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ABSTRACT. Let © C RN be a bounded domain such that 0 € Q, N > 3,2* =

—5?2 ,AE R,e € R. Let {un} C H(} (£2) be a (P.S.) sequence of the functional
2 *

Eyc(u) = % Jo(IVul2- ‘)‘;ﬁ —eu?)— 2% Jo lu?”. We study the limit behaviour

of un, and obtain a global compactness result.

1. INTRODUCTION

Let Q be a bounded domain in RY such that 0 € Q, N > 3,2* = ]\2,—]2, A€ R ee
R.

In recent years, much attention has been paid to the existence of nontrivial
solutions to the following problem:

(Pro) —Au = ru+ |ul> “2u +eu, =€,
At u=0, x € 09,
where 0 < A < X = (#)2,6 € R. For instance, in [11], by using a variational

approach, E. Jannelli proved that if A < A — 1, then problem (P ) has at least
one solution u € HJ () when 0 < € < e1(A). If A —1 < XA < A, then problem (P ()
has at least one solution u € HE(Q) when e.()\) < € < €1(\), where €1()), €.()) are
some positive constants depending on .

Let

1 2 AUQ 2 1 o* 1
(1.1) Exc(w)== [ (Vu|* — —5 —evw®) — — [ |ul*, for ue Hy(Q).
=5/, 2P > Jo

The crucial step in [LI] was to overcome the lack of compactness for E ((u). Indeed,

. . * 2 . .
the invariance of Hi—norm, L? —norm and fQ % with respect to rescaling u —

Up = r¥u(r()) and the existence of non-trivial entire solution of the limiting
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1858 DAOMIN CAO AND SHUANGJIE PENG

problem (see [4], [10], [12] and [I4])
CAu = A 2% -2 N
(12) Au= tfyu+ |ul* “*u, z€R",
u—0, |z] — oo,

result in the failure of the classical Palais-Smale (P.S. for short) condition for F) .
on H (). However a local (P.S.) condition can be established. Indeed, let |u[b =
Jo lul? for p € (1,00) and

2
(1.3) Sy 1= inf{/ (|Vul® — Ai) | we Hy(RY), |ulo = 1}.

RN |z
Suppose {u,,} C H}(Q) is a sequence such that E ((um) < ¢ < %S?,DE)\,E(um)
— 0 strongly in H=1(Q) = (H}(Q))*; then {u,,} contains a strongly convergent
subsequence. Using this local (P.S.) condition, E.Jannelli was able to obtain the
existence of one nontrivial solution in [11]. For earlier work, see [3].

As indicated above it is always very important to understand the convergence of
the (P.S.) sequence in using variational methods. When A = 0, M.Struwe [14] gives
a complete description of all energy levels ¢ of E) . on which the (P.S.). sequence
is not compact, and he obtains the well known global compactness theorem, with
which J.M.Coron [6] and W.-Y. Ding [7] obtained the positive critical points of
Ey,o with some non-starshaped domains. In [16] S.Yan generalizes this global com-
pactness result to the case of p-Laplacian successfully. Very recently, Adimurthi
and M.Struwe in [I] have studied the convergence of (P.S.) sequences of the energy
functional associated with a semilinear elliptic problem on a bounded domain in
R? with critical nonlinearity f(s) growing like exp(4ms?) as s — oo.

As can easily be seen, problem (Pj ) is the general case of problem (Fp.). So
it is very interesting and important to see whether a global compactness result
similar to that of problem (P ¢) still exists or not. In this paper we investigate this
problem and obtain an affirmative answer.

Our proof is based on rescaling arguments. Such methods have been repeatedly
used to extract convergent subsequence from families of solutions or minimizing
sequence to nonlinear variational problems; see [13], [I4], and [16]).

In the following, let D:2(RY) be the completion of C5°(RY) with respect to the
inner product (u,v) = [px V- Vv, 8o = inf{ [y [Vul? | u € HJ(RY), |ulz+ = 1}.
Let B(z,r) denote the ball centered at « with radius r. For simplicity, we use the
same notation Qm and 7, in different situations.

