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ABSTRACT. In a recent paper we proved pointwise estimates relating some
classical maximal and singular integral operators. Here we show that inequal-
ities essentially of the same type hold for the Littlewood-Paley operators.

1. INTRODUCTION

Let w be a non-negative, locally integrable function on R™. Given a measurable
set E, let w(F) = [ w(z)dz. The non-increasing rearrangement of a measurable
function f on R™ with respect to w is defined by

fr@t)= sup inf |f(x)] (0 <t < o).
w(E)=t z€E
If w =1 we use the notation f*(t).
Let us consider the maximal function (cf. [13])

maf(z) = sup(fx,)*(AQI) (0 <A <1,
Q>

where the supremum is taken over all cubes () containing z, x,, denotes the indicator
function of @ and |@Q| denotes the Lebesgue measure of Q.

The function my f, as well as the Hardy-Littlewood maximal function M f, is
a pointwise majorant of |f|. However, myf and f have the same integrability
properties in the LP scale for any p > 0 (this follows, for example, from inequality
(B0 below), unlike M f for which it is true only for p > 1.

In [9], the following pointwise estimate was proved:

(1.1) ma(TLf)(2) < exnTaf(x) + To f (),

where 77, T, are certain maximal and singular integral operators. More precisely,
was proved in the cases when either T or T5 is the Hardy-Littlewood max-
imal function, while Ty or T} is the Fefferman-Stein sharp maximal function and
the Calderén-Zygmund maximal singular integral operator, respectively. Such es-
timates easily imply weighted rearrangement and LP-inequalities with respect to a
weight satisfying the A, condition; BLO-inequalities can be derived as well (see
Lemma 1 in [9] for further details). Thus they allow us to unify and simplify some
basic techniques extensively applied to the above-mentioned operators.
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1460 ANDREI K. LERNER

The aim of this paper is to show that estimates essentially of the same type
as (1) hold for the Littlewood-Paley operators. The role of these operators in
harmonic analysis is well-known (see, e.g., [I2] Ch. 4]). Among numerous papers
on this subject, let us mention only those of specific interest to us, namely those
where “good-A" [1, 4l [5 10, [11], rearrangement [7] and BLO [8] inequalities were
proved.

Roughly speaking, our central result states that for certain Littlewood-Paley
operators T7 and T we have the pointwise estimates of the form

(1.2) ma(T1f) (@) < exnmya(T2f)(z) + T1f(2).

Below, in Lemma B3, we show that such estimates imply the results of no less
importance than (1) implies.

Two main approaches to the study of the Littlewood-Paley operators are well-
known. The first one is based on the vector-valued analysis, while the second is
based on the theory of harmonic functions. We shall use the latter approach, since
it is not quite clear how one can combine the rearrangement and vector-valued
techniques.

The paper is organized as follows. Section 2 contains some preliminaries. In
Section 3, we state the main results, Theorems B.JH3.4] and show how to apply
them. In Section 4, we state and prove two lemmas which form the core of the
proofs of Theorems [3.1] and [3-2l In Section 5, we prove Theorems [3.1H3.41

2. PRELIMINARIES

Throughout the paper, v will be a harmonic function on the upper half space
Rt =R™ x R
+ XN .
Define the truncated Lusin area integral and nontangential maximal function by

Sa,nu(z) = (/r

Navhu(x) = sup |U(y,t)|,
(y:t) €l n(x)

1/2
7" Vu(y, t)|2dydt)

a,h(T)

and

respectively, where Vu = (8’97“1, e 8'97“, %) and I'y 5, is the truncated cone with
vertex at x € R™ and aperture a:
Con(z) = {(y,t) e RTT : |y — 2| < at, 0 <t < h}.

