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ASYMPTOTIC LIMIT FOR CONDENSATE SOLUTIONS
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ABSTRACT. In this paper we show that the maximal solutions (¢¢, A€) in the
Abelian Chern-Simons Higgs model on a ’t Hooft type periodic domain con-
verges to (¢, Ax) and ¢« is a harmonic map. We also study asymptotic
behaviors of the energy density.

1. INTRODUCTION

Let Q be a basic lattice cell in R? generated by two independent vectors a and
2

a“, namely,
Q= {$€R2 | z=s1a" + s0a%, 0< 51,80 < 1}.
The (static) Abelian Chern-Simons Higgs functional on 2 is given by [l 5]

2 2
(1) B0, 4) = [ 1Daof + S
Q 4 ol

Here € > 0, ¢ : Q2 — C is the complex Higgs field, A : Q — R2 is the coupled gauge
potential, D¢ = V¢ — iA¢ is the covariant derivative, and F4 = curlA is the
magnetic field.

We say that (¢, A) € HY(Q,C) x H*(Q,R?) is gauge equivalent to (i, B) €
H(Q,C) x HY(Q,R?), if there exists a function x € H%(Q, R) such that

(¥, B) = (X, A+ Vx).

It is easy to check that the functional E.(¢, A) is invariant under the gauge trans-
formation

1
+ S loP (- 10

(6, A) — (X, A+ V).
Following [2], we specify suitable boundary conditions to study the vortex con-

densate solutions. In fact, in view of gauge invariance we impose the following
't Hooft boundary condition on :

exp(i&;(z + a’))¢(z + a’) exp(i§;(z)) (),
(1.2) (A + Okj)(z +a’) (Ag + 0k&j) (), k=12,
zeltUI? —1J, j=1,2,
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where & and & are real-valued smooth functions defined in a neighborhood of
r2u{at +1?}, 1t u{a? + I'*}, respectively. Here
IM={zcRz=sa’, 0<s<1}, j=1,2

Let us denote &;(s1,52) = &j(s1al + sea?) for simplicity. Since ¢ is a single-valued
complex function, its phase change around € can only be a multiple of 27w, and
hence the boundary condition (L2) implies that

£(1,17) = &(1,07) +£1(0,07) — £(0,17)
(1.3) +6(01,1) = &(17,1) + &(17,0) — &(0F,0) + 27N =0

for some integer N > 0. As a consequence of (IL2) and (I3)) we are led to the
quantization of the magnetic flux and the electric charge:

Q:/FAdx:/ Ajdz; = 2N,
Q a0
Q:/pdx:e<1>:27reN.

Q

We can also rewrite the energy E as
€
9]

Hence we obtain the Bogomol’'nyi type energy lower bound

E(qb,A):/Q{ |D1¢—|—z’D2¢|2+i( FA+§|¢|(|¢|2—1))2 }dx—i—/QFAdx.

E($,A) > ® = 27N.

The lower bound is achieved if and only if the configuration (¢, A) satisfies the
self-duality equations

(1.4) Di¢p+iDsgp = 0,
(1) Fa+ Sl6P(oP -1 = o

The equations (L4) and (L) are gauge invariant and their solutions are often
called the condensate solutions. To examine them further, we use the classical Jaffe-
Taubes arguments [6]. In fact, equation (I4) implies that ¢ is holomorphic up to a
nonvanishing multiple factor and has exactly N zeros allowing multiplicities. Thus
we may assume that ¢ takes the form

k
1 )
(1.6) 6(z) = exp (u(z) +i3_nyorg(z =) ).
=
where z = x1 + ixo, and the points pq,--- ,pg, called the vortex points, are the
distinct zeros of ¢ with multiplicities ni,--- , ng, respectively. We observe that the

arbitrary choice on the imaginary part of ¢ merely reflects the gauge invariance of
([C4) and (H). Now equation ([IH) can be reduced to

k
4 u u
(1.7) Au = ¢ (e“—1)+ 47sz:;nj(5pj on ,

u : doubly periodic.
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Here 6, denotes the Dirac measure concentrated on the point p. Conversely, once
we find a solution u of (L), we may recover A from (L4) by the formula

(1.8) Ay +iAy = —2i0In ¢,

where 0 = (0; +i02)/2.

