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ABSTRACT. We consider solutions of a refinement equation of the form
o= ae(M- ),
~ezs

where a is a finitely supported sequence called the refinement mask. Associ-
ated with the mask a is a linear operator Q. defined on Ly(R?®) by Q¢ :=
Zyezs a(y)y¥ (M- — ~). This paper is concerned with the convergence of the
cascade algorithm associated with a, i.e., the convergence of the sequence
(Q"%)n=1,2,... in the Ly-norm.

Our main result gives estimates for the convergence rate of the cascade
algorithm. Let ¢ be the normalized solution of the above refinement equation
with the dilation matrix M being isotropic. Suppose ¢ lies in the Lipschitz
space Lip(p, Lp(R®)), where 4 > 0 and 1 < p < oo. Under appropriate
conditions on 9, the following estimate will be established:

Qv — ¢||, < C(m~/*)™ VneN,

where m := | det M| and C' is a constant. In particular, we confirm a conjecture
of A. Ron on convergence of cascade algorithms.

1. INTRODUCTION

We are interested in functional equations of the form

(1.1) o= al@)e(M-—a),

Q€L
where ¢ is the unknown function defined on the s-dimensional Euclidean space R?,
a is a finitely supported sequence on Z*, and M is an s X s integer matrix such
that lim,, oo M~ = 0. The equation (LT) is called a refinement equation, and the
matrix M is called a dilation matriz. Correspondingly, the sequence a is called the
refinement mask. Throughout this paper we assume that the mask a satisfies

Zaezs ala) =m = |det M|.

Under this condition the refinement equation (II)) has a unique compactly sup-
ported distributional solution ¢ up to a constant factor.
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1740 RONG-QING JIA

For 1 < p < o0, by L,(R*) we denote the Banach space of all complex-valued
measurable functions f on R?® such that || f]|, < oo, where

1/p
= ([ 1@l as) o 1<,

and | f]leo is the essential supremum of |f| on R®. By C(R®) we denote the space
of all continuous functions on R?.

For 1 < p < o0, by ¢,(Z*) we denote the Banach space of all complex-valued
sequences b on Z° such that ||b]|, < co, where

1/p
5] = < > |b<a>|p> for 1< p< oo,

«€Zs

and ||b]| is the supremum of |b| on Z*.

Let N denote the set of positive integers, and let No := NU{0}. An element of N
is called a multi-index. The length of = (1, ..., us) € N§is |u| := p1 + -+ + ps,
and the factorial of p is p! := pq!- - pg!l. For p = (p1,...,ps) € N and = =
(1,...,25) € R®, define

=t e
The function z — z# (r € R®) is called a monomial and its (total) degree is |u.
A polynomial is a linear combination of monomials. The degree of a polynomial
q =), cuxt is defined to be degq := max{|u| : ¢, # 0}. By Il we denote the
linear space of all polynomials of degree at most k.

For a vector y = (y1,...,ys) € R®, its norm is defined as |y| := |y1| + -+ + |ys|-
We use D, to denote the differential operator given by

fla+ty) = f(z)

D =1 R®.

yf(x) tg% 7 , T €

Moreover, we use V, to denote the difference operator given by
Vyf=f=f(-y).

Let eq,...,es be the unit coordinate vectors in R°. For j = 1,...,s, we write

Dj for D.;. For a multi-index p = (p1,...,us), D" stands for the differential
operator Di* -+ D¥=. Given a polynomial ¢ = Zu cux*, we use ¢(D) to denote the
differential operator Zu cuD¥.

For a positive integer k£ and 1 < p < oo, the Sobolev seminorm | - |5, is defined

as
flkp = D 1D"Fllp-
lul=k
The Sobolev space W (IR®) consists of all functions f € Ly(R®) such that |f[x, <
0.

Lipschitz spaces are defined in terms of the modulus of smoothness. The modulus
of continuity of a function f in L,(R®) is defined by
w(f,h)p := sup ||Vnyp, h>0.
lyl<h
Let k be a positive integer. The kth modulus of smoothness of f € L,(R?) is defined
by

wr(f,h)p = sup||V§f| h > 0.

ly|<h

p7
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CONVERGENCE RATES OF CASCADE ALGORITHMS 1741

For 1 < p < oo and 0 < v < 1, the Lipschitz space Lip(v, L,(R®)) consists of all
functions f € L,(R?®) for which

w(f,h)y <CH  Yh>0,

where C' is a positive constant independent of h. For v > 0 we write v = r 4+ 1,
where r is an integer and 0 < n < 1. The Lipschitz space Lip(v, L,(R®)) consists
of those functions f € L,(R®) for which D*f € Lip(n, L,(R®)) for all multi-indices
w with |p| = 7.

