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ABSTRACT. Let Ar be an off-diagonal joining of a transformation 7. We
construct a non-typical transformation having asymmetry between limit sets
of Apn for positive and negative powers of T'. It follows from a correspondence
between subpolymorphisms and positive operators, and from the structure of
limit polynomial operators. We apply this technique to find all polynomial
operators of degree 1 in the weak closure (in the space of positive operators
on Ly) of powers of Chacon’s automorphism and its generalizations.

INTRODUCTION

In 1], D. Rudolph introduced the notion of joinings. This notion turned out to
be very fruitful (see [2]-[6]). It is known that every automorphism or endomorphism
can be characterized both as a measure on a graph of this map, i.e., a joining or,
more generally, a polymorphism [7], and as an operator on Ly. This provides a
way to study the structure of joinings by operator methods, and automorphisms
by joinings.

It is not difficult to show that limit sets for positive and negative powers of a
transformation 7" are equal in the space of all automorphisms if T is rigid. If T is
not rigid, then these sets are empty. Moreover, for rigid or mixing transformations
(see Section 1) these limit sets are also equal in the space of all linear operators on
Lo.

Nevertheless we prove (Theorem 2.4) that there exist rank-one transformations
T with different limit sets of off-diagonal joinings for positive and negative powers
of T or, in terms of operators, that the sets of limit operators are different.

We apply a new approach, via limit polynomials. This approach recently gave a
solution to an old problem of Rokhlin (see [§], [9]) (see also references [I0]—[13] about
this problem) and answered some other well-known questions. See for example [§],
which contains an answer to a question of Katok.

In Section 1 we introduce subpolymorphisms and a natural homeomorphism
between the space of such measures and a subspace of positive operators on Lo.
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Note that, for any transformation T, the space of its self-joinings lies in the space
of subpolymorphisms.

Theorem 2.1 describes all possible limit linear polynomials in T\ for powers of
transformations 7{y), where T\ are constructed in Section 1. In particular, this
implies that only one linear polynomial 1/2E + 1/2T is a limit of powers for the
classical Chacon transformation T' (see [3], [14], [15]).

In Section 3 we show that the future and the past for limit self-joinings cannot be
completely different for any automorphism. Moreover, their intersection contains
an abelian semigroup that is trivial (i.e., {u x u}) only for mixing transformations.

1. BASIC DEFINITIONS AND NOTATIONS

Let T be a transformation defined on a non-atomic standard Borel probability
space (X,F,p). A transformation and a unitary operator on Lo(u) : Tf(z) =
f(Tx) are often called automorphisms and denoted by the same symbol T. Tt is
clear that T is contained in the following space of positive operators on La(u):
LT ={U : (Uf € Ly if f € Ly) & (Ug > 0if g > 0)} equipped with the
weak operator convergence. Everywhere below the identity automorphism will be
denoted by E. The group of all automorphisms of (X, F, i), say Aut(u), becomes a
completely metrizable topological group when endowed with the weak convergence
of transformations (T,, — T iff for any measurable A we have p(T,(A)AT(A)) — 0
as n — 00). Note that this topology is a restriction of the weak operator topology
in £ to the non-closed Aut(u). Denote by C(T) the commutant of 7', i.e., the set
{§ € Aut(u) : ST =T5}.

Let v be a finite Borel measure on X x X with marginal measures, say m v and
mov, such that

(1.1) miv(A) < u(A) for any p-measurable set A.

Obviously, marginal measures are p-absolutely continuous and ||v|| = »(X x X) < 1.
The set of all such measures, say M (u), is a convex compact metrizable space with
respect to the topology determined by

i — o < pn(A X B) — po(A x B)
for any p-measurable sets A and B. Now we shall give the following definition.
Definition 1.1. Each measure from M (u) is called a subpolymorphism.

