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ABSTRACT. We define an extended Cesaro operator Ty with holomorphic sym-
bol g in the unit ball B of C™ as

1
L,(@ = [ femaY. fenm).zeb

where Rg(2) = 37, Zj% is the radial derivative of g. In this paper we
J

characterize those g for which Ty is bounded (or compact) on the mixed norm

space Hp q(w).

1. INTRODUCTION
We denote by D the unit disk in the complex plane C. For a holomorphic
function f(z) on D with Taylor expansion f(z) = Z;io a;z’, the Cesaro operator
acting on f is

oo 1 7 4
C[f](2)=;) m;ak 2

It is well known that C[-] acts as a bounded linear operator on various spaces of
holomorphic functions (see [7], [8], [13], [15]) including the Hardy and Bergman
spaces. In particular C[HP] C HP for each p € (0,00). In [I1] Shi and Ren proved
C[-] is bounded on the mixed norm space.
!
A little calculation shows C[f](z) = %foz f(t) (log ﬁ) dt. Hence, on most
holomorphic function spaces, C[f] is bounded if and only if the integral operator

I
- foz f@) <log %_t) dt is bounded. From this point of view it is natural to

consider the extended Cesaro operator T, with holomorphic symbol g

W 7,560 | " Fg ()t

The boundedness of T, on Hardy space and Bergman space are studied in [I] and

2.
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The purpose of this paper is to define the extended Cesaro operator on the unit
ball B of C™ and to characterize those holomorphic symbols on B for which the
induced operator is bounded (or compact) on mixed norm space. Our work will
extend [L1 [15].

The class of all holomorphic functions on the unit ball B of C™ will be denoted
by H(B). For g € H(B) having the homogeneous expansion g = E?io G,, asin [9]
we let Rg(z) = Z;’;OjGj (z) be the radial derivative of g. With a little calculation

one can show that Rg(z) = Z;L 1% 5L 8z . Given g € H(B), the extended Cesaro

operator T, with symbol g is defined on H(B) as

2) T,(0C) = [ feR) T, feHB) B

It is trivial that when n =1, (2) is just (1).
A positive continuous function ¢ on [0,1) is called normal if there are two con-
stants b > a > 0 such that
p(r) p(r)
3 —— 10,
®) TS T

as r — 17. Given ¢ normal, for f € H(B) we set

1 P
1flp.ase = {/0 Mg (f,r) fp_(rg dr} 5 0<p<oo,

and
”f”oo,q,cp = Sup M(I(fa ’I“)(p(?“)-
o<r<1

Here

My(f,r) = {/BBIf(TCquU(C)}é, 0<g<oo,

Moo (f,r) = Cselg%If(rC)I-

The mixed norm space H, 4(¢), 0 < p,q < oo, consists of all f € H(B) such that
| fllp,qw < 00. When 0 < p = ¢ < o0, Hp 4(¢) is just the weighted Bergman space

Ag(ap)—{feH( |f|AP—{/ HS f i ')} <°O}'

As in [14] a function f € H(B) is called a Bloch function if sup{Qy : z € B} < o0,
and f is called a little Bloch function if lim,—; Q(2) = 0. By Theorem 1.8 and
Corollary 3.8 in [14] we know that a holomorphic function f is a Bloch function if
and only if

£l = sup{|Rf(2)|(L — |2|*) : z € B} < o0,
and f is a little Bloch function if and only if
|5131|9?f(2)|(1 —|2*) =

The sets of all Bloch and little Bloch functions will be denoted by B and By,
respectively. We also know that || f||z is an equivalent norm on B/C.
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In what follows C,Cy,Cy will stand for positive constants whose value may
change from line to line but not depend on the functions in H(B). The expression
A~ Bmeans C1A< B < (A

Our main result is the following.

Theorem 1. Let 0 < p,q < 0o, and let ¢ be normal. Then for g € H(B)
(I) Ty is bounded on Hy, () if and only if g € B. Moreover, when T, is bounded,

(4) [Tl ~ llgll5-

(I) T, is compact on Hy, 4(p) if and only if g € Bo.

