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ABSTRACT. In this paper, we prove the following strong convergence theorem:
Let C be a closed convex subset of a Hilbert space H. Let {T'(t) : ¢ > 0}
be a strongly continuous semigroup of nonexpansive mappings on C such that
Ne>o F(T(t)) # 0. Let {on} and {tn} be sequences of real numbers satisfying
0< an < 1, tn > 0 and lim, t, = limy, an/tn = 0. Fix u € C and define a
sequence {un} in C by up = (1 — an)T(tn)un + anu for n € N. Then {un}
converges strongly to the element of [, F(T'(t)) nearest to w.

1. INTRODUCTION

Throughout this paper, we denote by N, Q, R and R the sets of positive integers,
rational numbers, real numbers and nonnegative real numbers, respectively. Let C
be a closed convex subset of a Hilbert space H. A mapping T on C is called
nonexpansive if ||[Tz — Ty| < ||z — y|| for all z,y € C. We denote by F(T') the set
of fixed points of T. We know that F'(T') is nonempty if C' is bounded; see [1]. Fix
u € C. Then for each o with (0, 1), there exists a unique point x, of C satisfying
Zo = (1 — a)Tz4 + au because the mapping x — (1 — «)Tx + cu is contractive. In
1967, Browder [3] proved the following:

Theorem 1 (Browder [3]). Let C be a closed convex subset of a Hilbert space H and
let T be a nonexpansive mapping on C with a fized point. Let {a,} be a sequence
of (0,1) converging to 0. Fiz u € C and define a sequence {u,} by
Up = (1 — an)Tun + apu
forn € N. Then {u,} converges strongly to the element of F(T') nearest to u.
Let {T'(t) : t € Ry} be a strongly continuous semigroup of nonexpansive map-
pings on a closed convex subset C' of a Hilbert space H, i.e.,
(1) for each t € Ry, T'(t) is a nonexpansive mapping on C;
(2) T(0)x =z for all z € C;
(3) T(s+1t)=T(s)oT(t) for all s,t € Ry;
(4) for each z € X, the mapping T'(-)z from R} into C is continuous.
We put F(T) = (Vieg, F(T(t)). We know that F(7) is nonempty if C is
bounded; see [2]. The following theorem is a corollary of Theorem 8 in [9].
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Theorem 2 (Shioji and Takahashi [9]). Let C be a closed convex subset of a Hilbert
space H. Let {T(t) : t € Ry} be a strongly continuous semigroup of nonexpansive
mappings on C such that F(T) # 0. Let {a,} and {t,} be sequences of real numbers
satisfying 0 < o, < 1, lim,, o, = 0, t,, > 0 and lim,, t, = co. Fixz u € C' and define
a sequence {un} in C by

1 tn
Uy = (1 — an)t—/ T(8)unds + anu
n Jo
for n € N. Then {uy,} converges strongly to the element of F(T) nearest to u.

In this paper, motivated by the above results, we prove another strong conver-
gence theorem for a strongly continuous semigroup of nonexpansive mappings.

2. MAIN RESULT
It is well known that all Hilbert spaces satisfy Opial’s condition.

Proposition (Opial [5]). Let H be a Hilbert space. If {x,} is a sequence in H
and converges weakly to zo € H, then liminf, ||z, — zo|| < liminf, ||z, — z|| for all
z € H with z # zy.

Now we prove our main result.

Theorem 3. Let C be a closed convex subset of a Hilbert space H. Let {T(t) :t €
Ry} be a strongly continuous semigroup of nonexpansive mappings on C such that
F(T)#0. Let {a,} and {t,} be sequences of real numbers satisfying 0 < a,, < 1,
tn, > 0 and lim, t, = lim, a, /t, = 0. Fiz u € C and define a sequence {u,} in C
by

Up = (1 — an)T (tn)un + apu

forn € N. Then {u,} converges strongly to the element of F(T) nearest to u.
Proof. Let v be the element of F(7) nearest to u. From
l[un = vll = [[(1 = an)T(tn)un + anu —v]|
< (1= an) | T(tn)un = vll + anlju = v]|
< (1= an)llun — vl + anllu —v]|
we have ||T(tn)un — v|| < |lup —v|| < |Ju —v|| for n € N. Therefore {u,} and