Fix T € Aut(u). The set J.(T,T) of c-self-joinings, i.e., T'x T-invariant elements
v of M(u), with [|v|| = ¢, is a closed subspace of M (u) for any ¢ € [0,1]. If T is
ergodic, then each v from J.(T,T) has cu as marginal measures. This gives that
J(T,T) = Ji(T,T) is exactly the set of well-known self-joinings. Let S € C(T). As
usual, by an off-diagonal joining Ag we mean a measure from J(T,T) completely
defined by Ags(A x B) = u(S~'A N B), where A, B are any p-measurable sets.
Denote by LJ4(T) and LJ_(T) the limit sets of Ap» in M(p) for all positive n
and negative n respectively. It is clear that LJy(T) C J(T,T). If T is mixing, then
LJ(T) consist of only one point p X p. It is well known that T is weakly mixing
iff LJ4(T) contain at least p x u. We say T is rigid if 7" — FE for some sequence
ng — OQ.

Proposition 1.2. LJ_(T) = LJ(T) for rigid T.
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Proposition 1.3. LJ,(T*) = LJ_(T) = cLJ(T), where o is the flip map (i.e.,
o(z,y) = (y,x)), and S* denotes the operator adjoint to S.

Corollary 1.4. LJ_(T) = LJ4(T) iff LJ+(T) is invariant with respect to o.

We leave simple proofs of the above statements to the reader. It seems to be
well known that the set of rigid transformations is a dense Gs-set in Aut(p) (see
[16] regarding close results in different subclasses of the set of non-singular trans-
formations). It turns out that LJ_(T) = LJ(T) for a typical transformation
T.

1.1. Construction of T{;). We consider the following “generalized” Chacon’s au-
tomorphisms. For each k > 3, let T{;) be a rank-one transformation, where each
column Cp,41 is obtained by cutting C,, into k subcolumns, say Cy (i), of equal
width, placing a spacer only on the subcolumn C,(k — 1), and then stacking the
subcolumn Cy, (i + 1) on top of Cy,(i) for 1 < i < k. It is clear that T(s) is exactly
Chacon’s automorphism. For the column C,, let h,, be its height and let d,, be the
measure of its one level, where n > 1.

1.2. Correspondence between positive operators and M (u). Consider

Lh={Uect: / U(l)du < p(A)
A

& / U*(1)dp < u(A) for any p-measurable set A}
A
with a restriction of the weak operator topology to this set. Obviously,
+ + .
L, ={UeL":U(1)<1
& U*(1) <1 for a.e. & with respect to u}.

Proposition 1.5. The natural correspondence given by

(1.2) (U f.9) = / f ® gdv,

forany f,g € La(p), defines a linear homeomorphism, say ¢, between the topological
spaces M () and L.

Note that in (1.2) f and U, f are from different spaces La(i), but we naturally
identify these spaces.

Proof. Indeed, the right part of (1.2) is a linear bounded functional for every f €
Lo(p) because

(1.3) |/f®§dV| <A liglly = 1A lmavllgllman < WS 1llglus
where ||h||; means the norm of h € Ly(l). Thus U, f € La(u) for each f € La(u).
The remaining properties of the map ¢ are obvious. O

Some properties of operators U,, were considered in [I7] due to Vershik for poly-
morphisms v, i.e., for elements of M (u) with exact equality in (1.1) for each A.

Remark 1.6. Clearly, ¢(Ar) =T, where T' € Aut(p). Also, U, commutes with T
if and only if v € Jy, (T, T).
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Note that
/ f® gdv = /X 3(y)dmyv /X f(@)duy (2) = /X 9()p2()du(y) /X f(@)duy (2),

where p2(y) is a density of mer with respect to u, and v, () is a canonical system
of conditional measures corresponding to v. Hence, changing ¢ to U, f in (1.2) and
(1.3), we get

Corollary 1.7. ﬁfj is a compact convex metrizable space. For any subpolymor-
phism v € M(u), ||Uy|| <1, and

U,(f) = pa(y) /X F(@)dvy ().

Remark 1.8. The space EI is a semigroup, and closed with respect to taking parts
of operators, i.e., if 0 <V <U and U € L}, then V € L.

