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ABSTRACT. Let X be a subspace of the product of finitely many ordinals. If
X is normal, then X is strongly zero-dimensional, collectionwise normal, and
shrinking. The proof uses (K1, ..., kn)-stationary sets.

1. PRELIMINARY

We use (K1, . . ., k,)-stationary sets to prove the following theorem which extends
results of Kemoto, Nogura, Smith, and Yajima in [4] and Stanley in [§].

Theorem 1.1. Let X be a subspace of the product of finitely many ordinals. The
following are equivalent:

(1) X is normal.

(2) X is normal and strongly zero-dimensional.
(3) X is collectionwise normal.

(4) X is shrinking.

This theorem differs from the theorem of [4] in two ways. First, that theorem
applies to subspaces of the product of two ordinals. Second, that theorem does not
include “strongly zero-dimensional”. Instead, the fourth condition asserts that nine
types of pairs of closed sets are separated. For example, if (u,v) ¢ X C A2, then
{(a,v) € X 1 a < A} and {(i, 5) € X : B < A} are separated. Stanley’s theorem
asserts that if X is a normal subspace of the product of finitely many ordinals, then
X is collectionwise Hausdorff. The condition that X is strongly zero-dimensional
cannot be added to Theorem [[I] because the paper [3] describes a subspace of
w + 1 x ¢ which is not strongly zero-dimensional.

First we define the notions in Theorem [[], and then introduce notation for
tuples and products.

Definition 1.2. A shrinking of a cover A of a space X is a cover B= {B4 : A € A}
such that cIlB4 C A for all A € A. Every finite cozero cover of a space X has a
cozero shrinking. If X is normal, then every finite open cover of X has an open
shrinking (see [1], p. 386). We say that a space X is shrinking if every open cover
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of X has an open shrinking. We say that a space X is normal and strongly zero-
dimensional if whenever Hy and H; are disjoint closed subsets of X, then there are
disjoint clopen sets Wy and W; such that Hy C Wy, H; C Wy, and Wy UW; = X.
The following characterization will be useful: a space X is normal and strongly zero-
dimensional iff every finite open cover of X has a clopen shrinking. We say that
a space X is collectionwise normal if whenever H is a discrete collection of closed
subsets of X, then there is a discrete collection of open sets Y = {U(H) : H € H}
such that H CU(H) for all H € H.

Definition 1.3. Let a be an n-tuple of ordinals. Let Ila abbreviate [, a; and
let Ila* abbreviate [[,,,({=1} Ua;). If y € Ila and z € lla* we define

z<y iff 2z <y; forall i <n,

z<y iff 2z <y; forall i <n,

(z,y) = {te€lla:z<t<y},
b<a iff b<aandb; <a; for some i.

“Intervals” (z,y] form a basis for the product topology on Ila. We will prove
Theorem [[.1] by induction on the well founded order <.

We set notation for concatenating n-tuples. If ¢ = (a1,...,a,) and b =
(b1,...,by), then a™b is the (m + n)-tuple ¢ = (c1,...,Cmtn), Where ¢; = a;
for i < m and ¢mq; = b; for j < n. If X C II(a™b) and t € Ila, define
Xe={yellb:t7y e X}.

In Section 2, we introduce the notion k-stationary, where k is a strictly increas-
ing n-tuple of regular uncountable cardinals. In section 3, we describe a class of
nonnormal spaces. The fact that these spaces are not normal leads to a dicotomy
for normal subspaces X of Ila: either they are “reducible” to a free sum of spaces
which are homeomorphic to subspaces of IIb with b < a (Lemma B), or we can
apply a general Pressing Down Lemma (Lemma 22, Lemma [B10). Preparations
complete, we prove Theorem [Tl The implication [(3) or (4)] — (1) is obvious; we
prove (1) — (2) in Section 4; and we prove (2) — [(3) and (4)] in Section 5.

