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PERIODIC SOLUTIONS
TO A DIFFERENCE EQUATION WITH MAXIMUM
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ABSTRACT. An open problem posed by G. Ladas is to investigate the difference

equation
A B C
Ty = max , n=0,1,...,

Tn—1 ’ Tn—3 ’ Tn—5
where A, B, C are any nonnegative real numbers with A + B+ C > 0. We
prove that there exists a positive integer 7' such that every positive solution
of this equation is eventually periodic of period T'.

1. INTRODUCTION

This note is motivated by the following open problem posed by G. Ladas [LI
Problem 4.3.2].

Open Problem 1. Let A, B, C be nonnegative real numbers and A+ B+ C > 0.
Investigate the properties of the positive solutions of the difference equations

A B
(1.1) xnzmax{ ¢ }, n=20,1,...,

? ?
Tpn—1 Tp—3 Tn->5

and
(1.2) Yn —maX{A,Byn1 ,CynlynB}, n=0,1,... .
Yn—2 Yn—2Yn—4
Equation (1.1) is a special case of the equation
Ay Ag A
(1.3) xn—max{ , ke }, n=20,1,...,
Tpn—1 Tp-2 Tn—p
where the coefficients A;, As, ..., A, are nonnegative real numbers, A; + Ao +-- -+
A, > 0, and the initial values z_;,z_2,...,2_, are any given positive numbers.

We call (IL3)) the reciprocal difference equation with maximum, since it is a natural
generalization of the simple reciprocal equation
Aq

1.4 p—
(1.4) Ln, Tnyq

which we obtain from (L3) when A, is the only nonzero coefficient. Observe that
each term of the sequence z,, defined by (L3) satisfies (L)) for some g. However, g
depends on the previous terms x,_1, ..., Tn—p. S0 ([3)) works as a switch, similar
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to the famous Collatz (3z 4+ 1) problem [2]. Based on computer experiments, the
positive solutions of (I3]) seemed to be eventually periodic of some period T'. That
is, Tpqr = x5 for every n > ng, where T" and ng may depend on the coefficients
A1, ..., A, and the initial conditions x_1,2_2,...,2_,. This lead to the following
conjecture of G. Ladas [3] Conjecture 2.3.1].

Conjecture 1. FEvery positive solution of (L3) is eventually periodic. Moreover,
if Ag > max{A; : j # ¢, j € {1,2,...,p}}, that is, when the coefficient Aq is
dominating, then every positive solution of ([L3) is eventually periodic with period
T =2q.

In the case p = 2, this conjecture was confirmed in [4]. When p = 3, this
conjecture was confirmed in [5], in the particular case when A; = 0. More precisely,
it has been proved that every positive solution of the equation

A, Ag}

?
Tn—1 Tp-3

(15) T = max{

is eventually periodic of period T, where T' = 2 provided A; > Az and T = 6
provided A; < As. Observe that this result also solves Open Problem 1 in the
special case when C' = 0.

Recently, Conjecture [[l was confirmed in [6] in the more general case when p is
arbitrary and when (L3)) has at most two nonzero coefficients. Clearly, this result
solves Open Problem 1 in the special case when ABC = 0.

In this paper we solve Open Problem 1 in the remaining case ABC > 0. We also
confirm Conjecture 1 in the special case when ([.3) reduces to ([II]). To the best
of our knowledge, this is the first nontrivial result about (L3) when there are more
than two positive coefficients.

Our method of proof employs the fact that (L) and (L2) are dynamically
equivalent (by the substitution y, = z,z,—1) and reduces the case ABC > 0 to
the case ABC = 0, which has been solved in [6]. We believe that the results which
we present here might yield insight into the study of the general equation (I3) and
possibly lead to a proof of Conjecture 1 (by induction) in the general case which
remains open.

