PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 131, Number 6, Pages 1965-1969

S 0002-9939(02)06668-6

Article electronically published on October 18, 2002

A FUNCTION SPACE C,(X) WITHOUT A CONDENSATION
ONTO A ¢-COMPACT SPACE
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(Communicated by Alan Dow)

ABSTRACT. Assuming that the minimal cardinality of a dominating family in
w® is equal to 2¥, we construct a subset X of a real line R such that the space
Cp(X) of continuous real-valued functions on X does not admit any continuous
bijection onto a o-compact space. This gives a consistent answer to a question
of Arhangel’skii.

1. INTRODUCTION

All spaces under consideration are completely regular. The space C,(X) is the
space of all continuous real-valued functions on a space X, equipped with the
pointwise convergence topology. A condensation is a continuous bijection. Recently,
A. V. Arhangel’skii [Ard] has shown that, for every o-compact metrizable space
X, the space Cp(X) condenses onto a metrizable compactum. This result was
generalized by H. Michalewski [Mi] for analytic spaces X, i.e., metrizable continuous
images of the space of irrational numbers. The problem of the existence of such
maps is related to an old question of S. Banach whether every separable Banach
space can be condensed onto a metrizable compactum. This question was solved in
the affirmative by E. G. Pytkeev [Py|. A. V. Arhangel’skii [Ard, Problem 4] asked
whether C,(X) condenses onto a o-compact space for every separable metrizable
space X (similar questions were asked in [Ar3]). In this note we give a negative
answer to this question under some additional set-theoretic assumption.

1.1. Example. Assume that 0 = 2“. Then there exists a subset X of the real line
R such that there is no condensation of C,(X) onto a o-compact space.

Let us recall that the above assumption 0 = 2%, meaning that the minimal
cardinality of a dominating family in w* is equal to 2¥, can be equivalently stated
as follows. The space of irrational numbers cannot be covered by less than 2“
many compact subsets. In fact, we use yet another equivalent formulation of this
statement. The intersection of less than 2% Gs-subsets of R containing the rationals
Q has the cardinality 2. The statement 0 = 2% follows from the Continuum

Received by the editors July 2, 2001 and, in revised form, December 4, 2001 and February 8,
2002.

2000 Mathematics Subject Classification. Primary 54C35, 54A10.

Key words and phrases. Function space, pointwise convergence topology, Cp(X), condensation.

The author was supported in part by KBN grant 2 PO3A 011 15.

(©2002 American Mathematical Society

1965

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1966 WITOLD MARCISZEWSKI

Hypothesis or the Martin Axiom, and is independent of the usual axioms of the set
theory (see [vD]).

The construction of Example 1.1 is given in Section 3. Section 2 contains some
auxiliary results.

2. AUXILIARY RESULTS

Let D be a dense subset of the space X. By Cp(X) we denote the space {f|D :
f € Cp(X)} equipped with the topology of the pointwise convergence on D, i.e., we
consider Cp(X) as a subspace of the product RP. The following two propositions
are well known; we include their short proofs for the reader’s convenience.

2.1. Proposition (cf. [Ard, Proof of Thm. 1]). Let X be a separable metrizable
space. If K is a compact space which is a continuous image of a subset A of Cp(X),
then K is metrizable.

Proof. Since X has a countable base, the space C},(X) has a countable network (see
[Ar2]). Therefore A and K also have countable networks, hence K is metrizable. [

2.2. Proposition. Every space X which is a countable union of metrizable com-
pacta condenses onto a metrizable o-compact space.