The Fourier transform of a function f € L;(R?) is defined by

f(w) = f(x)eiiz'“’ dr, weR?
Rs

where ¢ stands for the imaginary unit, and z-w denotes the inner product of two

vectors z and w in R®. The Fourier transform can be extended to the class of

tempered distributions (see [1]). For instance, the Fourier transform of the Dirac

distribution ¢ is 1, while the Fourier transform of a polynomial ¢ is (27)%g(iD)d.
Let @, be the cascade operator given by

Qaf =Y ala)f(M-—a),  feLy(R).

a€ZS

For n=1,2,..., we have (see [7])

Qif =Y an(@)f(M™- = a),

«€Zs

where the sequences a,, are given by

(1.2) ap=a and ap(a)= Z ala — MpB)an—1(8), «a€Z’
BeZs

The iteration scheme f, := Q7f (n = 0,1,2,...) is called a cascade algorithm.
The main purpose of this paper is to investigate rates of convergence of cascade
algorithms.

Convergence of cascade algorithms are closely related to approximation with
shift-invariant spaces. Let f be a compactly supported integrable function on R*®.
We say that f satisfies the Strang-Fix conditions of order k (see [18]) if

f(0)=1 and D*f(278)=0 V|u/ <k and BeZ°.

If f satisfies the Strang-Fix conditions of order k, then the shift-invariant space
generated by f provides approximation order k.

Let ¢ be the unique compactly supported distributional solution of the refine-
ment equation () subject to the condition ¢(0) = 1. Such a solution is called the
normalized solution. If the normalized solution ¢ lies in L,(R®) (1 < p < 00), then
it was shown in [I3] that ¢ satisfies the Strang-Fix conditions of order 1. Suppose v
is a compactly supported function in L,(R?) (1 < p < 00). If the cascade algorithm
with the initial function ¢ converges to ¢ in the L, norm, that is,

lim {|Qg¢ — ¢ll, =0,
n— 00
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1742 RONG-QING JIA

then it was shown in [7] that ¢ satisfies the Strang-Fix conditions of order 1. A
typical choice of the initial function is the tensor product of the hat functions:

x(x) == Hmax{l —|z;],0}, = (z1,...,2) €R".
j=1

If lim, oo ||Q2Xx — ¢llp = 0, then lim, .o [|QFY — ¢|l, = 0 for any compactly
supported function ¢ in L,(R?®) satisfying the Strang-Fix conditions of order 1
(see [7]). However, the sequence (Q7X)n=1,2,... may diverge, even if the normalized
solution ¢ lies in L,(R®). Thus it is desirable to find appropriate conditions on
such that Qv converges to ¢ in the L, norm.

For a compactly supported distribution f on R®, we use K(f) to denote the
linear space of all sequences ¢ on Z* such that

> cla)f(-—a)=0.
a€Zs
If K(f) = {0}, then we say that the (multi-integer) shifts of f are linearly indepen-
dent. It was shown in [16] that the shifts of f are linearly independent if and only
if for any ¢ € C* there exists some 3 € Z* such that f(¢ 4 278) # 0.
In Section 4 we will establish the following result:

Theorem 1.1. Suppose the normalized solution ¢ of the refinement equation (L1I)
lies in Lp(R®), 1 < p < oo. If ¢ is a compactly supported function in L,(R?)
satisfying the Strang-Fiz conditions of order 1, and if K(¢) C K(v), then

Tim [[Quv ¢, =0.

In the case p = oo, if both ¢ and 1 are continuous, then QU converges to ¢
uniformly.

In particular, if the shifts of ¢ are linearly independent, then the cascade sequence
Q") converges to ¢ for any compactly supported function ¢ in L,(R®) satisfying
the Strang-Fix conditions of order 1. This result is also valid, provided the shifts
of ¢ are stable.

Let f be a compactly supported function in L,(R®) (1 < p < c0). We say that
the (multi-integer) shifts of f are stable, if there exist two positive constants C
and Cs such that

Crllblly < |[ D bla)f(- — )
a€Zs
The shifts of f are stable if and only if for any £ € R?® there exists some 5 € Z° such
that g?)({ +273) # 0 (see [14]). Consequently, linear independence implies stability.

