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ABSTRACT. We show that in the ring generated by the integers and the func-
tions z, sinz™ and sin(z -sinz™) (n = 1,2,...) defined on R it is undecidable
whether or not a function has a positive value or has a root. We also prove
that the existential theory of the exponential field C is undecidable.

1.

Let S denote the class of expressions generated by the rational numbers and ,
the variable z, the operations of addition, multiplication, and composition, and the
sine function. It was proved by P. S. Wang [5] (based on the papers of D. Richardson
[4] and B. F. Caviness [I]) that the existential theory of S is undecidable. More
precisely, Wang proved that for f € S each of the following statements is recursively
undecidable: (i) there exists a real number x such that f(z) > 0; and (ii) there
exists a real number « such that f(z) = 0.

Let S; denote the ring generated by the integers and by the expressions z, sin 2™
and sin (z - sinz™) (n = 1,2,...). In other words, &; is the set of expressions ob-
tained by substituting x, sinz™ and sin (z - sinz™) into an arbitrary polynomial
with integer coefficients.

In this note we show that in Wang’s theorems the class S can be replaced by S;.
This improves Wang’s result in two ways: it eliminates the use of m, and reduces
the number of compositions.

Theorem 1. For f € Sy, each of the following statements is recursively undecid-
able: (i) there exists a real number x such that f(x) > 0; and (ii) there exists a real
number x such that f(x) = 0.

The proof, which follows Richardson’s original argument [4] with some modifi-
cations, will be given in the next section.

Let Ss denote the ring generated by the integers and by the expressions sin x™
and cosz™ (n = 1,2,...). As the following theorem shows, the statement of Theorem
1 is not very far from being optimal.
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Theorem 2. There is an algorithm that decides, for every f € Sa, whether or not
there exists a real number x such that f(x) > 0.

Proof. Let P(21,...,Zn,Y1s---,Yn) € ZL[T1, ..., Tn,Y1,...,Yn), and put
Q(z) = P(sinz,...,sinz", cosx,...,cosz™).
Let Ap denote the statement
3 (@1ye ey Ty Y15 Yn) € R®™ such that 22 +y? =1 (i=1,...,n)
and P(z1,...,Zn,Y1,--,Yn) > 0.

We claim that 3z (Q(z) > 0) <= Ap. Indeed Jz ( () > 0) = Ap is
obvious. Suppose Ap, and let x;,y; be such that #? + y2 =1 (i = 1,...,n) and
P(z1,...,Zn, Y1, -,Yn) > 0. It is well-known that the sequence

(B L)) amra

is uniformly distributed in [0, 1]™. (See [2, Theorem 6.3 on p. 48 and Theorem 3.2
on p. 27].) In particular, this sequence is everywhere dense in [0,1]”. Choose «;

such that (z;,y;) = (sinay,cosq;) for every i = 1,...,n. Then, for every ¢ > 0,
we can select an integer k such that |k' —a; — 2mu7m| < e (i = 1,...,n), where
mo, ..., my are also integers. Clearly, if € is chosen small enough, then Q(k) > 0

will be satisfied. By Tarski’s theorem, there is an algorithm that decides the truth
of Ap for every P € Z[xy,...,Zn,Y1,-..,Yn]. Then the same algorithm decides
whether or not P(sinz,...,sina™, cosz,...,cosz™) > 0 holds for a suitable real
number z. O

Question. Does there exist an algorithm that decides, for every f € Ss, whether
or not f has a real root? Does there exist such an algorithm for the ring generated
by sinz and sin z2?

The problem of eliminating 7 also appears in the context of the undecidability of
the exponential field C. In [3| Theorem 20, p. 201] A. J. Macintyre states that the
existential theory of the exponential field C, with 7 as a distinguished constant, is
undecidable. Then he poses the problem of removing the use of 7. Unfortunately,
Theorem 1 above does not solve this problem, because the notion of real numbers
cannot be formulated in C. As Macintyre remarks, the theory of the rationals can
be reduced to C. Indeed, we have

r€Q <= JuIv[e"=€e"=1) A (v#0) A (ve =u).

