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ABSTRACT. This paper establishes a new criterion for global existence and
nonexistence of positive solutions of the non-local degenerate parabolic system

ut:vp<Au+a/Ud:v>,

Q

vt:uq<Av+b/udx>, € Q,t>0,
Q

with homogeneous Dirichlet boundary conditions, where Q@ C R¥ is a bounded
domain with a smooth boundary 9Q and p, q,a, b are positive constants. For
all initial data, it is proved that there exists a global positive solution iff
Jq p(z)de < 1/v/ab, where o(z) is the unique positive solution of the linear
elliptic problem —Ap(z) =1,z € Q; ¢(z) =0,z € 0.

1. INTRODUCTION

In [1], the authors investigate the global existence and nonexistence of positive
solutions of the strongly coupled degenerate parabolic system
uy = VP (Au + au)
(1.1) ’
vy =ul(Av+bv), x€Q,t>0,
with homogeneous Dirichlet boundary conditions. It is shown that there exists a
global positive solution if and only if Ay > min{a, b}, where A; is the first Dirichlet

eigenvalue for the Laplacian on 2.
In this paper, we study a new parabolic system with a non-local source

vP (Au—i—a/ vda:) ,
Q

Uy =
(1.2) vy = u? (Av—f—b/udm), x € Q,t>0,
Q
u(z,t) = v(z,t) =0, x € 00,t>0,

u(z,0) = uo(x), v(x,0)=vo(z), z€Q,

where Q ¢ RY is a bounded domain with a smooth boundary 9 and p, ¢, a, b are
positive constants.
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Over the past several years, a variety of non-local parabolic equations were stud-
ied by many authors (see [2]-[10] and references therein). In particular, some
authors [8]-[10] studied a class of non-local degenerate parabolic equations which
arise in a model of population that communicates through chemical means.

In order to motivate the main result for system (L2]), we recall a classical result
of Galaktionov et al. (see [12], [13]) for the system

up = Au’ 40P,
(1.3)
ve=Av"T 4l 2 eQt>0

with homogeneous Dirichlet boundary conditions. It is shown that if pg <
(1 4+ p)(1 4+ v), every solution of ([[3) is global, while if pg > (1 + p)(1 + v),
there are solutions that blow up and others that are global. In the critical case
where p =1+ u, ¢ = 1 + v, they proved that:

(1) If Ay > 1, all solutions of ([L3) are global.
(2) If Ay < 1, there are no nontrivial global solutions of (I.3)).

Their results show that the first eigenvalue Ay plays a crucial role in the critical
case pg = (14 p)(1 4+ v) (see also [14], [15]).
Similar results have also been obtained for the scalar equation

up = uP (Au + u).

It was shown that there exists a unique positive solution which blows up in finite
time if Ay < 1 and exists globally if A\; > 1 (see [I6]-[I8] and the references therein).
But, for system (L), it seems that A1 no longer takes action. Motivated by these
results, in this paper we will establish a new criterion for global existence and
nonexistence of solutions for system (I.2)).

Throughout this paper, the initial values and the boundary 02 are assumed to
satisfy

o0 € C*r,
(H1) ug(z), vo(z) € C1(Q), wp(x), vo(z) > 0in Q,
uog(x) = vo(x) =0, Oug/On,dvy/On <0 on ON.

Definition 1.1. A positive solution of the system ([L2) is a vector function (u,v) €
C(Qx[0,T*)NC%1 (2 x (0,T*)), positive in Q x (0, T*) and satisfying (L2), where
T* is the maximal existence time of the solution. If T* = co, we say (u,v) is global.

In our considerations a crucial role is played by

(14) n= [ plada
Q
where () is the unique positive solution of the following linear elliptic problem
(1.5) —Ap(z)=1, € Q; ¢(z) =0, z € N
Then, let us state our main result.

Theorem 1.2. Assume that (H1) holds. Then there exists a global positive solution
of @2 iff u* <1/(ab).
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We are also interested in another non-local degenerate parabolic system, which

is of the form
uy = VP <Au—|—a/ udx) ,
Q

(1.6)
vy = ul (Av—l—b/vdm), reNt>0,
Q

with similar initial-boundary conditions as in (.2). For system (L.G), we get a
different criterion as follows.

Theorem 1.3. Assume that (H1) holds. Then there exists a global positive solution
of (LO) iff 1/p > min{a, b}.

The result shows that for system (I.0]), it is not A; but 1/u that plays a crucial
role. We will not discuss (LH) in detail since it can be easily proved by combining
the present arguments with those in [].

Remark 1.4. Combining the arguments in [T] and in the present paper, we can show
that )\% > ab is the critical condition of system

ur = VP (Au + av), vy = u(Av + bu).

We will not give the proof here, since this paper is concerned about the non-local
problem.

