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EXTENDED CESÀRO OPERATORS
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Abstract. We define an extended Cesàro operator Tg with holomorphic sym-
bol g in the unit ball B of Cn as

Tg(f)(z) =

∫ 1

0
f(tz)<g(tz)dt

t
, f ∈ H(B), z ∈ B,

where <g(z) =
∑n
j=1 zj

∂f
∂zj

is the radial derivative of g. In this paper we

characterize those g for which Tg is bounded (or compact) on the mixed norm
space Hp,q(w).

1. Introduction

We denote by D the unit disk in the complex plane C. For a holomorphic
function f(z) on D with Taylor expansion f(z) =

∑∞
j=0 ajz

j , the Cesàro operator
acting on f is

C[f ](z) =
∞∑
j=0

(
1

j + 1

j∑
k=0

ak

)
zj.

It is well known that C[ · ] acts as a bounded linear operator on various spaces of
holomorphic functions (see [7], [8], [13], [15]) including the Hardy and Bergman
spaces. In particular C[Hp] ⊂ Hp for each p ∈ (0,∞). In [11] Shi and Ren proved
C[ · ] is bounded on the mixed norm space.

A little calculation shows C[f ](z) = 1
z

∫ z
0 f(t)

(
log 1

1−t

)′
dt. Hence, on most

holomorphic function spaces, C[f ] is bounded if and only if the integral operator

f 7→
∫ z

0
f(t)

(
log 1

1−t

)′
dt is bounded. From this point of view it is natural to

consider the extended Cesàro operator Tg with holomorphic symbol g

Tgf(z) =
∫ z

0

f(t)g′(t)dt.(1)

The boundedness of Tg on Hardy space and Bergman space are studied in [1] and
[2].
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2172 ZHANGJIAN HU

The purpose of this paper is to define the extended Cesàro operator on the unit
ball B of Cn and to characterize those holomorphic symbols on B for which the
induced operator is bounded (or compact) on mixed norm space. Our work will
extend [11, 15].

The class of all holomorphic functions on the unit ball B of Cn will be denoted
by H(B). For g ∈ H(B) having the homogeneous expansion g =

∑∞
j=0 Gj , as in [9]

we let <g(z) =
∑∞

j=0 jGj(z) be the radial derivative of g. With a little calculation
one can show that <g(z) =

∑n
j=1 zj

∂g
∂zj

. Given g ∈ H(B), the extended Cesàro
operator Tg with symbol g is defined on H(B) as

Tg(f)(z) =
∫ 1

0

f(tz)<g(tz)
dt

t
, f ∈ H(B), z ∈ B.(2)

It is trivial that when n = 1, (2) is just (1).
A positive continuous function ϕ on [0, 1) is called normal if there are two con-

stants b > a > 0 such that
ϕ(r)

(1− r)a ↓ 0,
ϕ(r)

(1− r)b ↑ ∞(3)

as r→ 1−. Given ϕ normal, for f ∈ H(B) we set

‖f‖p,q,ϕ =
{∫ 1

0

Mp
q (f, r)

ϕp(r)
1 − r dr

} 1
p

, 0 < p <∞,

and

‖f‖∞,q,ϕ = sup
0<r<1

Mq(f, r)ϕ(r).

Here

Mq(f, r) =
{∫

∂B

|f(rζ)|qdσ(ζ)
} 1
q

, 0 < q <∞,

M∞(f, r) = sup
ζ∈∂B

|f(rζ)|.

The mixed norm space Hp,q(ϕ), 0 < p, q ≤ ∞, consists of all f ∈ H(B) such that
‖f‖p,q,w <∞. When 0 < p = q <∞, Hp,q(ϕ) is just the weighted Bergman space

Apa(ϕ) =

{
f ∈ H(B) : ‖f‖Apa =

{∫
B

|f(z)|pϕ
p(|z|)

1− |z| dm(|z|)
} 1
p

<∞
}
.

As in [14] a function f ∈ H(B) is called a Bloch function if sup{Qf : z ∈ B} <∞,
and f is called a little Bloch function if lim|z|→1Qf(z) = 0. By Theorem 1.8 and
Corollary 3.8 in [14] we know that a holomorphic function f is a Bloch function if
and only if

‖f‖B = sup{|<f(z)|(1− |z|2) : z ∈ B} <∞,
and f is a little Bloch function if and only if

lim
|z|→1

|<f(z)|(1− |z|2) = 0.

The sets of all Bloch and little Bloch functions will be denoted by B and B0,
respectively. We also know that ‖f‖B is an equivalent norm on B/C.
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In what follows C,C1, C2 will stand for positive constants whose value may
change from line to line but not depend on the functions in H(B). The expression
A ' B means C1A ≤ B ≤ C2A.