2. EQUIVALENT NORMS ON H), ,
Recall that, for f € H(B), the radial derivative of f can be expressed as
n
af(z
wf(z) =30 U
j=1

For m =1,2,---, write R™ f(z) = RR™ "1 f(2)), |grad,, f(z)| = 2 lal= |62;” .
Lemma 1. Suppose f € H(B), f(0) =0. Then

My << [ mmrna f1<o<e
0

Q=

Mq(f,r)<g{/r(r—t)q_lMg(%f,t)dt} ; if0<q<1.
0
Proof. For f € H(B), f(0) =0, and z € B we know
B 1 Rf(tz)
) 1) = [ L

By Proposition 1.4.7 of [10],
q 2
[ P oo = [ aot) [
8B 8B 0

o

q
Then we know [, ‘w‘ do(¢) is increasing with ¢ € [0,1), because Rf (wr¢)/w

Rf((te®)r¢) |
t
Rf((te)r¢) |

tett

(6) r

% .

is a holomorphic function of w in the unit disc D. Now for 1 < ¢ < oo, by (5) and
Minkowski’s inequality,

o 5]
<o fa{f,[Fe qdo(@)};

c/ dt{/ RF(trC)7do(C )}é

:c;/o M, (Rf, t)dt
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To deal with the case 0 < ¢ < 1 we denote t; =1—277,5=0,1,2,---. From [3]
(or Lemma 2 in [I0]) we obtain

/ Rf(tr¢)
sup
OB tj_1<t<t;

Then by (5) and [ p. 57],

q

do(() < C

OB

q

Rf(t;r¢) 4o (C).

tj

q

RIWO " 106,

t

MI(f,r) < Cz2qu/(9 sup
j=1

B t]flgtgt]
o0
<cy o |
= oB

1
< C/ (1—t)T " MI(RS,rt)dt
0

| dol€)

Rf(tjrc) ‘q

r

1 T
< C—q/ (r— )9 " MI(RS, t)dL.
0
The lemma is proved. |

The following theorem, which has its own interest, will be used in the proof of
the main result.

Theorem 2. Let 0 < p,q < oo and let m be a positive integer. Then for f € H(B),

1
P

m—1 1
(M) Nfllpge = Z lgrad; f(0)] + {/0 MP(R™ f,r)(1 — ﬂ)m}%@d?“}
§=0

Proof. First we consider m = 1. Then (7) becomes

0 s = 1501+ { [ 3300 -2 Ear

To prove this we notice that, for f € H(B),
9) IF O < Cllfllpae-
Combine [4, p. 80] and [9, Proposition 1.4.7] to have

1+7r

(1 - TQ)Mq(%fa 7") < CMq(ﬁ 5 )
This and the fact that
(10) olr) =~ p(+T)
imply
1 P »
(1) { [ arzrna- 20 dr} < Ol
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Then, by (9) and (11),

1/ llpae > C { FO)] + { / MRS (1 — 2y 1) dr}i} .

1—r

This gives one direction of (8). Notice that
1fllp.ae < ClIFO)lpg,0 + [1f = f(O)]

Hence, to prove the other direction of (8) we need only prove

%%@L

1—r

(12) 1 £llpae < C {/01 ME(Rf,r)(1 = r2)P ¥P(r) dr};

provided f(0) = 0. For 0 < p < oo and 0 < ¢ < oo, (12) can be proved as the
estimate (11) in [T0] with the only attention that Lemma 1 and Theorem 3 in [10]
should be replaced by Lemma 2 in 1] and our Lemma 1 above, respectively. We
will omit the details here. Now we deal with the case p = 00,0 < ¢ < 00. If p =00
and 1 < ¢ < oo, by Lemma 1 and (3) we have

sup (r)Mq(f,7)
0<r<1

< C sup @(r)My(f,r)
%§r<1

< C sup rp(r)My(f,r)
0<r<1

< C sup ¢(r) /OTMq(S?f,t)dt

0<r<1
e o(t)
Scoilrlgl(l ") /0 (1—t)an(§Rf’t)dt
P A
SCL?&“‘” /0 m} up (O~ MRS, 1)
< C sup p(t)(1 —t)My(Rf,1).
0<t<1

If p=o0oand 0 < ¢ <1, by Lemma 1 and (3) again,
sup @(r)Mq(f,7)
0<r<1
< C sup rp(r)Mq(f,r)

0<r<1
() i
< —r)® _TNT Af4e
_002:21(1 ") {/0 (1_t)aqu(%f7t)dt}

0<r<1 0<t<1

<c l sup (1) { | #}] sup @(t)(1 — )M, (RS, 1

< C sup @(t)(1 — )M, (RS, ).
0<t<1

These give (12) for p = oo and end the proof of (8).
For general m we see that (1 —r)™(r) is still normal. Then (7) comes from (8)
by induction. The proof of the theorem is completed. O
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3. THE PROOF OF THE MAIN RESULT
Lemma 2. Given 0 < p,q < oo, take 3 > b and
1-¢P)”
P(ICH(1 = (2,0

Then || fellp.g.o < C. Here, the constant C is independent of C.