Remark 1.9. Tt is readily seen that ¢(LJ(T)) and ¢(LJ_(T)) are T-invariant
closed semigroups.

2. LIMIT POLYNOMIALS
The following theorem completely determines the simplest limit polynomial.

Theorem 2.1. Let P1[x] be the set of polynomials of degree at most 1. Then
(L4 (Tiy)) NP1 [Ty = {ﬁE + HT(’“)}'

Proof. In order to prove Theorem 2.1 we need some definitions and a technical

lemma. For clarity we restrict our attention to the case k = 4. The proof for k # 4

is analogous.

Let m; — 400 as i — 4o0. Fix ¢ and choose n such that h, < m; < hpy1.
Consider the (n + 1)St column. Number its levels by 1,2, ...,4h, + 1 from the base
consequently. There exists ¢y such that the (3h,, — mi)th(modhnﬂ) level belongs
to Cp(ig) (we put i9g = 4 in the remaining case m; = 4h,). Let p; be a number
of higher levels in C,,(ig). Denote by B;(j) the set of the top p; levels of Cy(j)
and A;(j) = Cn(H)\Bi(j) (A:(4) or B;(j) can be empty). Define O; = {x € Cp41 :
T(7"4)a: € Cpyq for r = 1,2, ..., hyy1}. Tt is clear that on each level a measure of
from O; is 2/3dp41.

Define operators

Qi = XA,:(io)T(ZL)i? R; = XBi(iO)T{Z;7
Qi =x0.Qi, R;=xo,Ri.

Note that Q;, Q}, R;, R} are in El"; because they are less than T(T)"'.

Lemma 2.2.

(2.1) T('Z)"' — P, —0as i— +oo0,

where
(1) P = (4/3T ) +8/3B)Qi + (1/3T 4y + 2E +5/3T(4)) Ri, if hn < mi < 2h,.
(2) P = (1/3T 5 + 2Ty +5/3E)Qi+ (2/3T(;) +8/3E +2/3T()) R;, if 2hy, <
m; < 3hy,.
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(3) Py = (2/3T.;2 +8/3T) +2/3E)3/2Q; + (4/3T ;) + 8/3E)3/2R}, if 3h,, <
m; < hn+1

Proof. It is enough to show (2.1) on pairs of functions from some dense set in Lo (p).

Therefore we can assume that f and g are constant, say f,(j) and g,(j), on each

jth level of C,, for sufficiently large n.
Obviously, if u(D;) — 0, then xp, 7™ — 0. Thus

(2.2) ZXA T ZXB »I{ — 0.

Next we will calculate the connection between components of each sum in (2.2),
using that 77 7 f has a “regular” structure on sets A4;(j) and B;(j) and g is inde-

pendent of j. Consider the (n + 1)5t column.
1. If m; < 2h,, then ig = 2. Clearly,

hp—pi
(2'3) <XA¢(1)T(TZ;JC7 g> = dn-‘rl Z fn(l + pz)gn(l) = <Qifa g>a
. —
<XBi(1)T&l)if’ g) = dnt1 Z fa(l+pi = ha)gn(l) = <T(4)Rif7 g)
l=hp—pi+1

Here and next values of f and g can be written incorrectly on bases and tops of
A;(j) and B;(j), but this fact is not essential for the convergence of such operators.
It is clear that

Xa,mI(y — Qi — 0,
XB,;(l)T(4) —TyR; — 0.
Analogously,
Xa.3) Ty — T(Z)lQi — 0.
By construction of T{4), the function f (T{Z)x) has at most two values on each

level from B;(3), A;(4), B;(4) up to two base levels of B;(3). The first one is exactly
at z from O;, and the second one is at the remaining part of this level. Indeed, fix
some z from such a level. It is clear that N(T{}jx) = N(z) + m; (mod hpn41) for

x € O;, where N(y) means a number of the level having y. The set B;(3) starts
from the (hn41 — mi)th level. Thus {z, T4, ..., T}j2}\Cni1 # @, if z is not in
O;. Therefore N(T('Z)‘ z) = N(z)+m; —1 (mod hyt1).