2. STATIONARY

The original proof of Theorem [[LT] used a more general theory of (k1,...,kn)-
stationary sets, developed in Section 3 of [2]. Later, we realized that Lemma B
allows us to specialize to the case where the k;’s are strictly increasing, where
the theory is simpler. We prove only what is needed for Theorem [[I], using a
different definition from that of [2]. The theory of (k1, ..., ky)-stationary sets, for
non-decreasing n-tuples of regular, uncountable cardinals, is presented in [3], where
we show that Ay X Ay X ... x A, is strongly zero-dimensional when each A; is a
subspace of an ordinal.

Definition 2.1. For X C IIb x k, we define the stationary projection

stw[X] = {t € IIb : X, is stationary in x}.
Let k = (K1,...,Kn) be a strictly increasing n-tuple of regular uncountable cardi-
nals. We define Y to be k-stationary by induction on n. For Y C I(k1) = k1, we
say that Y is k-stationary iff Y is stationary in k1. For Y C 11k X k, we say that Y

is k™ k-stationary iff st 7[Y] is k-stationary. Sometimes it is convenient to say that
Y = {0} is O-stationary, where 0 is the empty sequence.
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Lemma 2.2. Let Y C Ik be k-stationary, where k = (K1,...,kn) 8 a strictly
increasing n-tuple of reqular uncountable cardinals. Then:

(1) (Kemoto) If f :'Y — IIk* satisfies f(y) <y for ally € Y, then there are
q € Ik and Y’, a k-stationary subset of Y such that f(y) < q <y for all
yeyY'.

(2) If 0 < k1 and g : Y — 6, then there are 8 € 0 and Y', a k-stationary subset
of Y such that g(y) = for ally € Y.

(3) Y is a directed, cofinal subset of k.

(4) S={yeY :llynY is not cofinal in Iy} is not k-stationary.

Proof. By induction on n. If n = 1, this is the usual Pressing Down Lemma (PDL)
(see [7], II, 6.15). Let Y be k™ k-stationary. For each t € st w[Y], use PDL to find
st < t, & < Kk, and Z;, a k-stationary subset of Y; such that f(t7¢) = s ¢, for all
¢ € Z;. By induction hypothesis, there are r € [Tk and T’, a k-stationary subset of
T such that s; <r <t forallt €T’ Let £ =sup{& :t€ T'}. Set ¢ =r"¢.

The similar proof of clause 2 is left to the reader. Clause 3 is obvious.

Towards a contradiction, assume that S is k-stationary. For each y € S, let
f(y) € Iy satisfy [f(y),y)NY = 0. Apply clause 1 to get g and a stationary subset
Y’ of S. Apply clause 3 twice to find y and ¢y’ in Y’ such that ¢ < 3’ < y. Then
y' € [f(y),y) NY. Contradiction! O

3. NORMAL

Lemma 3.1. Let X C IIb x k, where |IIb| < k and k is a regular, uncountable
cardinal. If X is normal, then T = st w[X] is normal.

Proof. For each s € TIb \ T', choose Cy club in & such that {s} x Cs N X = (. Set
C =({Cs:se€llb\T}. Let Hy and H; be disjoint closed subsets of T'. Set
Hy = (Ho X C) NX and Hy, = (Hy x C)N X. Let Uo and Uy be disjoint, open in
X with Hy C Uy and H; C U;. We will show that Uy = st 7T[U0] and U; = st 7T[U1]
are disjoint open subsets of T'.

Let ¢t € U,. For each v such that t~v € U,, find Sty < tand B, <y satisfying
X 0 ((8t.45t] X (Btr,7]) € Ue. By PDL, there are Y;, stationary in , s; < t and
Bie) € k so that s, = sy and B, = ﬂt(e) for all v € Y;. Then (s, t]NT C U,
so U, is open. If t € Uy N Uy, then v € Uy N T, for all 4 > max{f;(0), 3:(1)}.
Contradiction! O

Definition 3.2. For sets S and T, let the diagonal map Dg; : S — ST be defined
by Dgr(s)(t) =s forallteT. ForXQST set Ap(X) ={s€ S :Dgr(s) € X}.
We will omit subscripts when it is clear from the context. Let Lim be the set of
countable limit ordinals. For A a set of ordinals, let L(A) be the set of ordinals £
(not necessarily in A) such that every neighborhood of £ meets A in an infinite set.

