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PERIODIC SOLUTIONS FOR PLANAR 2N-BODY PROBLEMS

SHIQING ZHANG AND QING ZHOU

(Communicated by Carmen C. Chicone)

ABSTRACT. In this paper we study some necessary conditions and sufficient
conditions for the nested polygonal solutions of planar 2N-body problems.

1. MAIN RESULTS

This paper uses the same notations as those used in [6]. For n > 2 the equations
of motion of the planar n-body problem ([Il, [2], [3], [5], [6], [7]) can be written in

the form
n
. 2k — 25
1.1 Zp = — m; ——————
( ) k Z ]|Zk _Zj|37
Jj=1
J#k

where z; is the complex coordinate of the kth mass my in an inertial coordinate
system. Let pi denote the N complex kth roots of unity, i.e.,

(1.2) pr = exp(2mik/N).
This equation will also serve to define py for any number k. We assume that the
mass my (k=1,---,N) is located at the vertex pj of a regular polygon inscribed
on the unit circle, and my (k=1,---,N) is located at
(1.3) pr. = apy - €”,
where ¢ > 0,0 < 6 < 27, and a # 1 when 6 =0 or 27.
Then the center of masses mq,--- ,my;my, -, My 1S
(1.4) 2= (mp; +m;p;)/M

J

where M = Ej (mj +m;). In (1.4) and throughout this paper, unless specially
restricted, all indices and summations will range from 1 to N. The functions
describing their rotation about zy with angular velocity w are then given by

(15) Zk(t) = (pk - ZO) eXp(th)5 k= 1, aNa
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and
(1.6) Ze(t) = (apre® — 2p) exp(iwt), k=1,---,N.

Then the equations of motion of the planar 2N-body problem can be written in the
following form:

j T Rk j T Rk
1.7 Z = m; m;
(1.7) #Zk ]|z — )3 Z J|z PE

and
i — Zk — Zk
1.8 = .
(1.8) %= Zm]|z —zk|3+zmj|z — Z]3
R. Moeckel and C. Simé ([5]) proved the following result:

Theorem (Moeckel-Simé). If 6 =0 and m; = --- = my, ™My = -+ = My, then
for every mass ratio b = L there are exactly two planar central configurations
consisting of two nested reqular N-gons. For one of these, the ratio of the sizes of

the two polygons is less than 1, and for the other it is greater than 1.

In this paper, we study the inverse problem of the theorem (Moeckel-Simé) and
the following results are established.

Theorem 1. If, for N > 2, the functions z(t) and Zi(t) given by (1.5) and (1.6)
are solutions of the 2N-body problem (1.7) and (1.8), it follows that w? satisfies

(1.9)

Theorem 2. For N > 2, my,my > 0, if the functions zy(t) and Zx(t) given by
(1.5) and (1.6) with w? given by (1.9) are solutions of the 2N-body problem (1.7)
and (1.8), then my = mg =---=my and M1 = Mg =+ = My.

Conversly, if my =me =--- =my and My = Me = --- = My, let b =1mq/mq.
If b,a and w? satisfy

Nw? A . b(l —apje
1.10 e el I
(1.10) M 1+b = |1_p|3 Z 11— ap; 61,9|3

Nw2 —p b(a — ap;)e®
(1.11) — Sl P
M 1—|—b zj:|aee—p|‘3 ;\/ la — ap;|?
then zi(t) and Zx(t) are solutions of (1.7) and (1.8).

Remark. Tt is not difficult to prove that “w?” and “a” are positive real numbers if
) = 0 or &, and it seems that only 6 = 0 or % “wQ” and “a” are positive real

R
numbers, but the proof seems difficult.
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Corollary 1 (MacMillan-Bartky [3]). Under the above assumptions,
(i) if N = 2,0 = 0,a > 1 and z(t) and Z(t) given by (1.5) and (1.6) with w?

satisfying

1 2w 1, Ww?

