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RESCALINGS OF FREE PRODUCTS OF II,-FACTORS
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(Communicated by David R. Larson)

ABSTRACT. We introduce the notation Q(1) * - - - * Q(n) * L(F,) for von Neu-
mann algebra II;—factors where r is allowed to be negative. This notation is
defined by rescalings of free products of 111 —factors, and is proved to be consis-
tent with known results and natural operations. We also give two statements
which we prove are equivalent to isomorphism of free group factors.

INTRODUCTION

The rescaling M; of a II;—factor M by a positive number ¢ was introduced
by Murray and von Neumann [5]. In [4], we showed that if Q(1),...,Q(n) are
ITI;—factors (n € {2,3,...}) and if 0 < ¢ < y/1 — 1/n, then

(1) (Q(l) Kok Q(n))t 2 Q1) x---x Q(n)y x L(F,),

where 7 = (n — 1)(t72 — 1). Here L(F,), r > 1, is an interpolated free group
factor ([2], [6]). For \/1—1/n <t < 1, we proved a similar formula, where L(F,)
was replaced by a hyperfinite von Neumann algebra with specified tracial state
having free dimension ([1]) equal to » = (n — 1)(t~2 — 1) < 1. If one tries to use
the formula () when ¢ > 1, one obtains L(F,) with r < 0.

In this note we introduce the notation

(2) Q1) x---*x Q(n) *x L(F,) (meN,1-n<r <o)

If r > 1, then L(F,) in () is an interpolated free group factor, while if r» < 1,
then (2) defines a II; factor which is the rescaling by ¢ of Q(1)¢ * - -- % Q(n)y; if
n =2 or of Q(1);/, x L(F3) if n = 1 for an appropriate ¢ > 1. We will prove that
this notation is consistent with known results and natural operations involving free
products. The notation (@) provides an elegent means of describing rescalings of
free products of IIy—factors, and is used in [3].

Finally, we show that if the free group factors are isomorphic to each other, then
Q1) * Q(2) =2 9(1) * Q(2) * L(F) for all IT;—factors Q(1) and Q(2) and we give
one additional equivalent condition. It is conceivable that these conditions may be
used to prove nonisomorphism of free group factors.
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RESCALINGS

Recall that the interpolated free group factors rescale as follows:
(3) L(F,); = L(Flﬁfz(r,l)) 1<r<oo,0<t<o0),
(see [2], [6]).
Lemma 1. Letn € N, let Q(1),...,Q(n) be I, —factors, let 1 < r < oo, and let

M=09)*---xQ(n)*x L(F,).
Then for every 0 <t < \/1+ (r —1)/n,
M= Q1) # - % Q(n)y * L(Fy—2py (n_1)(t—2—1))-

Proof. If t < 1, then this follows from [4]; see () and (@) above. Suppose ¢t > 1.
Note that ¢ is taken so that t=2r + (n — 1)(¢=2 — 1) > 1. Applying () and (@), we
have

(Q(l)t ook Q) * L(Ft—2r+(n71)(t—271))) N = Q1) x--- % Q(n) * L(F,).

t

Proposition 2. Letn € N, let Q(1),...,9(n) be I —factors, and let
1-n<r<1.

Then there is a 1L —factor M, unique up to isomorphism, such that
M = Q1) % Q(n)y * L(Fi—2p4 (n_1)(1-2-1));

whenever 0 <t < \/1+ (r —1)/n.

Proof. Let 0 < s <t < \/1+ (r —1)/n and let M and M be II;—factors such that
M= Q1) # % Q(n)s * L(Fy—2p4 (n—1)(s—2-1)),
M, = Q) -+ % Q(n)¢ * L(F -2,y (n_1y(t-2-1))-

Then using Lemma [l we have

My = (Mp)s 2 Q1) 5 Q(n)s * L(Fy2,y (n_1y(s-21)) = M,

Definition 3. We denote the unique factor M in Proposition [2 by
Q1) x--- % Q(n) * L(F,).

Proposition 4. Letn € N, let Q(1), Q(2),...,Q(n) be I —factors, and let 1 —n <
r < o0.