When h = 400 we drop the subscript h and write S, No, . Also we consider the
Littlewood-Paley functions g and g,, defined by

g(u)(z) = (/OOOt|Vu(x,t)|2dt)1/2
and

@) = ([ (=) " vt Pava) > 1),

Next, we define the vertical and box maximal functions by

N*u(x) = sup fu(z, 1)
t>0
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POINTWISE ESTIMATES FOR LITTLEWOOD-PALEY OPERATORS 1461

and

1 1/2
Touta) = sup (i [ 00 g Pdyar) (> 1),
@3z M@ Jr)

respectively, where @ is a cube, T(Q) = {(z,t) : z € Q,0 < t < dg}, and dg
denotes the diameter of Q.
Following Strémberg [13], define the local square function by

ST u(z) = sup ((Seaow)xo) (ANQD (0< A< 1).
ST
Consider the “local nontangential” maximal function defined by

N qu(w) = sup inf ((Nodg(u — ) Yo) QD) (0<A<1).

It is easy to see that Sfau(x) < maSqu(z) and Nj\#au(x) < maNyu(z).
Now, we recall some well-known facts concerning harmonic functions. First, by
Green’s Theorem,

Oou  u? ot
2 _ - - - -
(2.1) /GtIVU(y,t)l dydt*/ag@an 2 an)dg’

where G is a domain in Riﬂ with piecewise smooth boundary dG. Further, by
mean-value property we have for a < 8, h < I/ (see [12, p. 207]),

(22) swp 1|Vl 0] < eNopu(a)
(y,t)€la,n(x)

and

(2.3) sup  t|Vu(y,t)] < eSgpu(z),
(y,t)€Ta,n(x)

where ¢ = ¢(a, 8, h, h', n).
Recall that a weight w satisfies Muckenhoupt’s condition A, if there exist
¢,6 > 0 such that for any Q and F C Q,

w(E) < (| E|/|Q)°w(Q)-
The space BLO [3] consists of all functions f € L}, .(R™) such that

loc

1 .
||f||BLO—Sgp@/cz<f(x)—1gff)dx<oo.

3. MAIN RESULTS AND THEIR APPLICATIONS
Our main results are the following.
Theorem 3.1. For any harmonic function u on RTFI and for all x € R™,
ma(S%u)(z) < cmA/4(N§u)(x) +S%u(z) (0<A<1,a<p),
where ¢ is a constant depending on A\, o, 3 and n.
Theorem 3.2. For any harmonic function u on RTFI and for all x € R",
ma(Naw)(z) < emya(Spu)(z) + Ntu(z) (0<A<1,a<p),

where ¢ is a constant depending on A\, o, 3 and n.
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1462 ANDREI K. LERNER

Theorem 3.3. For any harmonic function u on RTFI and for all x € R",
ma(g?u)(x) < emyja(Nau)(z) +g*u(z) (0 <A <1la>0),

where ¢ is a constant depending on A\, and n.

Theorem 3.4. For any harmonic function u on RT‘l and for oll x € R",
maA(g2 (W) (@) < emaa(T2u) (@) + g2ulw) (0 <A< 1> 1),

where ¢ is a constant depending on A, i and n.

The following result clarifies the sense of (CZ), or more precisely of Theo-
rems B - B4 As its counterpart for (Il), Lemma 1 in [9], it serves as a bridge

between a certain relation for two functions and corresponding relations for their
rearrangements and norms.

Lemma 3.5. For any \,0 < X\ < 1/2, let there exist a constant cy > 0, so that the
non-negative functions f, g satisfy the inequality
maf(x) < exmyyag(z) + f(x)
for all x € R™, and let w € As. Then we have:
(i) there exist constants c1,c2 > 0, so that for all t > 0,
fo(t) < crglleat) + f5(21);
(ii) of f3(+00) =0, then
Ifllze, < eollglice, (0 <p < o0);
(iii) if g € L, then f has bounded lower oscillation, f € BLO, and

I fllBro < cllglloo-

Since the proof goes along the same lines as Lemma 1 in [9], we outline it briefly.
Actually, all items of this lemma are an immediate combination of Lemma 1 in [9]
and the next inequality

(3.1) (maf)5 () < fo(et),
where ¢ = ¢(\,w). To prove (3.1]), observe that from the definition of the rearrange-
ment we have

{xmaf(z) >a) C{r: MX, ;050 (@) = A (A a>0).