B R AR |

[4 M} [4a M “}
20?41 W ) —4a 2w?
@m0 MY @m0 M

are solutions of the 2 x 2-body problems (1.7) and (1.8), then mq = ma, M1 = Ma.
Conversly, if w? = (my + mag + My + ma2)y/N satisfying (1.12) and

(1.12)

2w? 1 1 4ab
1.13 —_— = - —
( ) M 1+b[4 (a2—1)2]
where
(1.14) b_a7—2a5—8a4+a3—8a2

17a* — 2a% + 1

then zx(t) and Zx(t) given by (1.5) and (1.6) are solutions of (1.7) and (1.8).
(i) f N=2,0=0,0<a <1 and z(t) and Z(t) given by (1.5) and (1.6) with

w? satisfying
1 2w? 1 2
N i . _a72 — w_ . 2a
4 M 4 M

_ [ —4a w? } ' [2(1+a2) B Q—WT

-ae M 2 [a-er M

(1.15)

are solutions of (1.7) and (1.8), then m; = ma,m1 = ma. Conversly, if w? =
M~/N satisfying (1.15) and

1 1 2b(a®+1)
(1.16) TSI [Z (a2—1)2}
where
(1.17) b a” —2a® + 1743

- —8a® +a* —8a3 — 2a2 + 1’
then zi(t) and Zx(t) given by (1.5) and (1.6) are solutions of (1.7) and (1.8).

Corollary 2 (MacMillan-Bartky [3]). (i) For N =2 and § = T, then (1.10) and
(1.11) imply

(1.18) b=[(1+a®)"? =27 [(14a)"2 — (2a) 7]

(ii) For N =2 and 0 = T, b= 1 if and only if a = 1. That is, zy, Zp are solutions
of (1.7) and (1.8). If mi = ma, M1 = o, then my = mo = my = e if and only if
mi,ma, M1, Mo are at the vertices of a square.

(iii) For N =2 and § = 5, M1 = Mg, M1 = Mz are at the vertices of a diamond.
Then my,ma,m1, Mo form a central configuration if and only if \/Tg <a < V3,
where a stands for the ratio of its diagonals and the ratio b of masses is determined
uniquely by (1.18); especially considering the degenerate central configuration, when

b:oo,azé, and when a = v/3,b = 0.
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Corollary 3 (Perko-Walter [6]). For N > 2 mk,mk >0,ifa=1and0 = %, then
2k(t) and Zx(t) given by (1.5) and (1.6) with w?> = M~/N and w? given by (1.9) are
solutions of the 2N-body problem (1.7) and (1.8). Then m; = mg = -+ = my =
m1 = = mN
Corollary 4. If N =3, 0 = 0. If zx(t) and Zx(t) given by (1.5) and (1.6) with w?
satisfying
2 V3 Pj—1 apj—1 ;-1
w=|—(a+ +a
' Z|a— F le—am 2
(1.19)

a—pPj—1 apj—1
(s Loy

are the solution of the nested 2 x 3-body problems (1.7) and (1.8), then m; = mg =
m3,ﬁl1 = ’ﬁlg = ﬁ’L3.

Conversly, if m1 = mg = m3,m1 = mg = mg, let b= % If w? satisfies (1.19)
and a and b have the relation

3
_ l—apj—1 _ a— pj-1
1.20 b:— s ) -
(1.20) a Z|1_ap 1|3 z:lm_pj 1|3

then zi(t) and Zx(t) defined by (1.5) and (1.6) are solutions of (1.7) and (1.8).

Corollary 5. Assume N = 3,0 = %. If zx(t) and Zx(t) given by (1.5) and (1.6)
with w? satisfying

(1.21)
3 . é /=
= M ) - (L gy L
3°3 j=1 |a—€_§‘/__1pj,1|3 j=1 |1—a6§‘/__1pj,1|3
3 _x ./ 3 = /=
Bty oz e > 1-acsVpio
3 PP N PN S A TR e

j=1
are the solution of the twisted 2 x 3-body problems (1.7) and (1.8), then my = mg =
mg,ml = mg = Th3.
Conversly, if m1 = mg = mg, M1 = My = Mg, let b= m—i If w? satisfies (1.21)
and a and b have the following relation:

(1.22)

- - ),
1 —aedV=Tp; 43 3 a—e FVTp 43

j=1 j=1 |

then zi(t) and Zx(t) defined by (1.5) and (1.6) are solutions of (1.7) and (1.8).
2. EIGENVALUES AND EIGENVECTORS FOR CIRCULANT MATRICES

Definition 2.1 ([4]). If N x N matrix A = (a, ;) satisfies

(21) ai,j = aiflyjfl, 1 § i, ] S N,

where we assume a;,0 = a;, ;v and ag ; = an,;. Then we call A a circulant matrix.
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Lemma 2.1 ([4]). If A and B are N x N circulant matrices, then A+ B, A—B, A-B
are also circulant matrices and AB = BA.

