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THE REMOVAL OF π FROM SOME UNDECIDABLE PROBLEMS
INVOLVING ELEMENTARY FUNCTIONS

M. LACZKOVICH

(Communicated by Carl G. Jockusch, Jr.)

Abstract. We show that in the ring generated by the integers and the func-
tions x, sinxn and sin(x · sinxn) (n = 1, 2, . . .) defined on R it is undecidable
whether or not a function has a positive value or has a root. We also prove
that the existential theory of the exponential field C is undecidable.

1.

Let S denote the class of expressions generated by the rational numbers and π,
the variable x, the operations of addition, multiplication, and composition, and the
sine function. It was proved by P. S. Wang [5] (based on the papers of D. Richardson
[4] and B. F. Caviness [1]) that the existential theory of S is undecidable. More
precisely, Wang proved that for f ∈ S each of the following statements is recursively
undecidable: (i) there exists a real number x such that f(x) > 0; and (ii) there
exists a real number x such that f(x) = 0.

Let S1 denote the ring generated by the integers and by the expressions x, sinxn

and sin (x · sinxn) (n = 1, 2, . . .). In other words, S1 is the set of expressions ob-
tained by substituting x, sinxn and sin (x · sinxn) into an arbitrary polynomial
with integer coefficients.

In this note we show that in Wang’s theorems the class S can be replaced by S1.
This improves Wang’s result in two ways: it eliminates the use of π, and reduces
the number of compositions.

Theorem 1. For f ∈ S1, each of the following statements is recursively undecid-
able: (i) there exists a real number x such that f(x) > 0; and (ii) there exists a real
number x such that f(x) = 0.

The proof, which follows Richardson’s original argument [4] with some modifi-
cations, will be given in the next section.

Let S2 denote the ring generated by the integers and by the expressions sinxn

and cosxn (n = 1, 2, . . .). As the following theorem shows, the statement of Theorem
1 is not very far from being optimal.
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Theorem 2. There is an algorithm that decides, for every f ∈ S2, whether or not
there exists a real number x such that f(x) > 0.

Proof. Let P (x1, . . . , xn, y1, . . . , yn) ∈ Z[x1, . . . , xn, y1, . . . , yn], and put

Q(x) = P (sinx, . . . , sinxn, cosx, . . . , cosxn).

Let AP denote the statement

∃ (x1, . . . , xn, y1, . . . , yn) ∈ R2n such that x2
i + y2

i = 1 (i = 1, . . . , n)

and P (x1, . . . , xn, y1, . . . , yn) > 0.

We claim that ∃x (Q(x) > 0) ⇐⇒ AP . Indeed, ∃x (Q(x) > 0) =⇒ AP is
obvious. Suppose AP , and let xi, yi be such that x2

i + y2
i = 1 (i = 1, . . . , n) and

P (x1, . . . , xn, y1, . . . , yn) > 0. It is well-known that the sequence({
k

2π

}
,

{
k2

2π

}
, . . . ,

{
kn

2π

})
(k = 1, 2, . . .)

is uniformly distributed in [0, 1]n. (See [2, Theorem 6.3 on p. 48 and Theorem 3.2
on p. 27].) In particular, this sequence is everywhere dense in [0, 1]n. Choose αi
such that (xi, yi) = (sinαi, cosαi) for every i = 1, . . . , n. Then, for every ε > 0,
we can select an integer k such that |ki − αi − 2miπ| < ε (i = 1, . . . , n), where
m0, . . . ,mn are also integers. Clearly, if ε is chosen small enough, then Q(k) > 0
will be satisfied. By Tarski’s theorem, there is an algorithm that decides the truth
of AP for every P ∈ Z[x1, . . . , xn, y1, . . . , yn]. Then the same algorithm decides
whether or not P (sinx, . . . , sinxn, cosx, . . . , cosxn) > 0 holds for a suitable real
number x. �

Question. Does there exist an algorithm that decides, for every f ∈ S2, whether
or not f has a real root? Does there exist such an algorithm for the ring generated
by sinx and sinx2?

The problem of eliminating π also appears in the context of the undecidability of
the exponential field C. In [3, Theorem 20, p. 201] A. J. Macintyre states that the
existential theory of the exponential field C, with π as a distinguished constant, is
undecidable. Then he poses the problem of removing the use of π. Unfortunately,
Theorem 1 above does not solve this problem, because the notion of real numbers
cannot be formulated in C. As Macintyre remarks, the theory of the rationals can
be reduced to C. Indeed, we have

x ∈ Q ⇐⇒ ∃u ∃v [(eu = ev = 1) ∧ (v 6= 0) ∧ (vx = u)].