Now the theory of Q is undecidable by a well-known theorem of J. Robinson. How-
ever, the undecidable scheme of statements obtained from J. Robinson’s theorem
contains universal quantifiers, and the question of whether or not the ezistential
theory of Q is undecidable seems to be open.

Still, we can solve the problem posed by Macintyre using the simple observation
that a rational number z is an integer if and only if 2% is rational.

Theorem 3. The existential theory of the exponential field C is undecidable.
Proof. We claim that for every z € Q,
r€e€Z < Fz[(e®*=2) A (e*F €Q)].
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Indeed, the formula on the right-hand side is true if and only if

(108 2H2km) T — 9% (o5 e + i - sin 2k

is rational for a suitable integer k. But this happens if and only if sin 2k7x = 0 and
27 . cos 2kmx = +27 is rational; that is, when x is an integer.

By the Davis-Putnam-Robinson-Matijasevic theorem, there exists a polynomial
P(y,x1,...,2x,) with integer coefficients such that the set

H={yeZ:3 (ki,...,kn) €Z" (P(y,k1,...,kn) =0)}
is not recursive. We shall use the abbreviations
R(z,u,v) =[(e"=€"=1) A (v#0) A (vx =u)]
and
I(z,u,v,2z) = [(e* =2) A R(e*¥,u,v)].
We put © = (21,...,,), etc., and denote by Q(y, x,u, v, s,t, z) the expression
R(z1,u1,v1) Ao A R(zp, un,vn)
NI(xy,s1,t1,21) Ao AN I(@y, 8n,tn, 2n) A (P(y,21,...,2,) = 0).

Then @ is an expression of the exponential field C for every fixed integer y. Clearly,
the formula Jz Ju Jvds It 3z @ is true if and only if there are integers x1,...,x,
such that P(y,z1,...,2,) = 0; that is, when y € H. Since H is not recursive, it

follows that no algorithm can decide whether an existential formula in C is true or
not. (]

2. PROOF OF THEOREM 1

By the Davis-Putnam-Robinson-Matijasevic theorem, there exists a polynomial
P(y,x1,...,x,) with integer coefficients such that the set

H={yeZ:3 (k,....kn) € Z" (P(y,k1,... ko) =0)}

is not recursive. Let Q = Q(y, zo,x1,...,Zn) € L[y, xo, 21, ..., Tys] be a polynomial
such that @ is homogeneous in xg, x1, ..., x, and satisfies
(1) Q(yﬂ]-vxlv"'vxn):P(yaxla"wxn)'
We shall denote by d the total degree of xg,...,z, in Q. We fix a positive integer
N such that
1
2 N —
@ (=3 <51
and put
2 2N ) .
S =0+ (xog—3)*" and =h, (i=0,1,...,n).
(%ci
Lemma 1. For every i = 0,1,...,n there exists a g; € Zly,xo,...,Zn] such that
gi > 1 everywhere on R" 2 and for every (y, o, ..., x,) € R"2 and (to,...,t,) €

R with [t;] <2 (i =0,...,n) we have
|hi(y, o + Lo,y xn +t0)| < gi(y, 2o, Zn) (1=0,...,n).
Proof. Tt is easy to check that if h; = ¢~ yaxgo ---zPn then
gi=1+> le|- @+ 1)*(@d+3)% - (a2 +3)*

satisfies the requirements. O
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Now we define

F(yaan"'7xn):4(n+1)2

n
S—i—Zg?'siani] .

i=0

Lemma 2. {y € Z : 3 (z0,...,2,) € R"™ (F(y,z0,...,2,) < 1)} ={y € Z:

3 (w0, ..., 2n) € R" (F(y,m0,...,2,) < 1)} = H.

Proof. Let y € H, and let (k1,...,k,) € Z™ be such that P(y,ki,...,k,) = 0.

Then, putting g = 7 and z; = 7k; (i =1,...,n) we have, by () and (@),

F(yvaa s 7xn) = 4(n+ 1)2 [QQ(ZJ,W,T('k‘l, s 77Tkn) + (’/T - 3)2N}

=4(n+1)%- 7% Piy, ke, ... k) +4(n+ 1) (1 — 3)2
<0+1=1.