{T(t,)un} are bounded. Let {u,,} be an arbitrary subsequence of {u,}. Then
there exists a subsequence {unj} of {up, } which converges weakly to x. We claim

that © € F(T). Put @; = un,, fj = an,, and s; = t,, for j € N. Fix t > 0. From

[t/s;]-1
lzj = T@)all < > IT((k+1)s))z; — T(ks;)z||
k=0
+1T([t/s5]s5)x5 — T([t/s5]s5)l + 1T ([t/s5]85)x = T ()|
< [t/s5)I1T (s5)ws — will + [l — 2l + 1T (¢ = [t/s5]s5)x — |
= [t/s;16; T (sj)a; — ull + llzg — 2| + T (¢ = [t/s5]s)x — |
< i85/ 5511 (s5)x; — ull + ||z — zll + max{||T(s)x —z]| : 0 < 5 < 55}
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for j € N, we have

liminf ||z; — T(¢)z| < liminf |jz; — x|

By the Proposition, this implies T'(t)x = z. Therefore z € F(7). We next prove
{z;} converges strongly to v. From

Billzs = vlI* + (1 = B;){(z; — T(s5)x;) — (v = T(s5)v), 25 — v)
=Gj{u—v,z; —v)

and

((xj = T(s5)x;) — (v —=T(s5)v), x5 —v)
> |lzg — oll* = | T(s5)x; — T(s;)vl| - llzj — o
>

0,
we obtain ||z; — v||? < (u —v,z; — v) for j € N. Since (u — v,z — v) < 0, we have
lzj = ol* < (u = v,2; —v)
=(u—-vz;—z)+(u—v,x—v)
<{u—wv,z; —x)

for j € N and hence {x;} converges strongly to v. Since {u,,} is arbitrary, we
obtain that {w,} converges strongly to v. O

‘We have some remarks about Theorem [3l

Remark. (1) By the proof of theorem 5.1 in [7], we can prove the following state-
ment: Let F be a smooth uniformly convex Banach space with a duality mapping
which is weakly sequentially continuous at zero, and let C be a closed convex subset
of E. Let {T(t) : t € Ry}, {an}, {tn}, v and {u,} be as in Theorem[3. Then {u,}
converges strongly to Pu, where P is the sunny nonexpansive retract from C' onto
F(T).

(2) Halpern [4] proved the strong convergence theorem for a nonexpansive map-
ping by the explicit iteration. So, we have one problem of whether there is an
explicit iteration concerning Theorem [3

3. APPENDIX

In Theorem [ it is needed that T'(-)z is continuous for all © € C. In this section,
we give an example. By Axiom of Choice, there exist a subset A of R} and a
mapping 6 from Ry onto A such that §71(a) = (a + Q) N Ry for all a € A. Note
that the following hold:

) O(a) = a for all a € A;

2) 6(t) —teQforallt e Ry;

3) 6(s) =6(t) if and only if s — ¢t € Q for all s, € Ry;

4) 0(t +q) =0(t) and 6(6(s) +t) =0(s+t) for all g€ QNR4 and s,¢t € Ry.

Example. Let H be a Hilbert space consisting of all the functions = from A into
R satisfying Y., [#(a)[* < co with inner product (z,y) = 3 ., z(a) - y(a) for all
x,y € H. Define a semigroup {T'(t) : t € Ry} of linear nonexpansive mappings
on H by (T(t)z)(a) = z(f(a + 1)) for all x € H and a € A. Fix u € H satisfying

(1
(
(
(
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u(6(0)) = 1 and u(a) = 0 for all a € A with a # 6(0). Define a sequence {u,} in H
by

up = (1 —1/22)T(1/n)u, + (1/n%)u
for n € N. Then u,, = u for n € N and v is not a common fixed point of {T'(¢) : ¢t €
R4}
Proof. We first show that the mapping 7; on A defined by 7 (a) = 8(a+t) is bijective
for each t € Ry. If 6(a +t) = 6(b+¢) for some a,b € A, then (a+t) — (b+1) =
a—be Q. So, we obtain a = #(a) = 6(b) = b. For each a € A, we have

nBa—t+[t]+1)=00(a—t+[]+1)+)=0(a+][t]+1) =0(a) = a.

These imply that 7; is bijective for each ¢ € R,. Hence, T'(t) is well-defined and
isometric for each t € Ry. Note that F(7) = {0}. Since

(T(s) e T())(a) = (T(t)x)(0(a + 5)) = (0(0(a + 5) + 1))
2(0(a+s+1)) = (T(s + t)z) (@)

for v € H and a € A, we have T'(s +t) = T(s) o T'(t) for all s,t € Ry. This shows
that {T'(t) : t € Ry} is a semigroup. From (T'(¢)x)(a) = z(6(a + q)) = x(a) for
a € A, we have T(q)x = z for all ¢ € QN Ry and = € H. Especially, T(0)z = z for

all z € H. However, for each x € H with x # 0, T(-)z is not continuous everywhere.
Since T'(1/n)u, = un, we get u, = u for n € N. This completes the proof. O
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