Convergence rates of subdivision schemes were studied in [5] and [2] for box
splines. This problem was investigated in [B], [6] and [20] for dyadic refinable
functions. Also, see [4] and [22] for some related work. Suppose ¢ is the normalized
solution of the dyadic refinement equation

6= al@o(2: - a),

«€Zs

< Collll, Vb e 6(Z0).

p

where a is finitely supported and }_ ;. a(a) = 2°. If ¢ lies in the Sobolev space
WE (R?®), then ¢ satisfies the Strang-Fix conditions of order k (see [3]). If, in
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CONVERGENCE RATES OF CASCADE ALGORITHMS 1743

addition, the shifts of ¢ are stable, then
Qi — ¢, <C27*" ¥neN
for any compactly supported continuous function v on R? satisfying the condition
DHap(2n3) = D*p(2n3) VB € Z° and |p| < k

This result was established in [21].

Recently, Ron [I7] conjectured that the same result is also true under the con-
dition K (¢) C K(¢) instead of stability of ¢. In fact, his conjecture was stated for
Sobolev spaces W' (R?) of fractional order. In [I9] Sun gave a partial answer to
the conjecture. Ron’s conjecture will be confirmed in this paper.

Our result will be valid for the more general refinement equation (LIl). We
assume that the dilation matrix M is isotropic, that is, M is similar to a diagonal
matrix diag {71, ...,0s} with |o1| = -+ = |o5| = m!/*, where m = | det M|.
Theorem 1.2. Let ¢ be the normalized solution of the refinement equation ([LTI)
with the dilation matriz M being isotropic. Suppose ¢ € Lip(u, L,(R®)), where
pw>0andl < p < oo Let k be the integer such that k —1 < u < k. Let 1 be
a compactly supported function in L,(R®) satisfying the Strang-Fiz conditions of

order k. If K(¢) C K(¢), and if D*9(0) = D*$(0) for all |v| < k, then there
exists a positive constant C' such that
|@zv o], < Clm™/p" vnen.

The proof of this theorem will be completed in Section 4. Preparatory to the
proof, we shall investigate relative stability in Section 2 and approximation schemes
in Section 3.

2. RELATIVE STABILITY

Let £(Z°) be the linear space of all sequences on Z*, and let £y(Z*) be the linear
space of all finitely supported sequences on Z°. For u € £(Z®) and v € {o(Z?),

define
(u,v) = Z u(a)v(—a).
Q€L
With respect to this bilinear form, ¢(Z®) is the algebraic dual of £y(Z*).
If (u,v) = 0, then u and v are orthogonal and we write v L v. For a linear
subspace V of £y(Z*), we define

Vi i={uelZ®: (uv) =0YveV}.

If w € €o(Z°) satisfies w L V+, then w € V. This claim can be justified by
contraposition. Suppose w ¢ V. Let W be the linear span of ¥V and w. Then we
can find a linear functional f on W such that f vanishes on V and f(w) = 1. This
linear functional can be extended to a linear functional on ¢(Z?®). Since ¢(Z®) is
the algebraic dual of ¢3(Z?), this means that there exists some element u in ¢(Z*)
such that v 1 V and (u,w) = 1. This contradicts the assumption w L VL.

The main result of this section is the following lemma on relative stability.

Lemma 2.1. Let ¢ and ¢ be compactly supported functions in L,(R®) (1 < p < c0).
Suppose K (¢) C K (). Then there exists a positive constant C such that

> bla)(- - a) > b(a)g(- —a)

a€Zs® a€Zs

(2.1) <C

Ly(R?)

Vb€ 0,(Z°).
Lp(B?)
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1744 RONG-QING JIA

Proof. We can find linearly independent functions ¢, ..., ¢, in L,(R®) supported
on [0,1]* such that

6= i(-— BN (B),

j=1B€Ls

where A1,..., Ay € £o(Z?) (see [10]). For b € £,(Z*), it follows that

m
(2.2) > ba)e( — Z > x2) ()i (- =),
a€Zs j=1~€Ls
where bxA denotes the convolution of b and A. Since the functions ¢, ..., ¢, are
supported on [0, 1]* and are linearly independent, there exists a constant C; such
that
(2.3) losAill, < G|l D b@)e(- =), j=1,...,m.
P

a€EZS

Let Vg be the linear span of (multi-integer) shifts of Aq,...,Apn. In light of
B2) we see that u € K(¢) if and only if u is orthogonal to shifts of Aq,..., Am.
Consequently, K (¢) = V(;-.