Remark 1.1. (i) By Proposition 8.1 in [4], the solutions of ([L2) are in one-to-one
correspondence to solutions of the following type of problem:

—div(|z]72*Vw) = |2** w* "1, w > 0in RY,

where a and b are constants depending on A. From Theorem B in [3]], any solution
of the above equations is radially symmetric with respect to the origin, that is, u(x)
depends on |z| only. So according to the theory of ordinary differential equations,
the solution of (I2)) is unique (up to a dilation). Using the results in [4], we can
deduce that when 0 < A < ), the solutions of (I3) are of the following:

u(z) = €¥U(E$), e >0,

4V 2=

U(z) = COWN)[2] Y V321 4 o %570,
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A GLOBAL COMPACTNESS RESULT 1859

where C(), )\) is a constant depending only on A and A. So Sy can be attained in
RN when 0 < A < A\

(ii) Sy < Sp when 0 < A < X\. While A < 0, we can prove that Sy = Sy and Sy
cannot be attained, even though in RV.

2. GLOBAL COMPACTNESS

To state the main result, it is convenient to introduce the “problem at infinity”.
The first one is

(P°) —Av =" v,  wveDY(RY)
Moreover, for 0 < A < A, the problem ”at infinity” is given by

AU
(P5°) —Av= 4

e %y, veDY(RY).

To unify the notations we shall refer to the solutions of problems at infinity as
critical points of the following family of functionals:

0o 1 )\’U,2 1 *
e =g [ (VP -Tm - g [l

and in the cases of (Pg®) and (P5°), the respective energy functionals are Fy°(u)
and F3°(u).

Theorem 2.1. Let N > 3,0 < A < \, e € R, and suppose that {u,} C H(Q)
satisfies Ex ¢(um) < ¢, DE) (um) — 0 strongly in H=*(Q) as m — oo. Then there
exist a critical point u® of E ., k sequences of positive numbers {rl },, (1 <j < k),
l sequences of positive numbers {kJ }m (1 <j< 1) and | sequences of points
{xd }m (1 <4 <) in Q which converge to xo € , such that up to a subsequence,

() wm =+ 3 (0) T o] () + Z

where ||wm || g3 (o) — 0,75, — 00,k — o0, v solves (Pg°), and v] solves (P5°).

S

k] J (z— xin)) + Wi,

l k
(i) Bcln) = Bac®) + 30 Fg=(d) + 30 F ()

To prove this theorem, let us first recall some known results and establish some
preliminary lemmas. The following lemma can be found in [9].

Lemma 2.2 (Hardy inequality). If u € H}(Q), then e € L?(Q) and
2
L TR VAN

Lemma 2.3. Let {uy,} C HE(Q), um — u weakly in HE(Q). Then
) Ja 7= o lum o fo lul* +o(1),
(i) Jo|Vuml® = Jo [V (um — ) + [ [Vul* +o(1),

2 —
(i) [y, Mok = [y Pt [ 2+ o(1).

moreover X\ is optimal.
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1860 DAOMIN CAO AND SHUANGJIE PENG

Proof. (i) and (ii) are the well known results of Brezis-Lieb in [2]. (iii) can be easily
proved by Vitali’s theorem and we omit the detail.

Lemma 2.4. Let {v,,} C H}(Q) be a (P.S.) sequence for Ey g at level 3, that is,
Exo(vm) — B as m — oo, and assume that v, converges weakly but not strongly
to zero in HY(Q). Then either

(i) there exists a sequence of positive numbers {ry,}, such that up to a subse-
quence,

W (z) = vy (z) — r,%vl (rmz) +0(1) (z € Q)

is a (P.S.) sequence for Ex o in H}(Q) at level B — F°(V1); moreover, wy, — 0
weakly in Hg(S2),

or

(i) there exists a sequence of positive numbers {kn,} and a sequence of points
{ym} C Q satisfying ym — x0 € Q, such that up to a subsequence,

Wi () = vy (z) — k;rZZT—2 Vo(km(z —ym)) +0o(1) (z € Q)

is a (P.S.) sequence for Ey o in H}(Q) at level 3 — F§°(Vo). Moreover, w,, — 0
weakly in HY(Y), kndist(zm, Q) — oo, where Vo and Vi solve (P§°) and (P°)
respectively, o(1) — 0 in DV2(RYN) as m — oo.

N
Proof. 1f Ex o(vm) — 8 < +S,7, then sequence {vy, } is strongly relatively compact

N
and hence v, — 0,3 = 0. Therefore we may assume that Ey o(vp,) — 0 > %Sf .
Moreover, from DE} ¢(vy,) — 0, we also have

1 1 .~
ml® — Ex0(vm) = 5 (DExo(vm),vm) — B> =52
) [Tonl = ) = Bralom) ~ HDBsalon)vm) — 52 157

By Hardy inequality, we have for m large enough

N N

(2.2) SZ <NB< / |V |* < ﬂA
@ DY
and hence there are positive constants ¢; (i = 1,2) such that
(2.3) c1 S/ |va|2 <cg, Vm.
Let § > 0 small (will be determined later) such that
(2.4) lim Sup/ |Vom|* > 6.
Up to a subsequence, choose minimal - > 0 such thath(O L |Vv,|? = §. Define
2—N

U := Tm® Um(;%); then fB |va| =9.