Now the theory of Q is undecidable by a well-known theorem of J. Robinson. How-
ever, the undecidable scheme of statements obtained from J. Robinson’s theorem
contains universal quantifiers, and the question of whether or not the existential
theory of Q is undecidable seems to be open.

Still, we can solve the problem posed by Macintyre using the simple observation
that a rational number x is an integer if and only if 2x is rational.

Theorem 3. The existential theory of the exponential field C is undecidable.

Proof. We claim that for every x ∈ Q,

x ∈ Z ⇐⇒ ∃z [(ez = 2) ∧ (ezx ∈ Q)].
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Indeed, the formula on the right-hand side is true if and only if

e(log 2+2kπi)x = 2x(cos 2kπx+ i · sin 2kπx)

is rational for a suitable integer k. But this happens if and only if sin 2kπx = 0 and
2x · cos 2kπx = ±2x is rational; that is, when x is an integer.

By the Davis-Putnam-Robinson-Matijasevic theorem, there exists a polynomial
P (y, x1, . . . , xn) with integer coefficients such that the set

H = {y ∈ Z : ∃ (k1, . . . , kn) ∈ Zn (P (y, k1, . . . , kn) = 0)}
is not recursive. We shall use the abbreviations

R(x, u, v) = [(eu = ev = 1) ∧ (v 6= 0) ∧ (vx = u)]

and
I(x, u, v, z) = [(ez = 2) ∧ R(ezx, u, v)].

We put x = (x1, . . . , xn), etc., and denote by Q(y, x, u, v, s, t, z) the expression

R(x1, u1, v1) ∧ . . . ∧ R(xn, un, vn)

∧ I(x1, s1, t1, z1) ∧ . . . ∧ I(xn, sn, tn, zn) ∧ (P (y, x1, . . . , xn) = 0).

Then Q is an expression of the exponential field C for every fixed integer y. Clearly,
the formula ∃x∃u ∃v ∃s ∃t ∃z Q is true if and only if there are integers x1, . . . , xn
such that P (y, x1, . . . , xn) = 0; that is, when y ∈ H. Since H is not recursive, it
follows that no algorithm can decide whether an existential formula in C is true or
not. �

2. Proof of Theorem 1

By the Davis-Putnam-Robinson-Matijasevic theorem, there exists a polynomial
P (y, x1, . . . , xn) with integer coefficients such that the set

H = {y ∈ Z : ∃ (k1, . . . , kn) ∈ Zn (P (y, k1, . . . , kn) = 0)}
is not recursive. Let Q = Q(y, x0, x1, . . . , xn) ∈ Z[y, x0, x1, . . . , xn] be a polynomial
such that Q is homogeneous in x0, x1, . . . , xn and satisfies

(1) Q(y, 1, x1, . . . , xn) = P (y, x1, . . . , xn).

We shall denote by d the total degree of x0, . . . , xn in Q. We fix a positive integer
N such that

(2) (π − 3)N <
1

2 · (n+ 1)
,

and put

S = Q2 + (x0 − 3)2N and
∂S

∂xi
= hi (i = 0, 1, . . . , n).

Lemma 1. For every i = 0, 1, . . . , n there exists a gi ∈ Z[y, x0, . . . , xn] such that
gi ≥ 1 everywhere on Rn+2, and for every (y, x0, . . . , xn) ∈ Rn+2 and (t0, . . . , tn) ∈
Rn+1 with |ti| ≤ 2 (i = 0, . . . , n) we have

|hi(y, x0 + t0, . . . , xn + tn)| ≤ gi(y, x0, . . . , xn) (i = 0, . . . , n).

Proof. It is easy to check that if hi =
∑
c · yαxβ0

0 · · ·xβnn , then

gi = 1 +
∑
|c| · (y2 + 1)α(x2

0 + 3)β0 · · · (x2
n + 3)βn

satisfies the requirements. �
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Now we define

F (y, x0, . . . , xn) = 4(n+ 1)2

[
S +

n∑
i=0

g2
i · sin2 xi

]
.

Lemma 2. {y ∈ Z : ∃ (x0, . . . , xn) ∈ Rn+1 (F (y, x0, . . . , xn) < 1)} = {y ∈ Z :
∃ (x0, . . . , xn) ∈ Rn+1 (F (y, x0, . . . , xn) ≤ 1)} = H.

Proof. Let y ∈ H, and let (k1, . . . , kn) ∈ Zn be such that P (y, k1, . . . , kn) = 0.
Then, putting x0 = π and xi = πki (i = 1, . . . , n) we have, by (1) and (2),

F (y, x0, . . . , xn) = 4(n+ 1)2
[
Q2(y, π, πk1, . . . , πkn) + (π − 3)2N

]
= 4(n+ 1)2 · π2d · P 2(y, k1, . . . , kn) + 4(n+ 1)2(π − 3)2N

< 0 + 1 = 1.