Example 3.3. Let X = {(y,v) € w1 xwy : pp < v} Let Hy = {(p,p+1) € X :
p € Lim} and Hy = {(u,v) € X : v € Lim}.

This space X is a specific instance of a class of nonnormal spaces (implicit
in Lemma 4 of [4], and Lemma 5.1.3 of [5]). Let x be an uncountable regular
cardinal. Let S C C C /<;, where S is stationary and C' is club. Suppose that
X C {(p,v) € K2 : p < v} \ C? and that X, is stationary for every p € S.

Finally, suppose that h(p) € X, N, ., L(X,) satisfies (u, h(p)]NC = 0 for each
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w € S. We claim that X is not normal because Hy = {(u,h(p)) : p € S} and
H, = {(u,v) € X : v € C} cannot be separated in X.

Towards proving the claim, let Hy C Uy open. For each p € S, find f(u) < p
and p < g(u) < h(u) so that (f(n), p] % (g(p), h()] € Up. Apply PDL to f and
S to get S and § so that f(u) = g for all p € S’. Fix po € S\ (8 +1). Let
vy € L(S") N X,,. Then (uo,vp) € Hi. We claim that (uo,vo) € clUp.

For every neighborhood N of (po,vp), there is v € [uo, 1) such that {po} x
(7,v0) € N. Choose 1 € S' N (y,1p). Because h(pi) € L(X,,), there is 11 €
(9(p1), h(p1)) N Xy Then (po, 1) € N N Up.

Lemma 3.4. Let X be a normal subspace of k%, where k is an uncountable reqular
cardinal. If A(X) is not stationary, then there is C, club in k, such that XNC? = ().

Proof. Let C' be club so that Dg[C'] N X = 0. Set X' = {(u,v) € X : u < v}.
Towards a contradiction, assume that S" = {y € x : X, is stationary} is stationary.
(In the terminology of [2], assume that X' is x2-stationary.) For each y € S’, choose
h(p) € X5, Ny LX) Set C ={y € C": (Vu <7)(h(n) <)} Then S'NC,
C, X', and h satisfy the conditions of Example B3l Hence X is not normal.
Contradiction!

Therefore there are clubs C* and (C,,),ec+ such that C,NX,, = 0 for all u € C*.
Set By ={y € C*: (Vu <v)(y € C,)}. Then E; is club and E N (X')? = 0.

By a similar argument, we get a club Es so that E3 N {(u,v) € X : u > v} =0.
Then C' N E; N E5 is the desired club. O

Lemma 3.5. Let X be a normal subspace of K™, where k is an uncountable reqular
cardinal andn € w. If A(X) is not stationary, then there is C, club in k, such that
Xncm=4.

Proof. By induction on n. The cases n = 0 and n = 1 are trivial; the case n = 2 is
Lemmal[34]l Let X be a normal subspace of k™ where n = m+ 1. For each e € m",
let X, ={z € X : ife(i) =e(j), then 2,41 = xj41}. Each X, is a closed, hence
normal, subspace of X and is homeomorphic to a subspace of K™, so by induction
hypothesis, there is a club C, such that C™" N X, =0. Set G =({Ce : e € m"}.
Fix p € G and i <n. Set X(u,i) = {x € X : 2; = u}, a closed, normal subspace
of X. Let h be the natural homeomorphism of X (u,?) into ™ (— h “deletes u in the
ith place”). It is straightforward to verify that Dg,,[G] N h[X (u,i)] = 0. (Consider
the e € 2" satisfying e(i) = 0 and e(j) = 1 if j # i.) By induction hypothesis there
is a club C(u, i) such that if z; € C'(u, ) for all j # 4, then z ¢ X (i, ¢). Unfix p and
i. Then C={ye G: (YVue yNG)(Yi < n)(y € C(u,i))} is the desired club. O

Now we introduce the notion “reducible” and prove a lemma justifying the name.

