H)t =V. O

Theorem 3.8. (SNF(H))” =V ={T € B(H): TN C N.,¥YN € N}, where
N.=N, ifdimNSN_<1; N.=N_, if dimN © N_ = co.

Proof. 1t follows from Theorem 3.2 and Theorem 3.7 that

(SNFH)™ =[(SNF(H)) L]t =WnCi(H) = V.

Corollary 3.9. (SNF(H))¥ = (SNF(H))* = (SNF(H)Y =V.

Proof. Since V is weakly closed and (SN F(H))” =V, we have (SN F(H))" = V.
Owing to the convexity of SN F(H), (SNF(H))Y = (SNF(H))". O
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4. THE ERDOS DENSITY THEOREM IN S

In this section, we will prove that the Erdos Density Theorem holds in § if and
only if § is strongly reducible.

Proposition 4.1. Suppose that S is a maximal triangular algebra, and that N is
the hull nest of S. Then S is weakly dense in T (N).

Proof. Set A= 8%. It is easy to show that LatA = LatS = N and A D SNS*,s0 A
is a weakly closed algebra which contains a m.a.s.a and LatA is completely ordered.
Following [13], Theorem 9.24, A is a reflexive algebra. Hence A = AlglatA =
AlgN = T(N), that is, S¥ = T (N). O

Note that in Proposition 4.1, S is not assumed to be closed. Following Propo-
sition 4.1, we can obtain [16] Rosenthal’s famous result: a weakly closed maximal
triangular algebra is hyper-reducible, that is, S = 7(N). If a maximal triangular
algebra S is not weakly closed, we have S O §. Owing to the maximality of S, S
is not a triangular algebra. Hence Rosenthal’s result does not imply Proposition
4.1, which is more general. Now we give an application of Proposition 4.1.

Corollary 4.2. Let S be a maximal triangular algebra, then 8’ = C1I.

Proof. Following [2], Lemma 3.6, the commutant of a nest algebra is trivial. So
S'=(8YY =T(N) =CI.
d

Theorem 4.3. Suppose that S is a closed mazximal triangular algebra, then S N
F(H) is weakly dense in S if and only if S is strongly reducible.

Proof. If S is strongly reducible, it follows from Corollary 3.9 that (SN F(H))¥ =
T(N). Thus SN F(H) is weakly dense in S.

Suppose, on the contrary, that S N F(H) is weakly dense in S. It follows from
Corollary 3.9 and Proposition 4.1 that

V= (SNF(H) =S¥ = T(N).

Thus TWNV) =V = {T € B(H) : TN C N.,YN € N}, where N, = N, if
dimN © N_ < 1; and N. = N_, if dimN © N_ = oco. It is easy to prove that
dimN © N_ < 1 for any N € N. Indeed, suppose that there exists an element
N in N such that dimN © N_ = co. In this case, N. = N_. So the identity
operator I € T(N) and I ¢ V. This contradicts 7(N) = V. Hence for any N € N,
dimN © N_ < 1. Thus § is strongly reducible. O
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