Similarly, we can find linearly independent functions 1, ...,y in L,(R®) sup-
ported on [0,1]® such that

6= 5" vl — Bui(B),

k=1 pBezs

where p1,...,un € £o(Z%). We have pp L K(¢) for k = 1,...,n. By the as-
sumption, K(¢) C K(¢). Hence, pur L K(¢) = Vd)l. By the remark made at the
beginning of this section, we assert that p, lies in V. In other words, each p, can
be expressed as

m
k=Y i,
=1

where ¢y € £o(Z°), j=1,...,m, k=1,...,n. Note that

Hence, there exists a constant Cy such that

n
(2.4) D b(@)y(-—a)|| <C> |lbxpl,.
a€Zs p k=1
But
loxpelly = || e xAg#b)|| <D llewllu lbxAllps k=1....,n.
j=1 P =1
This in combination with Z3]) and (24)) gives the desired result (21I). O
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3. APPROXIMATION SCHEMES

In this section we discuss approximation schemes induced by quasi-projection
operators.
For f € L,(R®) and g € L,y (R®) (1/p' +1/p =1) we define

()= [ ety

Let ¢ be a compactly supported function in L,(R®), and let g be a compactly
supported function in L, (R®), where 1/p’ +1/p = 1. Consider the linear operator
P on L,(R®) defined by

(3.1) Pf=> (f.g(-—a)e(-—a), fEeLy(R).
«ELS

Such an operator is called a quasi-projection operator. Clearly, P is a bounded
operator on L,(R®). For h > 0, let

Phf:= (f.h7'g(/h—a))(-/h—a), fE€ Ly(R).
[I<VAS

It is easily seen that ||P"|| = || P|.

Approximation by means of quasi-projection operators is discussed in [I5]. In
particular, the following result was established there: If the quasi-projection op-
erator P reproduces all polynomials of degree at most k — 1, i.e., Pq = ¢ for all
q € Ilx_1, then there exists a constant C' > 0 such that

[P"f = fllp < Ch¥|flrp YV f€WEF(R®)andh>0.

In [I2] the above result was extended to the following form: Under the same
conditions as above, there exists a constant C' > 0 such that

IP"f - fll, < Cwr(f,h), Yh>0

for f € L,(R?) (f € C(R?®) in the case p = c0).

Now let us discuss approximation with shift-invariant spaces scaled by a dilation
matrix. Let M be an isotropic dilation matrix with m := [det M|. Forn =1,2,...,
let P, be the quasi-projection operator given by

Pof =Y _(f,m"g(M" —a))p(M" —a), [ € Ly(R").
a€Zs
Note that the absolute value of every eigenvalue of the matrix M is equal to m!/*.

We have the following result, whose proof can be found in [12].

Lemma 3.1. Let P be the quasi-projection operator given in BI). If Pq = q for
all g € My_1, then there exists a constant C' > 0 such that

||Pnf - pr < ka(fvm_n/s)p

forn=1,2,... and f € L,(R®) (f € C(R®) in the case p = x0). In particular, if
f € Lip(p, L, (R?)), where >0 and 1 < p < oo, then

(3.2) 1Paf = fllp < C(m="%)".
Consequently, if the quasi-projection operator P reproduces constants, i.e., P1 =1,
then
(3.3) im || Pof — fll, =0
n—oo
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for f € L,(R?) (1 <p<o0), or f € C(R*) (p=00). In fact, in order for B3) to
be true, the dilation matriz M does not need to be isotropic.

The following lemma gives a sufficient condition for the quasi-projection operator
P to reproduce all polynomials of degree at most k& — 1.

Lemma 3.2. Suppose ¢ satisfies the Strang-Fix conditions of order k. Let g be a
compactly supported function in Ly (R®), 1/p' +1/p = 1. If D(1 — §¢)(0) = 0
for all |v| < k, then the quasi-projection operator P given in ([BI) reproduces all
polynomials of degree at most k — 1, i.e., Pq = q for all ¢ € Tj_;.