Definition 3.6. If « = 8 + 1, we say that {#} is club in « and that cof & = 1.
Let X C Ila, where a is an n-tuple of ordinals. We say X is reducible in a, and we
write red, (X), when either cof a; = w for some i < n, or there are C;, i < n, each
C; club in a; such that C; x ... x C, N X = 0.

Lemma 3.7. If X is a normal and strongly zero-dimensional subspace of lla, and
redq(X), then X is homeomorphic to a free sum @{Yx : A € A} where Yy C IIby
and by < a for each .

Proof. 1t is clear if cof a; = w for some i.
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Otherwise, let C;, i < n, be clubs witnessing red, (X). For each i, set Z; = {z €
Ia : z; ¢ C;}. Because X is normal and strongly zero-dimensional, the finite open
cover {Z; N X : i < n} has a disjoint clopen refinement {W; : i < n}. For each
i < n, W; C Z; is homeomorphic to a subspace of the free sum of spaces IIb with
b=<a. (]

Let X C Ila, where a is an n-tuple of ordinals. If cof a; = w for some i < n,
then red,(X). lfa= (f1+1,...,8,+1), then red,(X) iff (81,...,08,) ¢ X. There
remains the case where cof a; # w for all ¢ < n and cof a; > w for some i < n. Now
our goal is to show that in this case, it suffices to consider nondecreasing m-tuples
of regular, uncountable cardinals.

Let us say that (d, p, (11; : 7 < m),v) is good for a if the following are satisfied:

)

) p:{1,...,m} —{1,...,n} is one to one,

) for all j <m, p;:d;j — a,) is increasing, continuous, and cofinal,

) for all i <n, if ¢ ¢ ranp, then a; = 5; + 1,

) © : IId — Ila satisfies for all y € IId, (¥(y)): = w;(y;) if p(4) =4 (¥(y)): =
0B; otherwise.

Lemma 3.8. Assume that (d, p, (ij : 5 <m), ) is good for a. Let d=(K1,...,Km).
If X is a normal subspace of lla, then X Nran is closed in X, hence normal, and
then ¥ [X] is normal. If Cy X ... x Cp,, each C; club in k; witnesses redq (v [X]),
then Y[Cy X ... x Cy,] witnesses redq(X). O

Lemma 3.9. Let a be an n-tuple of ordinals. If X is a normal subspace of 1la,
and not red,(X), then there are Y and ¢ such thatY is a (K1, ..., Kp)-stationary
set and @ is an order preserving homeomorphism from'Y into X such that ¢[Y] is
closed and cofinal in X .

Proof. fa=(81+1,...,6,+1),let Y = {0}. Otherwise, by Lemma we may
assume that a is a nondecreasing n-tuple of regular cardinals. Let (ki,...,%p) be
the distinct values of a; in strictly increasing order. We proceed by induction on p.
When p = 1, then Ila = ]*, and Lemma says that Y = A(X) is stationary in
k1. Let ¢ = Dg; then ¢[Y] is closed in X.

When p = p’+1, then a = b" ¢, where ¢; = kp, > |IIb| for all i < n,,. Consider T' =
{t € IIb : A(X,) is stationary in s, }. If redy(T'), then red,(X). Contradiction! So

we may apply the induction hypothesis to T' to obtain a (1, ..., K, )-stationary set
T’, closed in IIb, and a homeomorphism ¢’. Set Y = {z7¢ € TV x k, : Dg(§) €
X.} = (I" x Dg[s,]) N X. Define ¢ by ¢(27¢) = ¢'(2)™ Dg(¢). O

Lemma 3.10. Let X, Y and ¢ satisfy the conclusion of Lemma [T9 Let f :
plY] — Ia* satisfy f(e(y)) < ¢(y) for ally € Y. Then there are q € Ila and R,
directed and cofinal in X, such that f(x) < ¢ <z for all x € R.