Recently there have been various studies on equations ([-4) and (L.E) by ana-
lyzing (7). See [3] and the references therein. In this paper we are interested in
the maximal solutions of (I.4)) and ([.5]) on Q which takes the form (L.6]) and (T-g).
We first recall several results [2] Bl [7] about the existence of maximal solutions and
their asymptotic behavior as € — 0:

Theorem 1.1. Let py,--- ,pg be given points in 2 and ny,- -+ ,ng positive integers
with ny + - -+ +ni = N. Then, there is a critical value €. < \/|Q| /47N so that for
0 < € < e the self-duality equations (1.4)c and (I3). with the boundary conditions
([2) and [@3) admits a mazimal solution (¢, A) of the form ([LG) and (LJ).
The solution (¢, A°) is mazximal in the sense that |¢¢| has the largest possible value
amonyg all the solutions to (I.4)e and (ID) with the same zeros and multiplicities.
The energy, magnetic flux, and electric charge are quantized and given by

E=27N, ®=27N, Q =2meN.

If € > e, then equations (T4 and (LA). have no solution realizing the zeros
P1, -+, Pr With respective multiplicities ny,--- , ng.

Furthermore, the following hold as € — 0:

(i) |¢¢] < 1, and |¢¢| — 1 a.e. in Q and in WHP(Q) for p € (1,2).

(i)

k
2
(1.9) Fye = 6_2|¢e|2(1_|¢e|2) _,QWan(Spj
j=1

weakly in the sense of measure.
(iii) For every compact subset K of Q\{p1, -+ , Dk},

(1.10) 1—|¢°(x)]? < Cke?, VreK,
and
k
1
(1.11) (- 6°1%) = 7> 2n;(2n; + 1)5),
j=1

weakly in the sense of measure.

The purpose of the present paper is to improve the above results concerning the
asymptotic behavior of the maximal solutions. We now state the main result.

Theorem 1.2. Let (¢, A€) be the maximal solution of (IAl) and ([LH) correspond-
ing to € as in Theorem [Tl Let ' = Q\{p1, -+ ,pr}. Then we have

(05, A) = (¢, AL)  in CHY(Q,C) x C2*(Q | R?),

loc loc

where (¢y, A,) belongs to W2P(Q,C) x VVllo’f(Q’,R2) for all p > 1 and satisfies

loc
Ad. + ¢.|Ve.]> = 0,
|¢*| = ]-a
1.12
(1.12) deg(du.p;) = ny,
A, = —ig. V.
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on Q. In fact,

k
(1.13) H Eop)™

|2 _p]|nJ
on Q.
Moreover, if we denote the energy density by
€2 |F4)? 1
ee(¢aA) = |DA¢|2 + | |¢|l + 6_2|¢|2(1 - |¢|2)2a
then
k
(1.14) ec(¢,A) = 21y by,
j=1

weakly in the sense of measure.

Here deg(¢«,p;) denotes the degree of ¢, restricted to a small circle centered
at p; with no vortex points other than p; inside the circle. The equation (LI2)
indicates that the map ¢, is a harmonic map, which often appears as a limit function
in some asymptotic problems such as in the Ginzburg-Landau theory [I]. The
equation (T4 implies that the energy corresponding to maximal solutions tends
to be concentrated at the vortex points as € — 0.

2. PROOF oF THEOREM [L.2]

Proof of @12) and (TIJ). Let ¢, — 0 be given. Let zg € Q' and choose r <
min |zg — p;|/2. Set
¢ (2) = exp(ue, (2)/2 + i0c,,(2)/2).
Then it follows from ([.4) that
(2.1) 2A°" = curlu,, + Vé.,.