Lemma 2.2 ([4]). Let A = (a;;) be an N x N circulant matriz. The eigenvalues
A, and the eigenvectors Uy, of A are

(2.2) M(A) =D arm Ty
i
and
(2.3) Te = (pr—1,Phe1s -+ Pi1)

Lemma 2.3 ([]). Let A, B be circulant matrices, where A\, (A), A\ (B) are eigenval-
ues of A, B. Then the eigenvalues of A+ B,A— B, A-B are \i,(A)+ i (B), A\ (A) —
Ak(B); Ak(A) - Ax(B)-

The following useful lemma can be simply proved using the properties of circulant
matrices.

Lemma 2.4. If A = (a;;) is an N x N circulant matriz, and A - X = 0, where
X = (1'1, e axn)T; Zi xX; # 0, then

aij+-+an; =0 1<j<N,
(24) ai71+---+ai7N:0,1§i§N.

3. PROOF OF THE MAIN RESULTS

For two nested regular polygons, we define

(3.1) pr. = exp(2mik/N),

(3.2) pr = aexp(2mik/N)e',

(3.3) 20 =Y (mjp; + ;) /M,
j

where

(3.4) M= Z(mj + 1),

(3.5) 2(t) = (pr — 20) exp(iwt), k=1,---,N,
and
(3.6) (1) = (apre® — 20) expliwt), k=1,---,N.

Proof of Theorem 1. (3.1)—(3.6) imply that the z,(t) and Zx(¢) are the solutions of
(1.7) and (1.8) if and only if

(3.7)

(pr. — z0)w? exp (iwt) Zm] s + ijL?jg exp (iwt)
T e — pl =" low =
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- ; Pk — Py - Pk —Pj )
(P — 20)w? exp (iwt) = Z mjm + Z mjﬁ exp (iwt)
- ' ok Pk Pj

or if and only if
(3.9)
2

S (=) -+ Sy (s - ) (- ) =0
- _Z . — P X o — i) =
! ok — pi* M ! — lox — pi12 M J
J#k J

and

(3.10)
1 w2> < w2> L
mj ( ———= — —pi)+ Y mj| ———=—— | (pr — p;) = 0.
zj: ]<|Pk—Pj|3 M ’ ; Nl —piP M ( s)

Multiplying both sides by pny—_k and noting that |px—p;| = |pkl|1—pj—k| = |1—pj—&]
and using p = appe®,

w2
mi | ——— =) (1—p,_
; j<|1—PJ Kl M>( pi=h)
(3.11) , ,
~ w 0y _
=S (fragy e i) (o) =0
and
1 w? ”
ij (m - M) (ae”™ = pj—k)
(3.12) !

w? .
+ D (m - M) (a—apj_r)e” = 0.

J#k

Notice that every step from (3.7) to (3.12) can be conversed, respectively. Now we
define the N x N circulant matrices C = [cx ;], A = [ak ], B = [bk, ], D = [dk,;] as

follows:
crj =0, for k=yj,
1 w? .
(313) Ck,j = m — M (1 — pj—k)a for k 7& 75
i
1 w? i
. s = (=g o~ 57) 0 =)
1 w? i
(3.15) br,j = (m - M) (ae®” = pj—),
di; =0 for k=4,
1 w? A ‘
(3.16) di; = <m - M) (a—apj_g)e? for k#j.
-
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Then (3.11) and (3.12) hold if and only if the matrix equation

mi
Cc A my o

(3.17) < B D > . =0

my
has a positive solution.

Let

(318) m:(mlv"'va)Tam:(mlv"'amN)T'
Then (3.17) is equivalent to
(3.19) C-m+A-m=0,
(3.20) B-m+D-m=0.
By (3.19) and (3.20) we have
(3.21) (CD - BA) -m =0,
(3.22) (AB—CD) - =0.