Proof. Tt is easy to verify the conclusions when Y = {0}. Otherwise, let Yy = {y €
Y : Iy NY is cofinal in Ily}. By Lemma [Z2] Y} is k-stationary. For each y € Y,
find g(y) € Y such that f(eo(y)) < ¢(9(y)) < ¢(y). Apply LemmalZ2(1) to Yy and
g to get ¢ and Y'. Set ¢ = ¢(¢') and R = ¢[Y”].

Of course, if X satisfies the hypothesis of Lemma and f is defined on all of
X, we may apply this Lemma without explicitly naming Y and ¢. O
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4. STRONGLY ZERO-DIMENSIONAL

In this section we prove that (1) implies (2) of Theorem [T following the method
of [2]. Let H(Z) abbreviate “For all X C Z, if X is normal, then X is strongly
zero-dimensional”. The next lemma lists some methods to prove H(Z) for “big”
spaces from H(Z') for “small” spaces.

Lemma 4.1. Fach of the following are sufficient to imply H(Z):

(1) Z is homeomorphic to a subset of Z' and H(Z').
(2) Z=DB,c; Zi, and H(Z;) for alli € 1.
(3) Z=272,UZy, H(Zy), H(Z2), and Z; is closed in Z.
(4) Z =Ues Zk, 1 is finite, and Z; is open in Z for alli € I.
Proof. Clauses 1 and 2 are obvious. Clause 4 follows from clause 3.

Towards clause 3, let Hy and H; be disjoint closed subsets of a normal subspace
X of Z. Then X; = X N Z; is normal, so by H(Z7) there are disjoint closed Ky
and K satisfying

HynX; C Ky, HiNX;CK;y, and Ko U K7 = X;.

Since X is normal, there are open Uy and Uy such that HyUKy C Uy, HHUK; C Uy,
and clUpNclU; = 0. Set Xo = X \ (Up UU1), a closed, hence normal, subspace of
X. By H(Zs), there are disjoint Wy and W7, clopen in Xo, satisfying

(ClUQUHQ)ﬁXQgWQ, (clUlqu)ﬂngwl, and WQUWlZXQ.
Then Uy U Wy and U; U Wy are the desired clopen subsets of X. O

Because every product of finitely many ordinals is a subspace of o™ for some n
and «, to prove (1) implies (2) of Theorem [[LT] it suffices to prove (¥n € w)H (a™)
for all ordinals a. We proceed by induction. The base step is easy: if « is countable,
then every subspace of a™ is strongly zero-dimensional. For the induction steps,
we use Lemma 3] when « is an uncountable regular cardinal, and Lemma
otherwise.

Lemma 4.2. Let a be either a successor ordinal or a singular limit ordinal. If
(Vm € w)H(B™) for all 8 < «, then (Yn € w)H(a™).

Proof. We prove (Vm € w)H(S™ x a™) by induction on n. The base step n = 0
follows from hypothesis. Let n = p+ 1.

If « is a successor, &« = = + 1, say, then set C = {v}. If « is a limit, let
C = {v : v < cof a} be increasing, closed, and cofinal in «, with vy = 0. Set
Zy = ™ x of x C. Then Z; is closed in ™ x o™, and H(Z;) holds because
7 is homeomorphic to a subspace of (™! x a?, where ¢ = max{3,cof a}. Set
Zy = (™ x a™)\ Z1. If a = v+ 1, then H(Z) follows from H(y™*t"). If « is
a singular limit ordinal, then Zy = @, _ ¢, ™ X & X (7, Vp41). In this case,
H(Z5) holds by induction hypothesis and Lemma ET(2). Having shown H(Z;) and
H(Z5), we may conclude H (8™ x a™) because of Lemma ET13). O

Lemma 4.3. Assume that « is regular. If (VYm € w)H(G™) for all < «, then
(Vn € w)H(a™).