Here curlu = (Ou, —01u). Since ¢ has no zeros in B(xg,2r), 6., is harmonic in
B(z,2r). Therefore, divA® = 0 and it follows from (L7) that

4
Aue, = et (e —1)
en

on B(xg,2r). We observe from ([LI0) that 1 —e?“«» < Ce2 on B(zg, 2r). Hence (u.)
is uniformly bounded in W2P(B(zo,r),R) for all p > 1. Consequently, (¢, A€)
is uniformly bounded in W2P(B(z,7),C) x WHP(B(zg,r),R?), and there exist a
configuration (¢, A.) € WP(B(zg,7),C) x WP (B(xg,7),R?) such that passing
to a subsequence, if necessary, we have
¢ — ¢y in CH(B(xo,7),C),
A — A, in CY%(B(xo,r),R?),
with divA, = 0.
Let us denote (¢, A*) by (¢™, A™) for simplicity. Consider the identity
— —2
g"Dand™ VI|¢"* = ¢" Darg" - Dang" + 6" *|Dane"|?
= [6"*|1Dang" %,
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where the last equality follows from (L4). Letting n — oo and keeping |¢.| =1 in
mind, we conclude that

(2.2) |Dan¢™> = |Da,¢| =0 on B(xg,r).

Hence we obtain

(2.3) A, = —ip, Vo,.

Since divA, = 0, the substitution of (2.3) into the equation D% ¢, = 0 gives
(2.4) Ag. + ¢u[Vo|* =0

on B(zg,r).

Let n = min;»; |p; — p;|/4. We may assume by (LI0) that |¢"| > 1/2 on
Q\ U?zl B(pj,n). Hence deg(pj, ¢"), the degree of ¢™/|¢"| considered as a map
from OB(pj,2n) into S, is well-defined as

1 1 = 09"
(2.5) deg(p;, ¢") = g/@B( —Im(¢n a¢r )dg’

by 1072

where 7 is the unit tangent vector field to dB(p,,2n). Since ¢" has a unique zero
p; with multiplicity n; on B(pj,2n), we have deg(p;, ¢") = n;. Since

k
¢" — ¢. in (| B(p;,n),C),
j=1
it follows that

n; = deg(p;, 6") — deg(p;. 6.).
Now by (L8) we can write

6"(2) = (2 = )" (2 = g )
for some real-valued function v,, and we may assume by the above argument that
" — = (2 —p1)™ - (2 —pr)"re™
on . Since |¢.| =1 on €', we conclude that
e’ =1/|z =pu|™ |z = pe|™,
which proves ([LI3)).

Since €, — 0 was arbitrary, the convergence holds for the whole sequence. This
completes the proof of and (L13). d
Proof of (LT4). By use of (LH), we can rewrite the energy density as

(6, 4) = [Dadl? + 16120 — o).

Let €, — 0 be given. Write ey, (¢™, A") = ee, (¢, A®) for brevity. Since |¢"| < 1,
it follows from (I9) and (Z2)) that for any subset K CC §,

/Ken(qS",A”) —0
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as n — oo. Since |le,(¢", A")|[L1q) = 27N, after passing to a subsequence if
necessary, we see that

k
en(¢na An) - Z aj(spj
j=1

weakly in the sense of measure.
Let B; = B(pj,2n) where 7 is given as above. Then by (I4),

/ ' |DA7L¢n|2 = / . |D1o™ + iD2¢n|2 + 2Re(iD1¢" Dagp™)

B; B,
= / 2Re(z’81¢”8gﬁ)+/ 2Re(—WA281¢”+¢”A182W)
— (I)+ (D).

We observe that

D = /wj Im(ﬁaain>

27rdeg(pj7¢”)+/ (lp"* = 1) 1 Im(‘ﬁ_"%)

0B, o2

= 2mn; +o(1).

The last equality follows from (T.10).
On the other hand, a short computation yields that

[ erparrs [ jerEEa
dB; B,

J

[ oa-erparr- [ a-jep)Ea
B, B;
o) - [ ZlonP(i- o2

J

(I1)

as n — 0o, where the last equality comes from and (L.I0). We thus obtain

2
| 1Dand 4 S8~ 67 = 2mm; + o),

J

which implies that a;; = 27n;. Since €, — 0 was arbitrary, we are led to (LId)). O
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