(13) fe(2) = (eB.

Proof. By [9] we have

(1 —[¢*)”

Mlfe:r) < Coqeya@—va?

Then for 0 < p < o0,

PP ()
C/mwpKll—Hdﬁﬁl—rm

— <l 1—[C2)PP  oP(r),
C{/ /c}sop (I<H@ =r¢)PB 1 -7 dr =1 + I.

For I, by (3) and [12] we have

@A) () [ (=
h=C=sq oz MWA a—mwﬂ

<c 1—wqp‘/11—rml
T =[eheb Sy (X =ric)pe
<C
Similarly,
(1—[¢? /1 (1 —r)pat
L < dr < C.
P A= Jo (=P
For p = o0,

||fC||p,q,go < . sup @(r)My(f,r) + sup @(r)My(f,r) = J1 + Ja.

<r<[( I¢|<r<1
For Jl,
(1—1¢f)? 1-—r)
J1 < C7—F5 sup —5 < C.
PP ozl (T rIC)7
Also, Jo < C. Therefore || f¢|lp,q,0 < C. The lemma is proved. O

Proof of Theorem 1. (I). Suppose g € H(B), and T} is bounded on H, 4(¢). First,
we claim that, for f,g € H(B),

(14) R(T,f) (2) = (fRg) (2)-
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In fact, we may suppose the holomorphic function f#g has the expansion (fRg) (2)
= Z\alzl aoz%. Then

RENE =R [ 3 aaltard

O jal>1

o

lae|>1 lae|>1
Notice also that (Tf¢)(0) =0 . Then for any ( € B, by Theorem 1 and Lemma 2,
||T9H > CHTngHp,q,w

=¢ {/ MEOR(T, fo), (1 — r2yp 20 ‘”};

stlcl » :
(15) = C{ MP(R(Ty fe),r)(1 — 2y ¥ ( )dr}

1+]¢| 1—r
2

> OM (T, ), ) (1 - e

> CIR(Ty )OI~ I¢1*) 7 (1 = [¢[*)e(I¢])
= CIRg(Q)I(1 = I¢]*) | 1£c(O11 ~ ICIQ)%VD(ICI)] -

Hence g € B and

(16) lglls < ClITyll.
Conversely, suppose g € B. Then by Theorem 2 and (14) we get, for any f € H(B),
(17)

1 D %
1Ty fllpae < € { | aer, -yt )d}

=o{ [ 3z (ReF o = vy 1 - 2 210 dr};

< Cligllsllflp.q.e-
This gives
(18) lglis = ClITyll.
(16) and (18) end the proof of (I).

(IT). Suppose Ty, is compact. Since fr weakly convergence to zero in Hp, 4(¢), by
the compactness we have as (15)

[Rg(OI(1 = [¢1*) < ClITyfellpge — 0

as |[¢] — 1. That is, g € Bo.
Now we let g € By. Given any sequence {fp,} in H, 4(¢) satisfying

(19) [fmllpae <1, fml(z) =0
uniformly on compact subsets of B, we are going to prove
(20) i (7). = 0.
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For any € > 0 we can choose 1 € (0,1) such that
Rg(OIQ = [¢*) <e  ifn<lz|<1.
By (17) and (19) we obtain

1Tyl < C { [z s R s1e1 = 0 - >“"—”d}

1—r

<C {/OUM(f(far)sup{PRg(zﬂp el =11 _Tz)pf%(?dr}p N

+ {/nl MP(f,r)sup {|Rg(2)|P  |2] = r} (1 - r2)pg0p(r) dr}})

1—r
< C{llgllzsup{[fm(2)| : |2] < n}
+ fnllp.a.esup {[Rg(2)| (1 = [2%) 1 < |2 < 1}}
< C{llgllssup{[fm(2)] : |2[ < n} +e}.

Here, the constant C' is independent of f,, and . Therefore, (20) follows. The
proof is completed. O
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