2. MAIN RESULT AND SOME DISCUSSIONS

Recall that a sequence {z,} is said to be eventually periodic of period T if an
only if it eventually becomes periodic of period T, that is, there exists an integer
ng such that

TptT = X, fOr every n > ny.
The minimal number ¢ which may be a period of any eventually periodic sequence
xy, is called the prime period of {z,}.
Let A, B,C be any nonnegative real numbers, A + B + C > 0 and define the
integer T as follows:

2  when A=B>C or A>max{B,C},
6 when A=C > Bor B> max{A4,C},
8 when B=C > A,

10 when C > max{A, B}.

(2.1) T=
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Our main result is the following theorem.

Theorem 2.1. Let T be defined by [2.1)). Then the following statements are true:

(i) There exists a prime period T solution of (ITI).
(ii) Fvery positive solution of (LI) is eventually periodic of (not mecessarily
prime) period T

Clearly, for some initial values, the solution x,, of (I.I]) may be eventually periodic
of a prime period t, such that ¢t < T and t is a factor of T'. A trivial example is the

equilibrium
&, = & = max{VA,VB,VC}
which is periodic of prime period ¢ = 1, and, hence, it is periodic of any period
T2>1.
As we indicated in the Introduction, in the special case when ABC = 0, the
proof of Theorem 1] follows from the results recently established in [6]. These
results concern the following difference equation:

P
(2.2) xnzmax{ @ }, n=20,1,...,

)
Tn—k Tn—m

and they are summarized in the following theorem.

Theorem 2.2 ([6]). Let k,m be any positive integers with k < m. Let P,Q be any
positive real numbers and let T be defined as follows:

2k when P> Q or P=Q, m = 3k,
T=1<2m when P < @,
m-+k when P=Q, m # 3k.

Then the following statements are true:

(i) There exists prime period T solutions of (Z2).
(ii) Ewery positive solution of (Z2) is eventually periodic of (not necessarily
prime) period T

The proof of Theorem 2] in the remaining case ABC > 0, will be presented in
the next section.
The following substitution

(2.3) TnTn—1 = Yn
suggested by G. Ladas, transforms (LI) into (L2). This observation is essential

for our proof, and for the reader’s convenience, we give its precise statement in the
following lemma.

Lemma 2.1. The following statements are true:
(1) If {xn}S>_5 is a positive solution of (LI), then the sequence {yn}o> _,
defined by [Z3) is a positive solution of (T2).
(i) If {yn}5>2 _, is a positive solution of (L2), then, for every a > 0, the initial
values y
k
r—1=a, Tp—1=—, k‘:—].,...,—4,
T
generate a positive solution, {x,}>2 -, of (LII) such that (Z3) holds for
every n > —4.
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The proof follows immediately by (1), (L2), and (Z3), and it will be omitted.

By Lemma [Z1] we see that Theorem 2] solves Open Problem 1 not only for
(1) but for ([T2) as well.

Before we proceed with the proof of Theorem 2.1} it will be convenient to show
that we may assume

(2.4) max{4,B,C} =1
without loss of generality. This follows immediately by the substitution z,, = z,v'D,
where D = max{A, B,C} > 0.

3. PROOF OF THEOREM [2:1]

In this section we will assume without loss of generality that max{A, B,C} = 1.
We will also need the following lemma.

Lemma 3.1. Let max{A,B,C} = 1. Let {yn}>>_, be any positive solution of

n=

(C2). Then for every n > 0 be following inequalities hold:

(3.1) A < yn,
(3'2) Byn-1 < Yn¥Yn—2,
(3.3) CYn—1Yn—3 < YnYn—2Yn—a-
Additionally, if AB > 0, then
Yn B C}
3.4 <max<1l,—,—= or every n > 2
(3.4 L <L, G for cveny
and
1 CA

. n < - == > 5.

(3.5) Yn < max{A B } for everymn > 5

Proof. The inequalities (B.1), (B.2), and (33) follow immediately from (L2), since
yn > 0 for all n > —4. Then, for every n > 2, (IL.2) implies

Yn { A B Cyn,g }
= max , ,
Yn—1 Yn—1 Yn—2 Yn—2Yn—4

and (34) follows by and (B2). For every n > 4, and inequalities
and yield
(3.6) M—max{ Yn—2 , , ¢ }gmax{—,—,g}.
Yn—1Yn—3 Yn—1Yn—3 Yn—3 Yn—4 B A" A
Therefore, for every n > 5, by (I.2)), B:4), and (B:6) we obtain
B? CA CB (C?

yngmaX{A7B’7;07F77;7};

which implies (B3] since max{A, B,C} = 1. The proof is complete. O

Proof of Theorem 2.1. With no loss of generality we assume that max{A, B,C} =
1.