We notice that (3.21) and (3.22) have a solution is equivalent to that AB — CD has
a positive real eigenvector corresponding to eigenvalue 0. By Lemma 2.3 we have

M:(AB — CD)
(3.23) = M(AB) — M\ (CD)
= Ae(A)Ae(B) = Ae(C) A (D).
Hence
(3.24) M(AB—-CD)=0
for some 1 < k < N if and only if
(3.25) A (A)Ak(B) = M (C)Ak (D).

Also, we notice by Lemma 2.2 and Lemma 2.4 A; (AB—CD) = 0. Hence by Lemma
2.2 we have

(3.26)
1 w? 1 w? "
S (5000 |3 (o~ 7)o om0
i i

1 w? ”
= | (= moemp ~ 57) 0 -2

J

1 w? ”
> (m - M) (ae™ = pj-1)
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(3.27)
d=pj1 w?
S A S gy
_ 3 J
j#1 |1 pj 1| M j
2
— —Pj 1 w i
Y I S S gy
J#1 J
= ZZCSC F —M —a ZCSC F —M-a- e,
J#EN j#N
(3.28)
1-— aeiepj_l w? .
< A e — /= 1 - ’La y—
zj:[u_aeij”g M ( ae” pj 1)
aew — Pj—1 w2 i0
. Z |:7|a6i0 — P]‘71|3 - M(Cl.ez — pj—l)
J
1-— aeiepj,l _ae’” —pj_1 w? 0
= i — 2 . Naé®
zj: [1—ae?p; 1P Z |a6“9 —piaP M
Proof of Theorem 2. \1(AB — CD) = 0 is simple so # = (1,1,---,1)7 is the only
positive real eigenvector for A; = 0.
Assume mi =mg = --- =my > 0 and 1y = mg = --- = my > 0, w? is deter-
mined by (1.9) and a, b is determined by (1.10) and (1.11). Then (mq,--- ,m)7

a solution of (3.11) and (3.12) or

(1.7) and (1.8

), since

(3.29)
w2
S (=g~ ) 0 -0
J#k N
1 w? )
j 7% T 1— . i6
(3.30)

—n |3

J#k (

|1

1 w2>
— ) (1-p_
—pj-kl* M (A= pi-s)
1 w? .
+ 3 ([rapy e ~ 1) (- 0
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(3.31)

J#N

1 w? )
b ————— =) (1 —ap;e?)| =0
3 (|1—apjew|3 M)( i) =0
and the same results for (3.12) are easily obtained. Thus the proof is completed.

Corollary 1 is obvious from Theorem 2.

Proof of Corollary 2. (i) For N = 2 and § = 7, b and a have the following rela-

tionship:
N—-1 ae'®—p; N-1 ae’®(1—p;)
(3.32) b= (ijo |“e"’9—/f7|3 B Zj:l I1—p; \g )
’ B N-—1 ae??(1l—ap;ei?) N—1 aei®(1—p;)\ "’
(ot eoplioesged — ot ooy
Then
(3.33)
Nz:l ae’® — p; _Nz_:laew(l—pj) _ o ai—1 n ai+1  ai(l+1)
= lae?? — p;[3 et 11— p;|? lai — 113 |ai + 1]3 |2]2
oai—1 n at+1 2ai
- (a2 + 1)3/2 (a2+1)3/2 8
2ai 2ai 2ai( 1 1)
= — =20(5—37 — <
(a2 +1)3/2 8 (a2 +1)3/2 8
and
N-1 ; N-1
Z ae® (1 — agjeze) B Z ae®(1 - pj)
= —ape®P a1 =y
(3.34) _ai(l—ai)  ai(l—a(-1)i) ai(l+1)
[1— ail? [1—a(-1)i]3 [2a|3
) 1 1
=20 8
SO
(3.35) b=[1+a®)"%? =273 . [(14+a®) 2 = (20)7% .

(ii) That b =1 if and only if @ = 1 can be obtained directly from (1.18).
(iii) Since (1.11) holds and b must be greater than zero, we have

(1+a%)~3/% 273 >0,
(336) { (1 + a2)—3/2 _ (2&)_3 > 0,
or

(1+a%)~3/2 - 273 <0,
(337) { (1 + a2)—3/2 _ (2&)_3 < 0.

Then the result of (iii) is easily obtained.
Proof of Corollary 3. Under the assumptions of Corollary 3, we have b = 1.
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