Next suppose F (y, x0, . . . , xn) ≤ 1, where y ∈ Z and (x0, . . . , xn) ∈ Rn+1. There
are integers ki such that |πki−xi| ≤ π/2 (i = 0, . . . , n). The proof will be completed
if we show that P (y, k1, . . . , kn) = 0, as it implies y ∈ H.

Since x/2 ≤ 2x/π ≤ sinx for every x ∈ [0, π/2], we obtain

(3)
1
2
|πki − xi| ≤ sin |πki − xi| = | sinxi| (i = 0, . . . , n).

It follows from the condition F (y, x0, . . . , xn) ≤ 1 that

(4) | sinxi| · |gi(y, x0, . . . , xn)| ≤ 1
2(n+ 1)

(i = 0, . . . , n).

Applying the mean value theorem, we find c0, . . . , cn ∈ (−π/2, π/2) such that∣∣S(y, πk0, . . . , πkn)−S(y, x0, . . . , xn)
∣∣

=

∣∣∣∣∣
n∑
i=0

hi(y, x0 + c0, . . . , xn + cn) · (πki − xi)
∣∣∣∣∣

≤
n∑
i=0

2 · gi(y, x0, . . . , xn) · | sinxi| ≤ 1,

(5)

where the inequalities follow from Lemma 1, (3), and (4). Since

S(y, x0, . . . , xn) ≤ 1/(4(n+ 1)2) < 1,

it follows from (5) that

(6) |S(y, πk0, . . . , πkn)| < 2,

and thus

(πk0 − 3)2N ≤ Q2(y, πk0, . . . , πkn) + (πk0 − 3)2N

= S(y, πk0, . . . , πkn) < 2.
(7)

Now k0 is an integer, therefore (7) can hold only if k0 = 1. Consequently,

π2d · P 2(y, k1, . . . , kn) = π2dQ2(y, 1, k1, . . . , kn) = Q2(y, πk0, . . . , πkn) < 2

by (1) and (6), and thus P 2(y, k1, . . . , kn) < 1. Since P 2(y, k1, . . . , kn) is an integer,
we have P 2(y, k1, . . . , kn) = 0. �
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Lemma 3. For every x1, . . . , xn ∈ R, δ > 0 and K > 0 there exists a t > K such
that ∣∣xi − t · sin t2i∣∣ < δ (i = 1, . . . , n).

Proof. We prove by induction on n. The case n = 1 is clear. Suppose n ≥ 2 and
that the statement is true for n− 1. We may assume 0 < δ < 1 and K > 1. By the
induction hypothesis there exists a u > K + (π · 22n+1/δ) + |xn| such that∣∣xi − u · sinu2i

∣∣ < δ/2 (i = 1, . . . , n− 1).

We put v = u + δ · (8n · (u + 1)2n−2)−1. Then we have, for every t ∈ [u, v] and
i = 1, . . . , n− 1,∣∣t · sin t2i − u · sinu2i

∣∣ ≤ ∣∣t · (sin t2i − sinu2i
)∣∣+ |t− u| ·

∣∣sinu2i
∣∣

≤ (u+ 1)
(
v2i − u2i

)
+
δ

8

≤ (u+ 1) · 2i · (u+ 1)2i−1 · δ

8n(u+ 1)2n−2
+
δ

8

<
δ

4
+
δ

8
<
δ

2
,

and thus
∣∣xi − t · sin t2i∣∣ < δ. Since u > |xn| and

v2n ≥ u2n + 2n · u2n−1 · δ

8n(u+ 1)2n−2
> u2n +

δ

4
· u

22n−2
> u2n + 2π,

we can find a t ∈ [u, v] such that t · sin t2n = xn. �

Now we put

f(y, x) = 1− F
(
y, x · sinx2, x · sinx4, . . . , x · sinx2n+2

)
for every y ∈ Z and x ∈ R. Then f(y, x) ∈ S1 for every y ∈ Z. We prove that

(8) {y ∈ Z : ∃ x (f(y, x) > 0)} = H

and

(9) {y ∈ Z : ∃ x (f(y, x) = 0)} = H.

Indeed, (8) and the inclusion {y ∈ Z : ∃ x (f(y, x) = 0)} ⊂ H are clear from
Lemmas 2 and 3. Suppose y ∈ H. By (8), there is a u ∈ R such that f(y, u) > 0.
Now we have F ≥ S ≥ (x0 − 3)2N everywhere, and thus

f(y, x) ≤ 1− ((x · sinx2)− 3)2N

for every x. In particular, f(y, 0) < 0. Therefore, we can find an x with f(y, x)
= 0, which proves (9). Since H is not recursive, this completes the proof of
Theorem 1. �
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