Thus

BTy fr9) = XBano T30y 1> 9) + (XBianoi Ty £ 9)

h
9 n
= gdn—i-l Z fn(l +pi - hn - 1)gn(l)
l=hp—pi+2
1 hap
+ gdn-i-l Z fn(l +pi —hp— z)gn(l)
l=hp—pi+3

2 1,
=g (Bif,9) + §<T(4)1Rif, 9)-
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Hence

XB; (3) (4) (3E+3 (4))R — 0.

In the same way, we get
mi 2 1 —1
XA,‘,(4)T(4) - (gE + gT(4) )Qz — 0,

1
XB; 4T (4) (ST(4) + gE)Rz — 0.

This completes the calculation in the case 1.
2. Here ig = 1. As above, we have

a1y — (4)Qz—’0 xB:2)T(1) (3E—|—3 (4))R — 0,

XA; (3) (4) (ST(4) +3 (4))@1_’0 XB; (3) (4) (3E+3 (4))R — 0,

1

2
XAi(4)T(4) ( E+ 2 3 (4) )Qz — 0, xB, (4)T(4) (3 T(4) + gE)Rz — 0.

3

3. In this case, ig = 4, and f (T(T)’ z) has two values on each level, except for
from A;(1). Using

hn—pi

(Q4f.0) = 2duer Y Fall+p)3n(0).
=1

calculate
hn—pi 3
X T[5 f:9) = dnir Y fall+pi = 1)ga(l) = 5T Qi 9);
=1

Xa, T 1 9) = Xawwno, T35 1, 9) + (Xasano Ty fr9)
hn—Dpi

et S all 4 pi — Vgal0)

=(Qif, 9) + 3
=1

= (@if.9) + 5{T Qi 9)

For j = 2,3, we get

hn—pi
2
< (4)f7 >_ n+1 Z fn l+p1_1)gn(l)
=1
hn—pi
+ dn—i—l Z fn l+pz_2)gn(l)
=1

= (T Q. 0) + 5 (T7QU )
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As before, for any j

(X5 TE5-9) = i S Sl b~ D30

I=hn, —p7+2

+ %dn-i-l Z fn(l +pi — Iy )gn(l)

l=hn—pi+3

1,
S(TIR}f.g).

= (Rif.9) + 3

O

1. Fix P = aF + b1(4). Let T(’Z) — P for some m; — +oo. It is clear that
a,b >0, because P € ﬁfj. Choose a subsequence of m; (if necessary) such that

(2.4) Q") = Q,
R(" — R,

where Si(x"') means S; or S, for each ¢, and our choice is completely determined by
m; as in Lemma 2.2. Obviously, @, R € E*. By construction of T4,

< 2dn+1 — 0

where Di is Az (ZQ) or Az (ZQ) n Oi. Thus

(T Q™ — QT FII2 < | Tiayxp, — xp

for any f € Lo(u). Therefore () commutes with T(4y. Analogously, we have that
R commutes with T(4). Denote by P [z] the subset of P;[z] with non-negative
coefficients.

Next we will show that if P = Ez 1 Si, where S; € Lf, and S; commute
with T(y), then S; € P [T(4)]. Indeed, measures ¢~ 1S; are T4y x T(4y-invariant and
absolutely continuous with respect to the subpolymorphism ¢~ 'P = a/A g+ bAT,, -
The transformation T(4) x T(4) is ergodic for measures Ag and Ar,,. Hence every
T4y X Tgy-invariant part of the measure Ag (At ) is cAp (cAry,, ) for some ¢ > 0.
This gives ¢~'S; = a;Ap + biAr,, for some a;, b; > 0.

From Lemma 2.2 and (2.4) we have that

(2.5) P=UQ+VR,

— 0,

where (U, V) is at least one of the following pairs:
(4/3T +8/3E 1/3T) +2E + 5/3T(s),
(1/3T3 + 2T} + 5/3E 2/3T ;) + 8/3E + 2/3T(4)),

(T(4) (4) '+ E,2T (1) ! 1 4E).