Our main result is the following.

Theorem 1. Let 0 < p, q ≤ ∞, and let ϕ be normal. Then for g ∈ H(B)
(I) Tg is bounded on Hp,q(ϕ) if and only if g ∈ B. Moreover, when Tg is bounded,

‖Tg‖ ' ‖g‖B.(4)

(II) Tg is compact on Hp,q(ϕ) if and only if g ∈ B0.

2. Equivalent norms on Hp,q

Recall that, for f ∈ H(B), the radial derivative of f can be expressed as

<f(z) =
n∑
j=1

zj
∂f(z)
∂zj

.

For m = 1, 2, · · · , write <mf(z) = <(<m−1f(z)), |gradmf(z)| =
∑
|α|=m |

∂αf
∂zα |.

Lemma 1. Suppose f ∈ H(B), f(0) = 0. Then

Mq(f, r) ≤
C

r

∫ r

0

Mq(<f, t)dt, if 1 ≤ q ≤ ∞,

Mq(f, r) ≤
C

r

{∫ r

0

(r − t)q−1M q
q (<f, t)dt

} 1
q

, if 0 < q < 1.

Proof. For f ∈ H(B), f(0) = 0, and z ∈ B we know

f(z) =
∫ 1

0

<f(tz)
t

dt.(5)

By Proposition 1.4.7 of [10],∫
∂B

∣∣∣∣<f(trζ)
t

∣∣∣∣q dσ(ζ) =
∫
∂B

dσ(ζ)
∫ 2π

0

∣∣∣∣<f((teiθ)rζ)
t

∣∣∣∣q dθ2π

=
∫
∂B

dσ(ζ)
∫ 2π

0

∣∣∣∣<f((teiθ)rζ)
teiθ

∣∣∣∣q dθ2π
.

(6)

Then we know
∫
∂B

∣∣∣<f(trζ)
t

∣∣∣q dσ(ζ) is increasing with t ∈ [0, 1), because <f(wrζ)/w
is a holomorphic function of w in the unit disc D. Now for 1 ≤ q ≤ ∞, by (5) and
Minkowski’s inequality,

Mq(f, r) ≤
∫ 1

0

dt

{∫
∂B

∣∣∣∣<f(trζ)
t

∣∣∣∣q dσ(ζ)
} 1
q

≤ C
∫ 1

1
2

dt

{∫
∂B

∣∣∣∣<f(trζ)
t

∣∣∣∣q dσ(ζ)
} 1
q

≤ C
∫ 1

0

dt

{∫
∂B

|<f(trζ)|qdσ(ζ)
} 1
q

= C
1
r

∫ r

0

Mq(<f, t)dt.
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To deal with the case 0 < q < 1 we denote tj = 1 − 2−j, j = 0, 1, 2, · · · . From [3]
(or Lemma 2 in [10]) we obtain∫

∂B

sup
tj−1≤t≤tj

∣∣∣∣<f(trζ)
t

∣∣∣∣q dσ(ζ) ≤ C
∫
∂B

∣∣∣∣<f(tjrζ)
tj

∣∣∣∣q dσ(ζ).

Then by (5) and [4, p. 57],

M q
q (f, r) ≤ C

∞∑
j=1

2−jq
∫
∂B

sup
tj−1≤t≤tj

∣∣∣∣<f(trζ)
t

∣∣∣∣q dσ(ζ)

≤ C
∞∑
j=1

2−jq
∫
∂B

∣∣∣∣<f(tjrζ)
tj

∣∣∣∣q dσ(ζ)

≤ C
∫ 1

0

(1− t)q−1M q
q (<f, rt)dt

≤ C 1
rq

∫ r

0

(r − t)q−1M q
q (<f, t)dt.

The lemma is proved. �

The following theorem, which has its own interest, will be used in the proof of
the main result.

Theorem 2. Let 0 < p, q ≤ ∞ and let m be a positive integer. Then for f ∈ H(B),

‖f‖p,q,ϕ '
m−1∑
j=0

|gradjf(0)|+
{∫ 1

0

Mp
q (<mf, r)(1 − r2)mp

ϕp(r)
1− r dr

} 1
p

.(7)

Proof. First we consider m = 1. Then (7) becomes

‖f‖p,q,ϕ ' |f(0)|+
{∫ 1

0

Mp
q (<f, r)(1 − r2)p

ϕp(r)
1− r dr

} 1
p

.(8)

To prove this we notice that, for f ∈ H(B),

|f(0)| ≤ C‖f‖p,q,ϕ.(9)

Combine [4, p. 80] and [9, Proposition 1.4.7] to have

(1 − r2)Mq(<f, r) ≤ CMq(f,
1 + r

2
).