Proof. Let g € II;_1. We observe that Pg = ¢ if and only if
> r@)d(-—a) =g,
a€EZS

where r := ¢*g is a polynomial. By using the Poisson summation formula, it was
proved in [§] that

> r(@)e(- —a) = $(—iD)r.

a€Zs
The Fourier transform of ¢(—iD)r is ¢7 = ¢g ((2m)*G(iD)d), where & stands for the
Dirac distribution. Consequently, ¢(—iD)r = ¢ if and only if ¢§(G(iD)o) = ¢(iD)é.
This happens if

(3.4) DY(1-§)(0)=0 V|| <k
Hence, (84) implies Pqg = ¢ for all ¢ € TIxy_;. The proof of the lemma is
complete. O

For given ¢, (|v| < k) we can find a compactly supported function g € L, (R?)
such that DV§(0) = ¢, for all |v| < k. Therefore, there exists a compactly supported
function ¢ in L, (R®) such that (34) is true.

4. CASCADE ALGORITHMS

We are in a position to prove Theorems 1.1 and 1.2. Our proofs follow the lines
of [9].

Proof of Theorem 1.1. We only consider the case 1 < p < oco. The proof for the
case p = oo is similar.

Since the normalized solution ¢ of (L) lies in L,(R®), ¢ must satisfy the Strang-
Fix conditions of order 1 (see [13]). Let g be a compactly supported function in
L, (R®) (1/p" +1/p = 1) such that §(0) = 1. According to our assumption,
satisfies the Strang-Fix conditions of order 1. By Lemma 3.2 the quasi-projection
operators Py and Py given by

(41)  Pyf =3 (f.gl—a)é(-—a) and Puf= Y (fg(-—)( —a)
aEZs QEZs
reproduce constants, i.e., Pl =1 and Pyl =1. Forn=1,2,..., let
fn = Z bn(a)¢(Mn - a) and gn ‘= Z bn(OéW(Mn - a)v
a€Zs aczs

where
bp(a) = (p,m"g(M"- — ), «a€Z’.
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By (B3) we have
(42 T [y~ =0 and lim [lg, — o], — 0.
Let
I o= Qo = > an(a)p(M"- = a),
a€Zs®
where the sequences a,, (n =1,2,...) are given in ([L.2). Clearly,
$= Y an(a)p(M"- - a).
a€Zs
It follows that
(fa = )M ") = Y (by — an)(@)¢(z —a), xR,
a€EZS
Similarly,
(gn — hn) (M "2) = Z (bn —an)(@)Y(z — @), z€R’.
a€EZS

Since K(¢) C K(¢), Lemma 2.1 tells us that there exists a positive constant C
independent of n such that

P
Consequently,
lgn = hnllp < Cllfn = ¢llp-
But
1 = &llp < 1hn = gnllp + llgn = ¢llp < Cllfn = ¢llp + llgn — Sllp-
This in connection with (@Z) shows that lim, . ||hn — ¢||, = 0, as desired. O

Proof of Theorem 1.2. Since the normalized solution ¢ of (ILT) lies in the Sobolev
space WF~H(R?), ¢ must satisfy the Strang-Fix conditions of order k (see [3] and
[11]). We can find a compactly supported function g € L,y (R®) (1/p' +1/p = 1)
such that (B4) is valid. By our assumption, D"(0) = D¥¢(0) for all |v| < k.
Hence, we also have
DY(1—g)(0)=0 V|| <k
By Lemma 3.2, the quasi-projection operators Py and Py, given in (@I) reproduce
all polynomials of order at most k — 1, i.e., Psq = Pyq = g for all ¢ € II;_;.
Let a,, and b, (n =1,2,...) be the same sequences as above. Let
foim 3 ba(@o(M™ -~ ), gai= 3 bul@)p(M" - a)
aEZS a€Zs
and
ho = Qutb =) an(a)p(M"- — a).
a€Zs®
Since ¢ € Lip(u, L,(R%)), (B2) tells us that there exists a positive constant Cy
independent of n such that

I = ¢llp < Cr(m™ )" and g, — @l < Cr(m /7).
Note that ¢ = QU'¢. Hence, it follows that

Y [bul@) —an(@)]p(M" -~ a)

«€Zs

< Cl (m—l/S)un'
p
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Since K (¢) C K(v), by Lemma 2.1, there exists a positive constant Cs such that

< Cv2(7n71/5)un7

Z [bn(a) - an(a)]w(M"' —a)

a€Zs p
that is,
lgn — hnllp < C2(m71/8)lm~
Therefore,
6 = Pallp < 116 = gullp + lgn = hnllp < C(m=/%)1m,
where C' := C7 4+ C3. The proof of Theorem 1.2 is complete. O
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