This paper is organized as follows. Section 2 establishes the local theory. Section
3 gives the proof of the main result.

2. LOCAL EXISTENCE

Set Qr = Qx (0,T], S =90 x (0,T] for 0 < T < co. We first give a maximum
principle for non-local systems, of which the proof is standard, and omit its proof.

Proposition 2.1. Suppose that wy(z,t), wa(x,t) € C(Qr) N C*Y(Qr) satisfy
wip — diAwy > cr1wy + craws + c3wiwe
+ 014/ ciswi (z, t)de + 016/ crrwa(z, t)dz,
Q Q

wop — daAwy > ca1wy + coowWs + Caz3wiWa

+ C24 / Co5W1 (J), t)dﬂ? + C26 / Co7Wso (J), t)dx, (13, t) € Qr,
Q Q
U)1({E,t) >0, wg(il,',t) >0, (xvt) € ST;
wq(x,0) > 0, wa(x,0) >0, T € Q,

where d;(x,t), ¢;j(x,t) (i=1,2;7=1,...,7) are bounded functions and
di, da, c12, €21, C1j, €25 >0, =4,...,7 in Q.
Then wj(z,t) >0 on Qr.

Proposition 2.2. Let (@,7) € C(Qr) N C*Y(Qr) and (u,v) € C(Qr) N C**(Q7)
be a nonnegative subsolution and a nonnegative supersolution of ([.2)), respectively.
Assume that (4,v) > § > 0 and either

(2.1) Aﬁ—l—a/f)dxzo, A@—i—b/ﬂdmZO
Q Q

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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or
(2.2) Aﬂ—f—a/f)dxzo, A?‘)—i—b/ﬂdeO
Q Q
hold. Then (ii,?) < (@,9) on Qr if (i, Do) < (T, vo)-
Proof. This proposition is a direct consequence of Proposition O

Next, in this section, we will give the local existence of the solution for system
(C2) by the same method utilized in [1]. For system (L2) we introduce, for n =

1,2,..., the following regularized system:
Unt =V <Aun + a/ vndx> ,
Q
(2.3) Upt = ud (Avn + b/ undx) , e t>0,
Q
un(x,t) = v, (x,t) = 1/n, x € 00,t>0,

Un(x,0) = ug(x) + 1/n, wvp(z,0) =vo(z)+1/n, x€ Q.

By a similar discussion as in [7], under (H1), we can show that (23] has a classical
solution (uy, vy,) with u,, v, > 1/n, defined on Q x [0, T), where T} is the maximal
existence time.

Now we construct a uniform upper bound for (u,,v,). Consider the ordinary
differential equation

H'(t) = a(H(1))?,

H(0) = max{maxuo(z) + 1, maxwvg(z) + 1},
€N z€Q

(2.4)

where & = max{a|Q|,b|Q|}, p = max{p+ 1,¢ + 1}. Obviously, there exists Ty > 0
such that (24) has a non-decreasing solution H(t) > 0 on [0,T]; namely, 0 <
H(0) < H(t) < H(Tp) < oo. Using Proposition 2.2l for system (2.3)), we obtain the
following lemma.

Lemma 2.3. There exist Ty and an a priori bound H(t) depending only on ug, vo, &
and p such that for all n > 1 the solution of 23) satisfies un, vy, < H(t) on Qr,.

Denote by A1 > 0 and ¢(z) the first eigenvalue and the corresponding eigenfunc-
tion of the following eigenvalue problem

—A¢(z) = Ap(z), x € Q; ¢(x) =0, z € IN.

It is well known that ¢(x) may be normalized as ¢(x) > 0 in Q and maxgq ¢(x) = 1.
Thus, by Proposition 1] we have

Lemma 2.4. Let h(x,t) = ke *'¢(z), where k is small such that ug,vy > ko(z)
and p = max{\ (H(Tp))?, \(H(Tp))?}. Then for all n > 1, it holds that uy, v, >
h(z,t) in Qr,.

In proving there exists a positive solution of (2], we still need the following
regularity lemma, whose proof is similar to [I, Lemma 2.3].

Lemma 2.5. u,,v, € V,"%(Qx,)(see [19, p. 6]).
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Then by the so-called extension method (for details see [I]), we have that there
exists a subsequence {n;} of {n} such that

(2.5) lim (up,,vn,) = (u,v) in C*YQr).

71— 00
Similarly, we can show that w,v are continuous at any point (y,t),
u(y,t) =0 (see [16], [20]), and continuous up to {t = 0} (see [21], [22]

Let T* be the supremum over Ty for which (u,v) exists on (0,7p). Thus, we
have

y € 092 and
)

Theorem 2.6. Assume that (H1) holds. Then there exists a positive solution of
([C2) on (0,T*). Moreover, if T* < oo, then

limsup ||u(z,t)||rs = +00 or limsup|v(z,t)|re = +o0.
t—T* t—T

Remark 2.7. Obviously, all discussions of this section are applicable to system (I-G).