Proof. Let X = J,,c., Kn, where each K, is a metrizable compact subspace of X.
Since the union of two metrizable compacta is a metrizable compactum, we may
assume that, for n € w, K,, C K,4+1. For every n € w, let i, : K, — [0,1]“ be
a homeomorphic embedding and let f,, : X — [0,1]* be a continuous extension of
in. Then the map F = Apeyfn : X — ([0,1]%)“ is continuous. This map is also
injective since every pair of points of X belongs to some K, and f, is injective
on K,. The image F(X), being a continuous image of a o-compact space X, is a
o-compact subspace of a metrizable space ([0, 1]“). O

Propositions 2.1 and 2.2 imply the following:

2.3. Corollary. Let X be a separable metrizable space. If C,,(X) condenses onto
a o-compact space, then there exists a condensation of Cp(X) onto a metrizable
o-compact space.

For a subset D of a set X, we denote the projection of R¥ onto R” by 7p.
We will use the following standard factorization result (see [Arll, Theorem 6]):

2.4. Proposition. Let F be a countable dense subset of a space X and let v :
Cp(X) — R¥ be a continuous map. Then there exists a countable set D C X and
a continuous map ¢ : Cp(X) — R¥ such that E C D and ¢ = ¢ o (mp|Cp(X)).

2.5. Proposition. Let D be a dense subset of a metrizable space X. For every
proper subspace Y of X containing D, Cp(X) is a proper subspace of Cp(Y).

Proof. The inclusion Cp(X) C Cp(Y) is obvious. Take z € X \ Y. Let d be a
metric on X. Define the continuous function f:Y — R by f(y) = 1/d(y, z). It is
clear that f|D € Cp(Y)\ Cp(X). O
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3. CONSTRUCTION OF THE EXAMPLE
We assume that 0 = 2“. We consider the following family of maps:

F={¢:B—R: Bis a Borel subset of R”, for some countable D C R
with Q C D, ¢ is continuous}.

One can easily compute that the family F has the cardinality 2%, so we can enu-
merate F as {¢q : Ba — R¥ : a < 2} and we assume that B, is a subset of
R,

By transfinite induction we will construct, for every o < 2, points z, Yo € R,
Gs-subsets A, of R containing Q, and continuous functions f,,ge : Aa — R
satisfying the following conditions (where X, = QU {z3 : 8 < a}):

() 25 # T, for < a,
(i) (XoU{zat)N{ys:B<a}l =0,
(1 Ta € ﬂﬁga Aﬁa

)

ii)

(iv) if Dy \ Xo # 0, then y, € Dy,
)
)

—

if Do C X, and Cp_(X4) \ Ba # 0, then X, C Ay and fo|Ds € Ba,
if Dy C X4, Cp,(Xa) C Ba, and ¢,|Cp,, (X,) is not injective, then X, C
Aq, foz 7& Ja, and Qooz(falDoz) = @(y(ﬂ(y'Da)-

Suppose that we have chosen z3,y3, Ag, and f3,gs for § < a < 2. We will
consider four cases related to conditions (iv)—(vi):

Case 1: D, \ X, # 0.

Then we take y, € Dy \ Xo. Put A, =R and f, = go = 0. Notice that by our
assumption that 9 = 2¢, the intersection 5<a Apg has the cardinality 2, hence we
can find z, € R satisfying conditions (i)-(iii).

Case 2: D, C X, and Cp_(X,)\ Ba # 0.

Let f' : X, — R be a continuous function such that f'|D, ¢ B,. By the
Lavrentiev Theorem we can extend f’ to a continuous function f, : A, — R
defined on a Gs-set in R containing X,. We put g, = f,. Next, we can choose
Zo € R satisfying (i)—(iii). Finally, we take any y, € R satisfying condition (ii).
Case 3: D, C X, Cp_(X,) C Ba, and ¢,|Cp_, (X,) is not injective.

In this case we start with distinct f’,¢’ € Cp(Xa) such that ¢, (f'|Da) =
©alg'|Ds). As above, using the Lavrentiev Theorem, we can find a Gs-set 4, C R
containing X, and continuous extensions fq, g : Aq — R of f/ and ¢’, respectively.
We proceed with the choice of z,, and y, as in Case 2.

Case 4: D, C X,, Cp,(Xa) C Ba, and ¢o|Cp,, (Xa) is injective.