On the other hand, it is well known (see, e.g., [2]) that a weight w belongs to A
iff there exist k,r > 1 so that

k
oo Mi@) >N < 5 [ 1) wlends
R7l

for all measurable functions f on R™ and all A > 0. Using these inequalities, we
obtain

w{z:mxrf(z) > a} < cw{z: |f(z)| > a},
which proves (3)).
Remark 3.6. It is easy to see that all assertions of Lemma B35l hold under the
assumption that non-negative functions f, g satisfy the inequality

mxf(r) < eamyng(r) + f(),

where ¢()) is a measurable function satisfying the only condition 0 < ¢(X) < 1.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



POINTWISE ESTIMATES FOR LITTLEWOOD-PALEY OPERATORS 1463

Theorems BIH34 together with (ii) of Lemma give classical LP-estimates
obtained earlier with the help of “good-\" inequalities. Also, using Theorems B.1]
B3, B4land (iii) of Lemma[3.5] we get a new approach to BLO inequalities (cf. [8]).

Next we note that Theorems 3.1l B3|, B4 and (i) of Lemma[3.5 give a refinement
of the rearrangement inequalities proved in [[7].

Finally, we would like to point out that combining Theorem [3.2 and (i), (iii) of
Lemma [3.5] gives two new results concerning the nontangential maximal function.

Corollary 3.7. Let w € Ay For any harmonic function u on RTFI we have:

(i) there exist constants ¢’,c” > 0 depending on «, B,w, so that
(Naw)5,(t) < ¢ (Spu)i(c"t) + (Nau);(2t) (¢ >0,a < f);
(ii) of Sgu € L™, then Nou € BLO, and

[Noullsro < cl|Spulle (a0 < B).

4. TWO LEMMAS

We shall establish pointwise relations between Sffau and foau. This is a key
ingredient in the proving Theorems B.1] and .21 Note that we partially use the
arguments from [1| 5] [11].

Lemma 4.1. For all x € R",

(4.1) ST u(x) < eNY, ju(z) (0<N <A<1,a<p),
where ¢ = c(\, N, a, B,n).

Proof. Let z € Q. For § > 0let h = (14 d)dg, and

A={z€Q: Nypu(2) < ((Npnu)xo) (A= 8)QN)}.

It is clear that |A| > (1—-A+9)|Q|. Let E C @ be an arbitrary set with |E| = A|Q).
Then |ENA| > 6|Q)|.
Set D = U¢eprna la,aq(€). Fubini’s theorem yields

1

- 52
IENA] Jpa "

< g7 LIV OPKE € B0 A (0.0) € T €0} due

zlgg Si,dqu(z) < (z)dz

(4.2) < i/ tVuly, t)dydt.

@l Jp

Now one can estimate the last integral in a standard way. We approximate D

by a family of subdomains D. C D with sufficiently smooth boundaries (see [12]
p. 206]). It is easy to see that o(D.) < ¢|Q|. Applying (21)) and (Z.2)), we get
| vutolaa < [ (a0l V)] + fu. 08 2) do

< co(0De)sup N3 yu(z) < €l (N3 hu)xe)™ (A =9)IQ).

z
Letting D. — D as e — 0+ and using (4.2)), we have
inf Saaqu(z) < c ((Ngnu)xg)™ (A =8)IQ)).
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1464 ANDREI K. LERNER

Taking the supremum over all sets E C Q with |E| = \|Q| yields

(Setg)X) NQD < e ((Nasuxg) (A= d)IQ)
< e ((Nan)xarse) (VI +8)Q,
where \' = (A—6)/(1+6)™. This completes the proof, since Sy 4, (u—c) = Sa,a, ().
Il
Now we introduce the following notation. Let o/ = max(1/a,1). If x € Q, we set
iy, t) = u(y,t) — u(z,o’dg).
Lemma 4.2. For any cube Q@ C R™ and all x € Q,
((Na,dq@)x@)” (AIQ]) < emyjaSpu(z) (0<A<1,a<p),

where ¢ = c¢(\, o, B, n).