3. PROOF OF THE MAIN RESULT

In order to prove the main result, we give an auxiliary lemma first. Let G be a
bounded smooth domain of RY. Consider the problem

wy = dw"” <Aw+a0/wdx>, x e G, t>0,
G

w(z,t) =c, x € 0G,t >0,
w(z,0) = ¢, x € G,

(3.1)

where 0 < r < 1 and ag, ¢, d are positive constants. By the standard method (see
[7], [10)), it follows that (B:I]) has a unique classical solution w(z,t) and w(z,t) > c.
Denote by @o(x) the unique positive solution of the linear elliptic problem

—Ago(z) =1, z€G; ¢o(xr)=0, xe€dG.
Set po = [, wo(x)dx. Thus, we have

Lemma 3.1. If o > 1/ag, then the positive solution of BI) blows up in finite
time.

Proof. Set F(t) = [, w' "podz; then

1
F/(t) =d (/ Awpodx + ao/ wdx/ gaodx)
1—r G G G

(3.2) > d(appo — 1)/ wdz

G
> d(aopo — 1) (/G wsﬂodﬂ?) /M,

where M = max,g{po(z)}. Letting z = w'™" in (3.2) yields

/Gzt(x,t)%dx > d(1 - r)(aopo — 1) (/G zl/(l_r)gooda:> /M.

Since 1Tlr > 1, by the Jensen inequality, it follows that

1/(1=r)
/ 2 (, t)podz > d(1 — ) (aopo — 1) (po) ™"/ A7) (/ zgoodx> /M
G G

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1578 W. B. DENG, Y. X. LI, AND C. H. XIE

That is,

F'(t) > Co(F ()07,
where Cy = d(1 — 7)(aopo — 1)(po) /=" /M > 0. In view of 1/(1 —r) > 1 and
F(0) > 0, it follows that there exists T' < oo such that lim;,p F'(f) = +o00, and
hence w(z,t) blows up in finite time. O

Lemma 3.2. Assume that (H1) holds. Then thgre exist positive constants ki, ko
such that u(x,t) > kip,v(x,t) > ko for (z,t) € Q x [0,T*) if u? > 1/(ab).

Proof. From (H1), since u? > 1/(ab) we see that there exist positive constants k;
and ko such that

(3.3) uo(z) > kip(z), wvolx) > kaop(x), x€Q,
and
(3.4) ap > ki/ke > 1/(bp).

Let w(z,t) = u(x,t) — kip(x), s(z,t) = v(z,t) — ka(z). Then we obtain, by ([B.4),
for any T € (0,T%),

wy = ug = vP (Au—i—a/vdm)
Q

=P (Aw + a/ sdx) + VP (—k1 + akop)
Q

(3.5) > P (Aw + a/ﬂsdﬂ?) ;

st>uq<As+b/wdx>, reQ0<t<T,
Q

w(z,t) = s(z,t) =0, red,0<t<T.

By Proposition 211, it follows from [B.3) and B.35) that w > 0,s > 0 and hence
u > kip,v > kep on Q x [0,T]. The arbitrariness of T shows that the result

holds. (]
Lemma 3.3. Assume that (H1) holds. Then no global solution of ([[L2) exists if
u? > 1/(ab).

Proof. Denote by ¢1(z) the unique positive solution of the linear elliptic problem
—Ap1(z) =1, z€Q1; pi(x) =0, x€IN.

Here €2, CC €. Since the function U := ¢ — ¢ > 0 is harmonic in ; and satisfies

U < ¢ on 99, we have [[¢ — v1lec < |||l (00,) by the maximum principle.

By the continuity of ¢ it follows that ||¢ — ¢1]lcc — 0, as dist(9;,0Q) — 0.
Let puy = le 1(z)dx. The above discussion implies, in particular, p3 — p, as
dist (02, 09) — 0.

Therefore, in view of 2 > 1/(ab), we can choose a smooth sub-domain Q; CC Q
such that p2 > 1/(ab). Denote

1
0 = = min{k; min ¢, ko min ¢}.
2 Qr Qr

Then 6 > 0 and
u(w,t) > 20, wv(z,t) >25, V(x,t)€Q x[0,T),
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by Lemma B2 Then (u,v) in Q; x (0,7*) satisfies
up = vP <Au +a vdx)
Q
<Au +a vdx) ,
(951
(3.6) vt>uq(Av—|—b/ udx), x e, te(0,TF)
(951
u(z,t) > 26, v(z,t) > 26, x €900, t €(0,T%),
(x,0) > 26, v(x,0) > 20, e Q.