In any case P contains ¢;Q and coR as parts. Thus Q, R € P} [T(4)]. Obviously,

(2.6) 1= (T71,1) — (PL,1).

This implies that P # 0. Therefore equality (2.5) is possible only when P =
(4/3T, ' +8/3E)cT|4). It remains to mention, using (2.6), that ¢ = 1/4.
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2. The proof that 1/3E + 2/3T(4) € ¢(LJ4(T(4))) is almost obvious. Namely,
consider m; = h,. We obtain ig = 2,p; = 0, R; = 0. Thus (2.3) gives
i d 1
(Qif,9) =dni1 Y faD)gn(l) = FnDgn(l) = (£, 9)-
=1

This implies that

1 2
(Pif,g) = <(§T(4)1 + gE)ﬁ g)
Thus Theorem 2.1 follows from Lemma 2.2 and Remark 1.9. O

Remark 2.3. By the same argument as in [3], it is not difficult to show that Ty
have minimal self-joinings. Then @, R can be written in the following form:

a / + Z ajT(jk)7
j
where [ is the orthogonal projection onto the space of constants, and 0 < a, 0 < a;.
This gives that the first part of Theorem 2.1 also follows directly from (2.5).
Our main result is the following.
Theorem 2.4. LJ(T(x)) # LJ_(T(y)) for k > 3.
Proof. Indeed, it is clear that
O(LIL(T")) = {U} : v € LI (T)}.

Therefore, using Proposition 1.3, Remark 1.9, and Theorem 2.1, we have

k—2 1
P(LJ-(T(xy)) N P1[T ()] = {mE + ET(’“)}’

and Theorem 2.4 is proved. (]
3. CLOSING REMARKS
Proposition 3.1. For any T € Aut(u)
LI (T)NLJ_(T) # 0.
This is an immediate consequence of the next proposition.
Proposition 3.2.
(3.1) G(LJ4 (1)) N G(LI_(T)) 2 {T3 T : Ty € $(LIL(T))}.
and
{T T_ : Ty € o(LJL(T))} = {/} < T'is mizing,
where [ is defined as in Remark 2.3.

Proof. Fix Ty € ¢(LJ+(T)), and n;, k; — +oo such that T* — T, T~ — T_.
Consider also a dense set of functions from Lo(u), say f;. For each ¢ > 0 and
m € N, choose i such that

|<T7nifl1)T—T-fl2> - <T7fl17T-T-fl2>| <k¢,
for all I1,1lo < m. Finally choose j = j(i) such that k;;) —n; > m and

(TROT™ fi, fi) = (T T~ fuy, fu)| <€,
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for all I1,lo < m . Thus
|<Tkj(i)_nifl1afl2> - <T_fll’T<T»fl2>| < 2e.

Therefore T%i» =" — T, T_, where kj@y — ni — +oo.

Operators Ty and T_ belong to the von Neumann algebra generated by 7. Thus
T,T_ = T_T,. This implies that arguing as above, we see that T~ "k
T, T_, where —nj ;) + k; — —oo.

The second part of the proof is more or less standard. Indeed, if T' is not mixing,
then there exists Ty from ¢(LJ4(T))\{[}. Thus T = T} € ¢(LJ_(T))\{[}.
Next for S*S = [, where S € ¢(J(T,T)), we have

/fdﬂzo:><5f,5f>:<5*5f,f>:</f,f>:0.

This means that Sf = 0, and finally S = [. Therefore the operator T, T =
T-Ty =T;T, is not [. O

C—

Remark 3.3. Obviously, in (3.1) we have an exact equality if T is rigid or mixing.
However, taking into account Remark 2.3, the operator 1/2E + 1/2T cannot be
represented as Ty T for Chacon’s transformation 7. This yields that, in general,
the left part of (3.1) is different from the right part.
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