Proof. Let x € Q. For 0 > 0let h = (1+6)d/dg, Sp(Q) = ((Sp,nu)x,)* (A=0)|Q))
and

A={z€Q: S5pnulz) < 5p(Q)}
Let E C @ be an arbitrary set with |E| = A\|@|. Then |E N A| > §|Q).

For any z € 2N A there exists a point (y,t) € 'qq,(2) so that Ny g,t(z) <
2|u(y,t)|. Let & € B(z,at), where B(z, at) is the ball centered at z of radius at.
Since (€,t), (y,t) € T'a,q,(2), all points of the segment with the end points (&,1)
and (y,t) belong to I' q, (2). Using Mean Value Theorem, (23)), and the fact that
Vi = Vu, we obtain

a(y, t)] < eSp(Q) + _inf  a(¢, 1)].

£E€EB(z,at)

The balls B(z,2at) form the covering of the set N A. Using Besicovitch’s
theorem [6l, p. 5], choose a finite number of pairwise disjoint balls B(z;, 2at;) (i =
1,....k) so that S | |B(zi,at;)] > ¢|EN A| > ¢/|Q|. Then

(4.3) ZlgéNa,dQu(z) < 1I§ni1£kNa’dQu(zi)
< ¢(S3(Q) + min inf [@(&,t:)]).

1<i<k €€ B(zi,at;)

Now set D = Ule Ta.do(2i) \ Tayt, (2:). Let us denote DT = {(y,dg) € 0D}
and 0D~ = 9D \ dD*. Since B(z;,2at;) are disjoint and & € B(z,2at) implies
T (§) NTa(2z) =0, we see that Ule{(g, t;) : & € B(z;,at;)} C 9D~ . Therefore,

. : _ : 1 o 1/2
et e < i (s [ we )

1 : o, 1/2
(Zfl |B(Zq,,Oétz)| ;/3(27,04157) u (fatz)df)

1/2
ﬂQda)

(4.4) < (@ -

It is easy to see that |0t/On| < 1,0(0D) < ¢|Q| and —0t/dn > ¢ > 0 for
(y,t) € 9D~. Thus, by (2] we obtain

(4.5) / ﬁ2da§c(/ a2da+/ t|12||Vu|da+/ t|Vu(y,t)|2dydt).
oD~ oD+ oD D
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POINTWISE ESTIMATES FOR LITTLEWOOD-PALEY OPERATORS 1465
Let (y,dg) € 0D. There exists z; € A so that |y — z;| < adg. Besides, |z —z;| <

dg < a-d'dg. Since (y,dg) and (z,a’dg) belong to I'y(z;), using Mean Value
Theorem and (Z3)), we have

lu(y,dq)| < cSppu(zi) < cSp(Q)-

Hence,

(46) | itdo<dQisi@.

Next, by (2:3]) and Holder’s inequality,

/t|ﬁ||Vu|da :/ t|ﬂ||Vu|da+/ ||| Vu|do
oD oD+ oD~
1/2 ~ 1/2
c|Q|sg(Q)+(/ (t|Vu|)2da) (/ u2d0)
oD~ oD~

1/2
QIS3HQ) + clQ|255(Q)( /8 N ido) .