Proof. We prove (Vm € w)H(S™ x a™) by induction on n. The base step n = 0
follows from hypothesis.
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Let n = 1. Note that for any C club in k, H(S™ X (a\ C)) holds by induction
hypothesis and Lemma HT(2). Let Hy and H; be disjoint closed subsets of X, a
normal subspace of ™ x a. For each b € ™, find Cj, club in «, such that for
Y € {X, Hy, H1 }, if Y}, is not stationary, then C,NY, = 0. Set C = N{C} : b € g™}
and X1 = X N (8™ x C). Let 7w be the projection: w(b™¢) = b.

Set T'= 7[X1] = st 7[X]. Lemmal[3dlimplies that 7" is normal. By H (™), there
is W clopen in T satisfying n[HoNX1] C W C T\w[H1NX;]. Set Ko = WxCNX;
and K71 = (T'\ W) x C N X;. Because X is normal, there are open Uy and U; such
that HyU Ko C Uy, HHUK; C Uy, and clUgNclU; = 0. Now Xo = X \ (Uo @] Ul)
is a closed, hence normal, subspace of X. By H(8™ x (a\ C)), there are disjoint
Wy and Wy, clopen in X5, satisfying

(CIU()UH())QXQQW(), (C1U1UH1)QX2§W1, and Wy U W; = Xs.

Then Uy U Wy and Uy U Wy are the desired clopen subsets of X.
Let n =p+ 1. We need

Sublemma 4.4. Let 8 < «, let m < w, and let C' be club in a. Then we have
H(B™ x (a™\ C™)).

Proof. Let X be a normal subspace of ™ x (" \ C™). We will find a finite
family of clopen, strongly zero-dimensional, subspaces which cover X. Set n* =
{m+1,...,m+n}. By induction hypothesis and LemmallTl H(Z;) for all i € n*,
where Z; ={z € ™ xa" :i ¢ C}.

For z € X, set o(z) = |[{i € n* : x; ¢ C}|. For each nonempty s C n*, define
closed sets H, = {z € X : (Vi ¢ s)(x; € C)} and Ky = {2z € X : 2,55 € C}.
Note that H, N K, N{x : |s| < o(z)} = 0.

We will define X, a clopen subspace of X satisfying o(x) > j for all x € X, by
induction for 1 < j < n. Set X; = X. For each s € [n*}7, use the normality of X;
to find U, open in X}, satisfying

X;NH, CU, CcU, C X, \ K,

Because cl Uy is a normal subspace of Z., s, there is Wy, clopen in clU, such
that Hy C Wy C Us. Then W, is clopen in X. Set X411 = X; \ U{W, : |s| = j}.
Set Wy» = X,,. Then X = J{W, : 0 # s C n*}, as promised. O

Returning to the proof of the case n = p + 1, set Z; = ™ x Dgla]. We
have H(Z;) because Z; is homeomorphic to ™ x a. Set Zy = ™ x o™ \ Z;.
Towards showing H(Z3), let Y be a normal subspace of Z;. For each b € ™, Y},
is a normal subspace of o™ with A(Y;) = 0. Apply Lemma to get a club Cj.
Set C = ({Cy : b € p™}. From Sublemma [L.4] we conclude that Y is strongly
zero-dimensional. Having established H(Z;), we apply Lemma [1[3) to finish the
proof. O

5. COLLECTIONWISE NORMAL AND SHRINKING

Let J(Z) denote “if X C Z is normal and strongly zero-dimensional, then X is
collectionwise normal and shrinking”. To prove (2) implies (3) and (4) in Theorem
[T, it suffices to prove J(Ila) for all n-tuples a of ordinals, which we do by induction
on < (see Definition [I3)). The base step is easy: if a; is countable for all i < n,
then every subspace of Ila is collectionwise normal and shrinking.
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Lemma 5.1. If J(IIb) for allb < a, X is a normal and strongly zero-dimensional
subspace of Tla, and red,(X), then X is collectionwise normal and shrinking.