(i) When T = 2, the result follows from the fact that the sequence {x,,}, defined
by xon, = @, Top—1 = % for n > —2, a > 0, is a prime period two solution of (II)).
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When T' = 8, we have B = C =1 > A, and it is easy to see that the sequence
{zy}, defined by xss = A, 5535 = xg5_5 = % for every s > 0 and x,, = 1 otherwise,
is a prime period 8 solution of (ITI).

Let T'=10. Then C = 1 > max{A, B} = F and similarly the sequence {z,}
defined by z19s = F, 210s—5 = % for every s > 0 and z,, = 1 otherwise, is a prime
period 10 solution of (L.1)).

Let T = 6. Then two different classes are possible. When B = 1 > max{A4,C} =
F, we define {x,} by xgs = F, 2gs—3 = % for s > 0 and x,, = 1 otherwise. When
A =C =1 > B, then we define {z,,} by z¢s = B, Zs—1 = Tes—5 = % for every
s > 0 and z,, = 1 otherwise. In both cases, {z,} is a prime period 6 solution of
@),

(ii) When ABC = 0 the proof follows by Theorem So we may assume that
ABC > 0 and max{A, B,C} = 1. Let {x,}>2 _, be a positive solution of ([LI).
Lemma 2T implies that the sequence {y,}22 _,, defined by y, = z,x,_1, satisfies
(L2). Let T be the positive integer defined by (21I). In each of the following five
exhaustive cases, we will prove that x,, is eventually periodic of period T.

Case A = B =C = 1. In this case, by Lemma[3.1] we have z,z,_1 = y, = 1 for
every n > 5 and the result follows, since T' = 2.

Case A =1 > BC. In this case, by Lemma B we obtain

B Yn <max{B,C} < 1= A for every n > 2.
Yn—1
Therefore, for every n > 3, (IL2) implies
Yn = max {1’ Cynflynf?y }

Yn—2Yn—4

which yields

1 C
a:nzmax{ } for n > 3.

Tn—1 , Tn—5
Then, by Theorem 2.2} x,, is eventually periodic of period T', where T' = 2 provided
C <1and T = 6 provided C = 1.
Case B =1 > A. In this case, Lemma [3.1] implies

% < Ay,—3 < max{l, CAQ} =1

Yn—1

for every n > 8, and by ([2) we obtain

_ {ynl CynflynffS }
Yn = Max , .
Yn—2  Yn—2Yn—4

Therefore, for every n > 8, we have

ts 7
Ty = Max s
Yn—3 Yn-5

and the result follows by Theorem [Z2] with T'=6 for C' < 1 and T'= 8 for C' = 1.
Case C = 1 > max{A, B}. In this case T = 10. When B > A? Lemma B
implies Ay,, <1 for every n > 5 and, moreover,

1 Yn— 1
n 1yn32 >A forn > 10.
Yn—2Yn—4 Yn—5
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Then by (IL2)) we obtain

- { Yn—1 Yn—1Yn-3 }
Yp = maxs B¥—— ————
Yn—2 Yn—2Yn—1a

B 1
%, = max , )
Tn—-3 Tp-5

Hence the result follows by Theorem 2.2
When B < AZ, for every n > 9, Lemma B.1] implies

and

1 A A
yn—4gmaX{Z7E}:§ and yn—BZA

which yields
Yn—1Yn—3 > Yn—1 B.
Yn—2Yn—4 Yn—2

Yn = max {A, ynlyn?)}

Then, by (I2)) we obtain

Yn—2Yn—4
and
A 1
Ty = mMax , for every n > 9.
Tn—1 Tp-5
Hence, by Theorem [2.2] the proof is complete. O
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