(i) If 0 <t < oo, then
(Q1) * -+ Q(n) x L(Fy)), 2 Q(1)e * -+ % Q(n)e * L(Fy-2p 4 (n-1)(-2-1))-
(ii) If o is a permutation of {1,2,...,n}, then
Q) *---%Q(n)*x L(F,) = Q(c(1)) *--- % Q(c(n)) * L(F,).
(iii) If Q1) = L(Fs) with 1 < s < 00, then

Q2)x---xQ(n)* L(F,1s) tfn>2,

Q1) % -+ Q(n) * L(F,) = {L(Fr+s) ifn=1
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(iv) If n > 2 and if r > 2 —n, then
Q1) #+++# Q(n) x L(Fy) = Q(1) + (Q(2) -+ + Q(n) * L(Fy)),
(v) If Q(1) = N (1) * N(2) where N'(1) and N (2) are II, -factors, then
Q1) x -+ Q(n) x L(F,) 2 N (1) * N (2) * Q(2) * - - * Q(n) * L(F,.).
(vi) If 0 < 7 < o0, then
(Q(1) # -+ % Q(n) * L(F,)) + L(F5) = Q(1) # - £ Q(n)  L(F, 47).
(vii) If n € N, if Q( ) (fL)
(Q(1) *--- % ( * L(F,.)
= Q1) x---xQ(n)
(viii) Ifn > 2, then
Q) x---xQ(n)* L(Fo) 2 Q(1) * -+ x Q(n).

(ix) IfN is a II;~factor and if A is a von Neumann algebra with specified normal
faithful tracial state, where A # C and A is either finite dimensional, hy-
perfinite, an interpolated free group factor or a (possibly countably infinite)
direct sum of these, then

Nx A2 N * L(F,)

where r is the quantity computed in [1] and (perhaps misleadingly) called
the free dimension of A; (in the revised notation of [3, §1], r is such that
A has a generating set of free dimension r).

are 1 factors and if 1 —n <7 < o0, then

w< -+ O(R) * L(Fy))
«O(1) + @m*umﬁm

Proof. For (i), if r > 1, then this is Lemmal[ll Ifr <1but0 <t < +/1+ (r—1)/n,
then this is Definition Bl Suppose r < 1 and /14 (r—1)/n <t < oco. Let A >0
be such that At < y/1+ (r — 1)/n. Then applying Definition 3] twice gives

(9(1) %% Q(n) L(FT))M
= Q(1)ag * -+ % Qn)ae ¥ L(Fa—24—2p4 (n_1)(A-2t-2-1))
= (Q(l)t #ek Q(n)y L(Ft—QrJr(nfl)(t—Qfl))) :

A
Now the proofs of (ii)—(viii) are obtained by rescaling both sides of the desired
isomorphisms by the same ¢ > 0 which is small enough and applying (i) and perhaps
equation (]). For example, to prove (vii) let

1
0 <t < mi (—,\/ , — 314+ —
i V2 n n + n+n

and use (i) three times to get
U@l*~*QMHL@0%%QU*W*émHL@ﬂU
. (éa) sk Q(R) * L(F;))t « L(F,2_,)
Q(1)g -+ Q( Jo# Q)¢ # -+ % Q(i)y * L(Fy-2(r iyt (nt e 1)(t-2-1)
(e (m) (1) %+ + Q@) * L(F 7)) .

r—1 r—1 r+f—1>

R =
?
=
=
=
N—

1%
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For (ix), if k € N is large enough, then by [I], M (C) A is the interpolated free
group factor L(F,.11_j-2). By [I, Thm. 1.2],

N*xA)L & ((N%®Mk(C))*_A)% %j\/'%* (Mi(C) = A)

1
k

= N% * L(Fr+l—k*2)

1
k

= Ny # L(Fe,) = (N # L(F,))

1 1
k 3

Formula ([I)) can now be extended to all values of ¢.

Theorem 5. Letn € {2,3,...}, let Q(1),...,Q(n) be IL—factors, and let 0 < t <
o0o. Then

(Q) -+ % Q(n)), = Q(1)s * -+ x Qn)e * L(F(n_1y(-2-1))-
Proof. Use part (viii) followed by part (i) of Proposition [l O

We know from [6] (see also [2]) that the interpolated free group factors
(L(F4))1<t<co are either all isomorphic to each other or all mutually nonisomorphic.

Theorem 6. The following are equivalent:
(a) L(Fs) = L(F}) for some, and then for all, 1 < s <t < oo;
(b) for every I —factor @ and every r > 0,
Qx L(F,) =~ Qx L(Fy);
(¢c) for all II—factors Q(1) and Q(2),
Q1) *xQ(2) 2 9(1) x Q(2) * L(Fw).
Proof. For (a) = (b), if 0 < t < /r, then by part (i) of Proposition @]
(Q = L(Fr))t >~ Qyx L(Fy-2,) 2 Qy x L(Fs) = (Q L(Foo))t,
while (b) = (a) can be seen by choosing Q = L(F3). For (a) = (¢), if 0 < t <
1/4/2, then using Lemma [T
(Q(1) * Q(2)), = Q(1)¢ * Q(2)¢ * L(Fy-2_y)
= Q1) % Q(2)r ¥ L(Foo) = (Q(1) ¥ Q(2) ¥ L(F)),-
Taking Q(1) = Q(2) = L(F3) shows (¢) = (a). O
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