IN

IN

(4.7)

Let us estimate the last term in (4%]). We invoke the following geometrical
observation (see [9]): for any point £ € R™ there exists z € A so that

(U Lado (n)) NT(B-a)/2,do (&) C Tpdq(2)-
neA

It follows from this that for all £ € R™,

(4.8) /
Foze age

Note that |J, ¢ 4 Ta,dq (1) C ¢Q xdq C Ugcpg L'(p-a)/2.dq(§), with ¢/ = 2a/n+ 1.
Integrating (X)) over ¢’Q and using Fubini’s theorem, we get

ENVA O | e, o (4 Odydt < SHQ).
neA !

g (m)

[ avuwopaar < [ 4Vt Pa
D

U Ta,ag(m)
neA Q

<o [ ETIVUOPHE € CQ (1:0) € Dae g )yt
ngAFa,dQ(n)
< ddQISHQ) < clQIS3Q).

From this and (ZH)—7) we obtain

1/2
| s < dQsH@ + QM Sss(Q) ([ atdo)
0D~ 9]
This yields [, u*do < ¢[Q[S3(Q). Hence, from this and {3), @E4) we get
(4.9) inf Na,dqi(2) < e((Sp,nu)xo)"™ (A = 9)QI).

Choosing § = A/2 and taking the supremum over all E C Q with |[E| = AQ|
completes the proof of Lemma O
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1466 ANDREI K. LERNER

Remark 4.3. Tt is easy to see that (@3) implies the inequality
N u(@) < eSFmann gu(@)  (0<XN <A< La<p),

where ¢ = ¢(\, X, a, 8,n). Hence, for a > 1 we have the inequality “converse”

to (EDD).

5. PROOFS OF MAIN RESULTS

Here we always suppose that z, z € Q.

Proof of Theorem [3] Let as above o/ = max(1/a,1). Since

K,t)={y:ly—z|<at}\{y:ly—z| <at} C{y:at —do < |y — 2| < at},
for t > o’dg we get

|Kao(t)| < cpna™ tdgt™ L.

From this and (Z2)) we obtain

o0
/ / 1 Vu(y, 1) 2dydt

a

’dQ
{ly—z[<at}

S R

'd
CKalt)

+ / t17"|Vu(y,t)|2dydt
a’dq
{ly—z|<at}

o dt
< chNgu(z) //d = + S2u(z) < cNgu(z) + S2u(x).
o’'dq
If @ < 1, then using (22)) again, we get

o'dg o’dg dt

" Vu(y, t)|2dydt < cNgu(z)/ " < eNju(z).

dq dq

{ly—z|<at}

Thus, two last estimates show that for any o > 0 and for all z € @,

[e )

S2u(z) = SgﬁdQu(z) + "\ Vu(y, t)|*dydt
dq
{ly—zl<at}
< SiﬁdQu(z) + cNgu(z) + S2u(x).
From this and (@Il) we have

((Sau)x@) (AR < ((S2.4,wx@)" (V/21Q1) + c(Nju)xo) " (A/21Q)) + Siul=)
cm,\/4N§u(:c) + cmA/QNgu(x) + S%u(z)

emyaNju(z) + Shu(x)

[VARRVAY

(with A = A/2 in (@I))). Taking the upper bound over all @) > x completes the
proof of the theorem. O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



POINTWISE ESTIMATES FOR LITTLEWOOD-PALEY OPERATORS 1467

Proof of Theorem We use here the notation from Lemma B2 Let (y,t) €
To(z). If t > dg, then (z,a't) € To(z). Using Mean Value Theorem and (Z3)), we

obtain
fu(y, D] < [uly, 1) — u(w, a"H)] + N*u(w) < eSsu(z) + N+u(a).
Hence,
Nou(z) = max( swpu(dl s uly1)])
(y,t)EF(,)dQ(Z) (y,t)EFa\Fade(z)

< max (Na,a,@(z) + Ntu(z), cSsu(z) + Ntu(z))
< Nadot(z) + eSpu(z) + Ntu(z).
From this and Lemma 2] we get

(Nawx@) M@ < ((Naag@)x) (AQI/2) + e((Ssuxa) (AQI/2) + N u(a)
< emyaSpu(z) + emy 2 Spu(x) + N u(x)
< emyaSpu(z) + Ntu(x),

which implies the desired result. O

Proof of Theorem [Z3 Tt suffices to prove the theorem for 0 < a < 1. Let < a.
If t > dg/7, then (z,t) € I';)(2). Using Mean Value Theorem and (22), we have