(3.7) v, =ull Av+b udx)7 €M,t>0
Q1
Q(xvt):f(t)v Q({E,t):g(t), xeaﬂlvt>07
u(z,0) = v(x,0) =4, x € Q,

where f(t), g(t) satisfy
F(1), 9(t) € C=(10,00)), £(1), ¢'(t) > 0, (1), g(t) < 20,
F(0) = g(0) =, f'(0) = a|% |67, g'(0) = bJ2 677"
A similar discussion as in [7] shows that there exists a unique classical solution

(u,v) € C?*HB1HB/2(Q) x [0,T1)) for some B € (0,1), where Tj is the maximal
existence time, and

(3.8) w,v>6 in Q x [0,7}).
Since the initial data is a subsolution of (B.7), we have u,,v, > 0 in Q; x [0,7})

and hence

(3.9) Ag—i—a/ vdz > 0, Ay—i—b/ udz >0 in Q x [0,T1).
0 |95

Thus from Proposition 23] we have T7 > T™* and
u(z,t) > u(z,t), v(x,t) >v(z,t) in Q x [0,T).

Therefore, it suffices to show that (u,v) blows up in finite time, because if so, its
upper bound (u,v) does exist up to a finite time 7.

By (B8) and (39), we have

w, > 0P 7"<Au—|—a/ de),
Q1

(3.10)
;> 0" (Av +b gdm) in Q x(0,Ty)
Q1
with the corresponding initial and boundary conditions and 0 < r < 1.
By use of u? > 1/(ab), there exist positive constants l1,ly with I1,lo > 1, and [
such that

I 1 1 L b
3.11 A, S .
(3.11) R N T TN 17 W,
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Choose

(3.12) d=min{o?P~", 097"}, v =min{l/l1,1/l3}.
Denote by z(x,t) the unique positive solution of the problem

ztzdzT<Az+l zdx), € Q,t>0,
Q1

(3.13) z(x,t) = ~9, x € 00,t >0,
z(x,0) = ~0, xr € Q,

where [, d,~y satisfy and (B.12). By Lemma[31] it follows that z(z,t) blows
up in finite time Ty < oco. Moreover, z; > 0, i.e., Az + lle zdx > 0, since the
initial data is a subsolution of B13). Let

w(x,t) = lz(z,t), s(x,t) = laz(z, t).

Thus, from BII)-BI3) and i1,l3 > 1, we have

wy — 6P "s" (Aw + a/ sda:) =[1dz" (Az +1 zda:)
Ql Q1

— 11677 (l22)" <Az + (alg/ll)/ zdx) <0,
(951

(3.14) s¢ — 09 "w" <As + b/ wdx) <0, € N,0<t < Ty,
951
w(z, t) = 1176 <0, s(x,t) =1lavd <6, x €00, 0<1t<Ty,
w(x,0) =118 <9, s(x,0) =lav6 <06, =€ Q.

By use of Proposition 2.2, it follows from (B.8), (3.10), (3.14)) and Az+ le zdr >0
that

(u,v) > (liz,l22) in Q1 x (0,7T1).

Hence (u,v) blows up in finite time since z(z,t) does. Therefore, (u,v) exists no
later than Ty < oco. This completes the proof. O

Lemma 3.4. Assume that (H1) holds. Then the positive solution (u,v) of ([L2)
defined by Z8) is global if u?> < 1/(ab).

Proof. Applying u? < 1/(ab) and (H1) we see that there exist large positive con-
stants K71 and K5 such that

(3.15) ap < Ky/Ky < 1/(bu)
and
(3.16) ug(x) < Kip(x), vo(z) < Kap(x), Vr € Q.
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Let W(z,t) = Kip(x) — u(z,t), S(z,t) = Kap(x) — v(x,t). Then, from BIH), we
obtain, for any 7' € (0,7*),

Wy = —uy = —oP (Au + a/ vdm)
Q

=P (AW—i— a/ de) + 0P (K1 — aKap)
Q
(3.17) > P (AW + a/ de> ,
Q

St>uq<AS+b/de>, reQ0<t<T,
Q

W(z,t) = S(z,t) =0, xedN0<t<T.

By Proposition 2] it follows from (3.16) and (317) that W > 0,5 > 0 and hence
u < Kip,v < Ko on Q x [0,T]. The arbitrariness of T shows that u < Kip,v <
Kap on Q x [0,T*). Therefore, the solution (u,v) of (I.2) defined by (23) exists
globally. O

From Lemma and Lemma[3-4] it follows that Theorem[1.2] holds.

Remark 3.5. From Lemma [3.2 and Lemmal[3.4] we have that if y? = 1/(ab), there
exist positive constants ki, ko, K1 and Ky such that k1 < u(x,t) < Ky, ko <
u(z,t) < Koo for x € Q and ¢ > 0.

Remark 3.6. Theorem[L3 for system ([LH) can be proved by combining the present
arguments (for system (L2)) with those in [I] (for system (L])).
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