Let us point out that, thanks to 23) and (24), the sequence {r,,} is bounded
away from zero.

Denote Oy, := {z € RN | = € Q}; then ¥, € H}(Qy) C DY2(RN). Moreover,
||vm||D12(RN va||D1,2(RN) — N < oco. Up to a subsequence there exists
Vi € DY2(RN) satisfying @, — Vi weakly in DV2(RN), 9, — V; a.e. in RN. We
have either V3 £ 0 or V4 = 0.
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(I): Assume V; # 0. Since v, — 0 weakly in H}(Q), we have r,, — 00, Q,, —
RMN. For this case we claim that V; satisfies (Pg°) and the sequence wy,(z) =

N-—-2
Om(z) —rm? Vi(rma) is a (P.S.) sequence for E o at level 3 — F° (V7).
Indeed, let us fix a ball B(0,r) and a test function 1) € C5°(B(0,r)) and remark
that for sufficiently large m, B(0,7) C Q,,. So

<DF)?O(V1)7’¢>

AV 22
= vy - Vy —/ _— — Vi Vi
/B(O r) ! B(0,r) |z |2 B(O,r)| ! !

Aoy oo
/ Vo, - Vip — / EEP - O |* "2 0m1b + o(1)
- v [ N 23
—/QV’Um Vim /Q | |2 /l'Um| Um"bm""o()
= (DE) 0(vm), ¥m) + o(1) (by the (P.S.) condition)

— N-2
where ., (z) = rm?® Y(rmz). Thus Vi solves (PRe).
Let ¢ € C$°(RYN) satisfying 0 < ¢ < 1,|Vy| <2in RN ,p =1, in B(0,1),0 =0
outside B(0,2), and let

Wy (x) = vy () — 7"22_2

Vi(rmz)p(Fmz) € Hg ()
where the sequence {7, } is chosen such that 7, := 2= — oo while 7,,,dist(0, 8(~Zm)

— 00 as m — 00, that is, Wy, () = O (x) — Vl(x)ga(%)
Set ¢ () = (7= ). Note that [VVi| € L?(R™N), so as m — o0,

/ YV (g — 1)
RN
§2/ |vv1|2<som—1>2+2/ VAP ¥ (o — 102
RN N
2/ |vv1|2+8~-2/ VA2
RN\B(0,rm) B(0,27m )\ B(0,7m)

2/ |VV1|2+8(/ Vi|2")
RN\B(0,rm) B(0,27, )\ B(0,7m)

= o(1).

IN

IN

Thus we have Wy, = ¥, — V1 +0(1), where o(1) — 0 in DV2(RY). So by Lemma E3
and the invariance of dilation, we have for m large

Exo(wm) = Exo(0m) = FX°(V1) +0(1) = § = F* (V1) + o(1),

I DEx o(wm)|| g1 (0) = o(1).

Also, it is obvious that w,, — 0 weakly in H} ().
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1862 DAOMIN CAO AND SHUANGIJIE PENG
(IT): Assume V4 = 0. Let h € C§°(B(0,1)); we have
/ IV (Bmh)
RN
= / Vi - V(h20,,) +/ o2 |Vh|?
RN RN

= [ Vi V(h20m) + o(1)
RN

AR2 D, o
— (DEvo(on). W)+ [ 2 [ o o)
Ry |7 RN
42 / ~ 2 —1/ ~2* ﬂ/ ~ 2
< ——— V(omh)|©+ S U, 2 V(Umh)|* + o(1).
o [ P ST ()Y [ 9@ o)

Choose ¢ suitably small. From the above inequality and the fact 0 < A < M,

1
we can find an @ € (0, 1) such that

(2.5) / |V |? = 0.
B(0,a)

For simplicity, substitute @, by z, and Q,, by € (because of dilation invariance),
and without loss of generality, we still suppose that z,, satisfies [2:3) and (24).
Denote
Qm(r) = sup/ |V 2m |?
z€Q J B(z,r)
the concentration function of z,,, choose z,, € Q and scale