Proof. Tt follows directly from Lemma B71. O

Lemma 5.2. If J(IIb) for allb < a, X is a normal and strongly zero-dimensional
subspace of Tla, and not red,(X), then X is collectionwise normal.

Proof. Let 'H be a discrete closed family in X. For each x € X, choose f(z) < z
so that (f(z),z] meets at most one H in H. Let ¢ and R be as in Lemma BI0
Because R is directed and cofinal in X, there is at most one H, call it H*, which
meets [¢,a). Because X is strongly zero-dimensional, there is a clopen W such that
UHN\{H*}) CW C X\ (H*U]q,a)). For each i, set Z; = {z € lla: z; < ¢;}. By
induction hypothesis, J(Z;) for each ¢, which gives that W is collectionwise normal.
Let {U(H): He H\ {H*}} separate H\ {H*} in W. Set U(H*) = X \ W. Then
{U(H): H € H} is the desired separation of H. O

Lemma 5.3. If J(IIb) for allb < a, X is a normal and strongly zero-dimensional
subspace of Tla, and not red,(X), then X is shrinking.

Proof. Let U be an open cover of X. For each x € X, choose U, € U and f(z) < z
satisfying (f(z),z] C U,. Let ¢ and R be as in Lemma B.10. Apply Lemma [3:9 to
[¢,a) N X to obtain Y, a k-stationary set, and ¢, an order preserving homeomor-
phism of Y onto a closed, cofinal subset of X. For each U € U set

GU)={yeY: 3Bz e R)(¢(y) <zand U =U,)}.
If ¢ <y e GU), then ¢y’ € G(U); hence, G(U) is open.

Sublemma 5.4. There is F = {Fy : U € U}, a family of closed subsets of Y such
that Fy C G(U) for allU €U and | JF =Y, a final segment of Y.

Proof. If Y = {0}, then set Fiy = {0} if ¢(0) € U and Fy =0if0¢ U. Y C &,
set T =0 =strn[Y]. For each A C k, let Ay = A. Otherwise, Y is k™ k-stationary.
Set T'=stw[Y]. For each U € U, define Up = {t € T : supG(U); = Kk}, open in T
because |IIk| < k. We split into subcases.

Subcase 1. |J{Ur:U €U} =T. By Lemmal[31], T is normal. So by induction
hypothesis, T is shrinking. Let {Vp(U) : U € U} be a shrinking of {Ur : U € U},
and set Fy = (clVp(U) x k)NY. Then JF =Y =Y".

Subcase 2. Thereis ¢* € T\ | H{Ur:U eU}. Set Y ={y' €Y : ¢* <= (y)}.
Note that [y, k) \U{G(U) : U eU'} # 0 for all U’ € [U]<" and y € Y'. Well order
Y’ as {y, : v < k}. Inductively choose U, € U\ {U, : p < v} so that y, € G(U,).
Set Fy, = [¢*,y,]NY; set Fy =0 if U is not a U,. Then JF =Y". O

For each U € U, use the normality of X to find an open V; (U) satisfying
plFy] CWVi(U) CcdW(U) CU.

For each y € Y, choose U, € U and f'(y) € lla* which satisfy (f'(y), p(y)]N X C
Vi(Uy,). Apply Lemma B0l to f and Y’ to obtain ¢’. Set Xy = X \ U{V1(U) :
U € U}. Because [¢',a) N X2 = 0, we have red,(X2). Hence X5 is shrinking, and
there is a closed family {F}, : U € U} covering X satisfying F{, C U for all U € U.
By normality of X, find open sets V2(U) such that

Fly € Va(U) € dW(U) C U
for all U e Y. Then {V1(U) U V,(U) : U € U} is the desired shrinking of U. O
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Together, the lemmas of this section yield “If J(IIb) for all b < a, then J(Ila)”,
from which we conclude J(Ila) for all n-tuples of ordinals. This completes the proof
of Theorem [T}

Discussions with Adrienne Stanley and Nobuyuki Kemoto were helpful in prepar-
ing this article.
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