This and the fact that

ϕ(r) ' ϕ(
1 + r

2
)(10)

imply {∫ 1

0

Mp
q (<f, r)(1 − r)pϕ

p(r)
1− r dr

} 1
p

≤ C‖f‖p,q,ϕ.(11)
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Then, by (9) and (11),

‖f‖p,q,ϕ ≥ C
{
|f(0)|+

{∫ 1

0

M q
p (<f, r)(1 − r2)q

ϕq(r)
1− r dr

} 1
q

}
.

This gives one direction of (8). Notice that

‖f‖p,q,ϕ ≤ C[‖f(0)‖p,q,ϕ + ‖f − f(0)‖p,q,ϕ].

Hence, to prove the other direction of (8) we need only prove

‖f‖p,q,ϕ ≤ C
{∫ 1

0

Mp
q (<f, r)(1 − r2)p

ϕp(r)
1 − r dr

} 1
p

(12)

provided f(0) = 0. For 0 < p < ∞ and 0 < q ≤ ∞, (12) can be proved as the
estimate (11) in [10] with the only attention that Lemma 1 and Theorem 3 in [10]
should be replaced by Lemma 2 in [11] and our Lemma 1 above, respectively. We
will omit the details here. Now we deal with the case p =∞, 0 < q ≤ ∞. If p =∞
and 1 ≤ q ≤ ∞, by Lemma 1 and (3) we have

sup
0≤r<1

ϕ(r)Mq(f, r)

≤ C sup
1
2≤r<1

ϕ(r)Mq(f, r)

≤ C sup
0≤r<1

rϕ(r)Mq(f, r)

≤ C sup
0≤r<1

ϕ(r)
∫ r

0

Mq(<f, t)dt

≤ C sup
0≤r<1

(1− r)a
∫ r

0

ϕ(t)
(1− t)aMq(<f, t)dt

≤ C
[

sup
0≤r<1

(1− r)a
∫ r

0

dt

(1− t)a+1

]
sup

0≤t<1
ϕ(t)(1 − t)Mq(<f, t)

≤ C sup
0≤t<1

ϕ(t)(1 − t)Mq(<f, t).

If p =∞ and 0 < q < 1, by Lemma 1 and (3) again,

sup
0≤r<1

ϕ(r)Mq(f, r)

≤ C sup
0≤r<1

rϕ(r)Mq(f, r)

≤ C sup
0≤r<1

(1− r)a
{∫ r

0

ϕ(t)q

(1− t)aqM
q
q (<f, t)dt

} 1
q

≤ C
[

sup
0≤r<1

(1− r)a
{∫ r

0

dt

(1− t)aq+1

} 1
q

]
sup

0≤t<1
ϕ(t)(1 − t)Mq(<f, t)

≤ C sup
0≤t<1

ϕ(t)(1 − t)Mq(<f, t).

These give (12) for p =∞ and end the proof of (8).
For general m we see that (1− r)mϕ(r) is still normal. Then (7) comes from (8)

by induction. The proof of the theorem is completed. �
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3. The proof of the main result

Lemma 2. Given 0 < p, q ≤ ∞, take β > b and

fζ(z) =
(1− |ζ|2)β

ϕ(|ζ|)(1 − 〈z, ζ〉)
n
q +β

, ζ ∈ B.(13)

Then ‖fζ‖p,q,ϕ ≤ C. Here, the constant C is independent of ζ.

Proof. By [9] we have

Mq(fζ , r) ≤ C
(1− |ζ|2)β

ϕ(|ζ|)(1 − r|ζ|)β .

Then for 0 < p <∞,

‖fζ‖pp,q,ϕ ≤ C
∫ 1

0

(1 − |ζ|2)pβ

ϕp(|ζ|)(1 − r|ζ|)pβ
ϕp(r)
1− r dr

= C

{∫ |ζ|
0

+
∫ 1

|ζ|

}
(1 − |ζ|2)pβ

ϕp(|ζ|)(1 − r|ζ|)pβ
ϕp(r)
1− r dr = I1 + I2.

For I1, by (3) and [12] we have

I1 ≤ C
(1 − |ζ|)pβ
ϕp(|ζ|)

ϕp(|ζ|)
(1− |ζ|)pb

∫ |ζ|
0

(1− r)pb−1

(1 − r|ζ|)pβ dr

≤ C (1 − |ζ|)pβ
(1− |ζ|)pb

∫ 1

0

(1− r)pb−1

(1 − r|ζ|)pβ dr

≤ C.

Similarly,

I2 ≤
(1− |ζ|)pβ
(1− |ζ|)pa

∫ 1

0

(1− r)pa−1

(1− r|ζ|)pβ dr ≤ C.