B 2-N T
(2.6) Zm > Zm () = Rm® zm(R— + )
such that
~ 1 N
@) Gu= _sw [ wapo [ wsp oSk
4@, a€RN JB(a,1) B(0,1) 2L

where L denotes the least number of balls with radius 1 in RN that are needed to
cover a ball of radius 2. }

Note that {R,,} is obviously bounded away from zero. Setting Q,, = {z €
RN | 2= + ,, € Q}, we may regard Z,, € DV*(R"), moreover, {Z,} is bounded
uniformly in D%2(RY). Thus up to a subsequence,

(2.8) Zm — Vo weakly in DM?(RY).
We are going to prove that the convergence actually holds in the strong H} (R™)

sense. To do this, following the analogous argument in [I4], for any x € RV, we
can find p € [1, 2] such that the solution ¢,, of the Dirichlet problems

{ —A¢ =0, z € B(z,3)\ B(z, p),
PloB(z.p) = Zm — Vo, ¢loBw,3) =0,

satisfies
(2.9) bm — 0in H'(B(z,3) \ B(z,p)).
Let
— ém_vba LCGB(LC,[)),
(2.10) pm = { s € B(x,3)\ B(z, p).
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A GLOBAL COMPACTNESS RESULT 1863

It follows that
(2.11) $m = Pm +o(1) € Hy(Qm) + DV*(RY),
where @, € H}(Q,,) and o(1) — 0 in DY2(RN) as m — oo (see for instance [14]).
Hence, scaling back the ¢,,’s,
N-2
@m(x) = Rp? SOm(Rm(l‘ - xm))7
we have, taking into account of (2.9), (2.10) and 2.11)),
(212)  [IV@mlliz) = lemlpraan +0(1) = 12m = Vollhi 2.0 +o(1)-
By scale invariance, (ZI1) and the fact {z,,} is a (P.S.) sequence for E} o,
(DEm(Zm); om) = (DEx0(2m), #m) + o(1) = o(1)

1 32 1
Em ~m == V~m2—4m T Ax ~m
(2m) 2/@"0 il ~ ) 2*/Q F:

m

where
ot

Therefore, from the definitions of Ey,, ¢, and (ZH), we infer by using arguments
similar to those in [14]

A (Zm — VL
0(1):/ V2m~V(2m—Vo)—/ MOQ)
QB (,0) GnB(op) [T+ B

_[ |'§m|2 -2 m(Nm _VO)
QNB(z,p)
MEm — Vo)?
=/ IV (Zm — Vo) —/ e O
QmNB(z,p) QmNB(z,p) |7+ R |
= [ = Wl o)
Q,,NB(x,p)

:/ |V<Pm|2_/ %_/ |<Pm|2*+0(1)-
Q Qi |x+Rmxm|2 Q

m m

Moreover, by scale invariance, Sobolev inequality and Hardy inequality,

\p?
1:/v—m2— -
) Q| Prm| o Tal?

a9l
> —m2_ m 1_ _
(2.1 > ([ 1venl - [ il -
—2
>C/ |V m| (ﬂﬂp)))7
52

where (2.12) and the convergence of Z,, to V have been used to get the last inequal-

ity. Recalling (2.7)) we have ||Vzm||L2 (Blap) = L||Vzm||L2 (B0,1)) < S)\ , so that

@.13) yields [|[V@mllL2() — 0. From 2I2) we obtain ||z, — V0||D1,2(B (z.p)) — 0.
N

In particular, fB(O n [VVo? = 5-S2 > 0 and V) # 0. By z, — 0 weakly, we also

have R,,, — oo as m — oo.

Now using the result of case (I), we have
2-N x 2-N x Tm

(e) = B (g + ) = (Rt T v+ 2
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1864 DAOMIN CAO AND SHUANGJIE PENG

Define k,, = RinTms Ym = f—m, then ¥ — Yo € Q, km|Ym| = Rm|7m|. By (Z3) we
have [z, > a > 0, 50 kp,|ym| — +00. Also, by the fact that {r,,} is bounded away
from zero, kpm — 4oo(m — o0). Denote Q, = {2 € RN | & + ym € Q}, 0y =

2-N
km® 'Um(k% + ym)-
Now we distinguish two cases:
(1) kmdist(ym, Q) < ¢ < oo, uniformly. Then after an orthogonal transforma-
tion,