Next suppose F(y,o,...,7,) < 1, where y € Z and (xo,...,7,) € R""!. There
are integers k; such that |7k; —z;| < 7/2 (i =0,...,n). The proof will be completed
if we show that P(y, k1,...,kn) =0, as it implies y € H.

Since z/2 < 2z /7 < sinz for every x € [0, 7/2], we obtain

1
(3) §|7Tki — x| <sin|wk; — x;| = |sinz;| (i=0,...,n).
It follows from the condition F(y, zo,...,z,) < 1 that

. 1 .
(4) |Sln$z‘| . |gi(y,m0,..-,$n)| < m (Z

Applying the mean value theorem, we find ¢y, ..., ¢, € (—7/2,7/2) such that
|S(y,7rk0, ooy Thn) =Sy, zo, . . . ,mn)‘

=0,...,n).

= Zhi(yax0+00;'~'7xn+cn) (ki — ;)
(5) i=0

n
< ZZ'Qi(y,wo,...,xn) <] sinz;] <1,
i=0

where the inequalities follow from Lemma 1, ([B), and (@]). Since
S(y, 0, ... xn) <1/(4(n+1)%) <1,
it follows from (B that
(6) |S(y, mko, - . ., Tkn)| < 2,
and thus
) (mko — 3)2N < Q*(y, ko, . .., Tkpn) + (ko — 3)*N
= S(y,wko, ..., mky) < 2.
Now kg is an integer, therefore (7)) can hold only if kg = 1. Consequently,
w2 P2y, ke, k) = 74Q% (y, 1,k k) = Q% (y, ko, . Thy) < 2

by (@) and (@), and thus P?(y, ki, ...,k,) < 1. Since P%(y, k1,...,ky) is an integer,
we have P%(y, ky,...,k,) = 0. O
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Lemma 3. For every x1,...,x, € R, § >0 and K > 0 there exists a t > K such
that

;i —t-sint?| <8 (i=1,...,n).
| | <d ( )

Proof. We prove by induction on n. The case n = 1 is clear. Suppose n > 2 and
that the statement is true for n — 1. We may assume 0 < § < 1 and K > 1. By the
induction hypothesis there exists a u > K + (7 - 2271 /§) + |z,,| such that

|zi —u-sinu®| <6/2 (i=1,...,n—1).

We put v = u +d - (8n - (u+ 1)?"72)7L. Then we have, for every ¢t € [u,v] and
1=1,...,n—1,

tesint® —w-sinu®| < [t- (sint® — sinu®)| + [t — u| - [sinu®|

. . 1)
S(u+1)(v2z_u21)+§
. 1) 1)
< 1) -2 - -t - 0 .z
<(u+1)-2i-(u+1) 8n(u+1)2"_2+8

- ) n 5 - 5
4 8 2
and thus |2; — t - sint?’| < 6. Since u > |z,,| and
5 20 g 20 g > 2y 2 u > 42+ 9
veo=u ne 8n(u+1)2n—2 v 1 2 Y ™
we can find a t € [u,v] such that ¢ - sint?" = z,,. O
Now we put
fly,z)=1-F (y,x -sina?,z-sina?t, ...z sinx2”+2)

for every y € Z and = € R. Then f(y,z) € S; for every y € Z. We prove that

(8) {yeZ:3 2 (f(y2)>0)} =H
and
(9) lyeZ:3z (f(y,2)=0)}=H.

Indeed, (§) and the inclusion {y € Z : 3 « (f(y,z) = 0)} C H are clear from
Lemmas 2 and 3. Suppose y € H. By (8), there is a u € R such that f(y,u) > 0.
Now we have F' > S > (29 — 3)?" everywhere, and thus

fly,z) <1—((z-sinz?) —3)2N

for every z. In particular, f(y,0) < 0. Therefore, we can find an z with f(y,z)
= 0, which proves ([@). Since H is not recursive, this completes the proof of
Theorem 1. O
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