This case is easy; we simply put A, = R and f, = go = 0. We choose any
ZTas Yo € R satisfying conditions (i)-(iii).

Take X = QU{z4 : o < 2¥}. We will show that there is no continuous bijection
of Cp(X) onto a o-compact space.

Assume towards a contradiction that ¢ : C,(X) — S is a condensation onto a
o-compact space S. By Corollary 2.3 we may assume that S is metrizable, hence
we may consider S as a subset of R¥. Proposition 2.4 implies the existence of a
countable subset D C X containing Q and a continuous map ¢’ : Cp(X) — R¥
such that ¢ = ¢’ o (mp|Cp(X)). By the Lavrentiev Theorem we can find a Gs-set
G C RP containing Cp(X) and a continuous extension ¢ : G — R¥ of ¢'. Take
B = (¢")71(S) and ¢ = ¢”|B. The set B is Borel and contains Cp(X). We have
©(B) = S and ¢ maps Cp(X) injectively onto S. The map ¢ belongs to F, so we

=)
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have ¢ = ¢, B = By, and D = D, for some a < 2. We will consider the same
four cases that we encountered during the inductive construction:
Case 1: D, \ X, # 0.

Then we have yo, € Doy = D by condition (iv), and by (ii) we have yo ¢ X.
Hence D\ X # (), a contradiction.

Case 2: D, C X, and Cp_(X,)\ Ba # 0.

By condition (v) we have X, C A,. Condition (iii) implies that zg € A, for
B > «a. Therefore X C A, and fo|X € Cp(X). By (v) we obtain that f,|D €
Cp(X)\ B, a contradiction.

Case 3: D, C X,, Cp,(X,) C Ba, and ¢,|Cp,, (X4) is not injective.

Similarly as in Case 2, condition (vi) implies that X C A, and fo|X,g.|X €
Cp(X). Then fo|D, go|D are distinct elements of Cp(X) and ¢(fa|D) = ¢(g94|D),
a contradiction.

Case 4: D, C X,, Cp,(X,) C By, and ¢|Cp, (X4) is injective.

Condition (i) implies that X, is a proper subset of X. Therefore, by Proposition
2.5, the space Cp(X) is a proper subset of Cp (X, ). Since ¢ is injective on Cp(X,,)
and ¢(Cp (X)) C ¢(B) =S, we conclude that S\ ¢(Cp(X)) # 0, a contradiction.

Remark. By a slight modification of the above construction we can achieve that the
space X from Example 1.1 will be zero-dimensional. We can also obtain that, for a
given family A of separable metrizable spaces of the cardinality |A| = 2“ (e.g., the
family of projective sets), the space Cp(X) could not be condensed onto any space
Ac A

As we mentioned in the Introduction, we consider only completely regular spaces.
However, let us note that it is possible to modify the construction of our example X
to ensure that the function space Cp(X) cannot be condensed onto any Hausdorff
o-compact space. To achieve this one should replace in the definition of the family
F, described at the beginning of this section, the requirement that the maps ¢ :
B — R* are continuous, by the condition that these maps are Borel. One should
also use the following facts:

(1) Every Hausdorff space with a countable network can be condensed onto a
Hausdorff space with a countable base; see [AP| Ch. 2, Problem 149].

(2) For every Hausdorff space X which is a countable union of metrizable com-
pacta, there exists an injective Borel map of X onto a metrizable o-compact
space (cf. Proposition 2.2).

(3) Let X be a separable metrizable space and Y be a second-countable Haus-
dorff space. Then every continuous map v : Cp(X) — Y has the factor-
ization property described in Proposition 2.4. This follows easily from the
fact that every open set in Cp(X) is a countable union of basic open sets
(since Cp(X) is hereditarily Lindel6f).

(4) Every Borel map ¢ : A — R*, where A C R¥, can be extended to a Borel
map ¢’ : B — R¥, which is defined on a Borel set B C R“ containing A;
see [Ku, §35.VI].
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