V(= t)F = [Vu(e, )| < (I9u(z6)] + [Vulw, 0)]) [Vu(z,8)] - [Vu(z, )

|z — |
t

where (£,t) is a point on the line with the end points (z,t) and (z,t). From this
and (Z2) we obtain

IN

d
E T Nu(=) VIV (€ Dl < SENZu(z),

o dq/n oo
/ {Vu(z, t)Pdt = / {Vuz, b)Pdt +/ vz, 6)Pdt
dq dq dq/n

) dq/n t ) o It 00 )
< cNau(z)/ 7+chNau(z)/ ) —|—/ tVu(z, t)|“dt
do do do
(5.1) < eN2u(z) + g*u(z).
Next, we note that besides the well-known inequality g(x) < ¢S(z) (see [12]),
one can prove its “truncated” variant using exactly the same argument:

dq
/ HVu(z, D2t < 0,082 g ul2).
0

Thus, applying Lemma fT]and (51]), we get

((Puxe) QD) < (S, u(@) +emaaN2u(z) + gu(x)

IN

IN

cmA/4(N2u)(x) + g%u(x),
as required. O

Proof of Theorem [37} Note, that in [10] the “good-\" inequality relating g, and
T, have been proved. Using essentially the same arguments, one can prove the
desired pointwise estimate. So, we shall omit some details in the proof.
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1468 ANDREI K. LERNER

We shall use the following inequalities [10], [12, p. 275]:
(5.2) Nou(z) < cTyu(z),

1
(5.3) Vuly, )2 < b2 / W2, m)dedn,
t Bi/2(y,t)

where By /5(y,t) is the ball centered at (y,t) of radius /2.
We split the integral defining g,, into two as follows:

2 t Ll P 2
g, (u)(z) = / t Vu(y,t)| dydt
e = [ () )

t un
+ / (7) M Vu(y, t) [P dydt
R\T3Q) T+ 2 —

= guauw(2) + gu2u(z).
Using (53)) and the standard techniques for maximal functions, one can show that
gu2u(z) < cTiu(z) + gi(x)

*

Now we set A = {z € Q : T,u(z) < ((Tuu)XQ) (MQI/2)}. Let E € Q, |E| = A|Q|.
Then |[ENA| > XQ|/2. Denote D = U, 4 T'1,304(2). We have

inf g, iu(z) < #/ /(;)’mtlﬂvu( t)|2dydtd=
sep I ~ |ENA| t+ ]z —yl 4 Y

ENAT(3Q)
c t Hn
< — <7) 1" Vu(y, t)|?dzdydt
a | G e
T(3Q)ND A
c t Hn
5.4 < (7) 1177 | Vu(y, )2 dzdydt.
o) R A LG AR
TGBQ\D A
Since [g, %dz < ¢un, We see that
/ /(;)’mtlﬂvu(y #)2dzdydt < c/ t[Vuly, t)|2dydt
t+]z -yl ’ ~ Jp ’ ’
T(3Q)ND A

Using (B.2)) and the same arguments as in Lemma 1] we obtain
[ vt 0Py < ciQlsup NZu(z)
D z€A

o] gggTiu(z) < Q| (T2u)xq)" (NQI/2).

IN

The last integral in (B4 is estimated exactly as in [10], by applying Whitney’s
decomposition to the set 3Q \ A. Then, using (E3), one can show that

t AT .
[ [ (=) vtz < el (Tuxe)” (a2
TGBO\D A

Combining the obtained estimates gives

((9r01)x0)"(N@I) < ¢ (Thu)xq)” (NQI/2)-
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Hence,
((Gwxe)” MR < c((Tiuxe)” AQI/4A) +c(Thu)xe) (AQI/2) + ghu(x)

< e((Tiu)xq) (AQI/4) + ghula),
which proves the theorem. (I

*
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