For p =∞,

‖fζ‖p,q,ϕ ≤ sup
0≤r≤|ζ|

ϕ(r)Mq(f, r) + sup
|ζ|≤r<1

ϕ(r)Mq(f, r) = J1 + J2.

For J1,

J1 ≤ C
(1− |ζ|2)β

(1− |ζ|2)b
sup

0≤r≤|ζ|

(1 − r)b
(1 − r|ζ|)β ≤ C.

Also, J2 ≤ C. Therefore ‖fζ‖p,q,ϕ ≤ C. The lemma is proved. �

Proof of Theorem 1. (I). Suppose g ∈ H(B), and Tg is bounded on Hp,q(ϕ). First,
we claim that, for f, g ∈ H(B),

< (Tgf) (z) = (f<g) (z).(14)
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In fact, we may suppose the holomorphic function f<g has the expansion (f<g) (z)
=
∑
|α|≥1 aαz

α. Then

<(Tgf)(z) = <
∫ 1

0

∑
|α|≥1

aα(tz)α
dt

t

= <

∑
|α|≥1

aαz
α

|α|

 =
∑
|α|≥1

aαz
α.

Notice also that (Tgfζ)(0) = 0 . Then for any ζ ∈ B, by Theorem 1 and Lemma 2,

‖Tg‖ ≥ C‖Tgfζ‖p,q,ϕ

≥ C
{∫ 1

0

Mp
q (<(Tgfζ), r)(1 − r2)p

ϕp(r)
1− r dr

} 1
p

≥ C
{∫ 3+|ζ|

4

1+|ζ|
2

Mp
q (<(Tgfζ), r)(1 − r2)p

ϕp(r)
1− r dr

} 1
p

≥ CMq(<(Tgfζ),
1 + |ζ|

2
)(1 − |ζ|2)ϕ(|ζ|)

≥ C|<(Tgfζ)(ζ)|(1 − |ζ|2)
n
q (1 − |ζ|2)ϕ(|ζ|)

= C|<g(ζ)|(1 − |ζ|2)
[
|fζ(ζ)|(1 − |ζ|2)

n
q ϕ(|ζ|)

]
.

(15)

Hence g ∈ B and

‖g‖B ≤ C‖Tg‖.(16)

Conversely, suppose g ∈ B. Then by Theorem 2 and (14) we get, for any f ∈ H(B),

‖Tgf‖p,q,ϕ ≤ C
{∫ 1

0

Mp
q (<(Tgf), r)(1 − r2)p

ϕp(r)
1− r dr

} 1
p

= C

{∫ 1

0

Mp
q (f, r) sup {|<g(z)|p : |z| = r} (1− r2)p

ϕp(r)
1− r dr

} 1
p

≤ C‖g‖B‖f‖p,q,ϕ.

(17)

This gives

‖g‖B ≥ C‖Tg‖.(18)

(16) and (18) end the proof of (I).
(II). Suppose Tg is compact. Since fζ weakly convergence to zero in Hp,q(ϕ), by

the compactness we have as (15)

|<g(ζ)|(1 − |ζ|2) ≤ C‖Tgfζ‖p,q,ϕ → 0

as |ζ| → 1. That is, g ∈ B0.
Now we let g ∈ B0. Given any sequence {fm} in Hp,q(ϕ) satisfying

‖fm‖p,q,ϕ ≤ 1, fm(z)→ 0(19)

uniformly on compact subsets of B, we are going to prove

lim
m→∞

‖T (fm)‖p,q,ϕ = 0.(20)
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For any ε > 0 we can choose η ∈ (0, 1) such that

|<g(ζ)|(1 − |ζ|2) < ε if η ≤ |z| < 1.

By (17) and (19) we obtain

‖Tgfm‖p,q,ϕ ≤ C
{∫ 1

0

Mp
q (f, r) sup {|<g(z)|p : |z| = r} (1− r2)p

ϕp(r)
1− r dr

} 1
p

≤ C
{{∫ η

0

Mp
q (f, r) sup {|<g(z)|p : |z| = r} (1− r2)p

ϕp(r)
1− r dr

} 1
p

+

+
{∫ 1

η

Mp
q (f, r) sup {|<g(z)|p : |z| = r} (1− r2)p

ϕp(r)
1− r dr

} 1
p

}
≤ C {‖g‖B sup{|fm(z)| : |z| ≤ η}

+‖fm‖p,q,ϕ sup
{
|<g(z)|(1− |z|2) : η ≤ |z| < 1

}}
≤ C {‖g‖B sup{|fm(z)| : |z| ≤ η}+ ε} .

Here, the constant C is independent of fm and ε. Therefore, (20) follows. The
proof is completed. �
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