Qo — Qoo = RY = {z = (x1,...,2N),21 > 0},
(2) kmdist(ym, dQ) — oo, in this case O, — Qoo :RN

In each case we have for large m and any given ¢ € C§°( fQ B J:,;‘Z
o(1). Hence there holds, as m — oo,
| (9% o~ 1% Vi)
AU
= Vi -V — ——% |5 |* " 20mm 1
(2.14) /Qm( 4 |.23 + kmym|2 I | #)+oll)
Av _
= [ (T Vo= T o ) + o(1)

If Qo = RY, (Z14) implies that Vy € H}(Qo) is a weakly solution of the
equation

261 N N
“Au=u""", u>0, ze€R; u=0, z€0R,.

Thus, Vo = 0, which is impossible. So case (2) is true, that is, Vj solves (P5°).
Let

N-—2

W (%) = V() = km” Volkm (2 = ym))(km (2 = ym)) € Hy (),
where k,,, ¢ are defined similarly to case (I). We can also get 1, = ¥, — Vo + o(1),
where o(1) — 0 in DY2(RY). Using the fact that ki, |ym| — oo, the invariance of
N —
scaling and Lemma [Z3lwe obtain that wy, (x) = vy, (2) —km? Vb( m(T—2m))+o(1)
is still a (P.S.) sequence for Ey o at level § — F§°(V,) and of course it converges

weakly to zero.
This concludes the proof of Lemma [Z4.

Proof of Theorem 211 By E c(um) < ¢, DEx ((un) — 0 strongly in H~1(Q), we
have u,, — u’ weakly in H}(Q) and u® solves problem (P ). Moreover, setting
Vm = U, — u®, we then have v, — 0 strongly in L?(Q) and by Lemma 23] we get

/ 2 = / ot — uf?” + / ul?” + o(1)
Q Q Q
/|Vum|2:/|V(um—u)|2+/|Vu|2+0(1)
Q Q

i 2 / — / Juf?
/ °f ~ Jo TP e T
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Hence,

E) (um) = E)\,E(uo) + Exo(vm) +o(1),
DE) (tumm) = DEx (u®) + DE o (v,) + o(1),
DE)“()(’Um) = 0(1)

By applying Lemma [Z4] to {v,,} recursively, the iteration must stop after finite
steps; moreover the last (P.S.) sequence must strongly converge to zero. O

Applying Theorem 2.1 we can prove the following:

N N N
Corollary 2.5. Suppose %S/\Q <c< %Sf and ¢ # %502 , then functional Ey o
satisfies the (P.S.). condition.
Proof. Suppose {up,} is a (P.S.). sequence for Ej o(u). Notice that for any u €

- N
D2 (RN)\{0} satisfying (P5°) (0 < A < A), F°(u) > +S52. Moreover, if u
N

changes sign, then F{°(u) > £5,2. By Theorem 2]

l k
c+0(1) = Exo(um) — Exo(u®) + > Fo(wh) + Y F(v)).
j=1 j=1

Suppose that u® = 0; then ¢ = Z§'=1 E(vd) + Z?:l F)‘\’O(v{) If there exist some

N
[ or k such that v} or vf changes sign, then by Remark [[1] (ii) we get ¢ > %Sf ,
which is a contradiction, so we can assume vé > O,U{ >0(1<i<,1<j<k).
By the uniqueness of solutions of problem (FPg®) and (P{°) (see Remark [Tl (i)),

N N
we have ¢ = %502 + %Sf , which is impossible. So u’ # 0, and we can infer

Eyo(u®) > %S/\%, which follows that [ = 0,k = 0. Hence u,, — u® in H(9Q).

Remark 2.6. (i) Let

o ={Ex\c(u) | ue H}Q) solves (Py)},
o0 = {F°(u) | u € HY(RY) solves (P§°)},
ox={F(u) | ue HY(RY) solves (P5°)},

be the “spectral” of (Py), (Pg°) and (P5°), respectively. Then in particular, Theo-
rem 27l implies that any sequence {u,,} satisfying Ex ¢(um) — B, DEx,e(Um) — 0
in H=1(Q)(m — oo) is strongly relatively compact in Hg (), provided

k l
BE{B+Y Bi+> BiIBea\B,B)e€0oo\0,6, € ox\0}.
=1 =1

(ii) Assume u. € H}(R) is the ground state solution of (Py¢), 0 < A < A — 1.

Au? .
Then |Vu|? — # — S)\Jp in the sense of measure as ¢ — 0, where §, denotes the
Dirac mass at x.
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