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ABSTRACT. We prove that for integers ¢ > 1,m > 1 and positive rationals
71,72, ,Tm £ q7,§ = 1,2, , the series

[e3]

q—j
jz::l (1 - q—jrl) (1 - q_jTg) . (1 _ q—jrm)

is irrational. Furthermore, if all the positive rationals r1,7r2,--- ,rn, are less
than ¢, then the series
Jittim+l _ ]
g1 gm=01

is also irrational.

1. INTRODUCTION AND RESULTS
The main result of this paper is the following theorem:

Theorem 1.1. If q is an integer greater than one, m is a positive integer, and
T1,T2, "+ ,Tm are any positive rationals such that ri,ra, -+ ;rm ¢, j=1,2,--+ |

then the series
o0

g
; (1 =g¢77r) (1 =g 77r2)--- (1 =g Irm)
is irrational. Furthermore, if all the positive rationals r1,79, -+, are less than
q, then the series
o0 7"{1 e Tgnm
) Z gt timtl
Ji,dm=0

s also irrational.

This generalizes the irrationality results of the single variable case proved in
Borwein [3|, Erdés [0], and Erdés and Graham [7]. The approach is via Padé
approximants. These provide, when appropriately specialized, rational approxima-
tions that are “too good” to allow for rationality. These methods are also used in
Borwein and Zhou [4], Mahler [9], Chudnovsky and Chudnovsky [5], Wallisser [10],
and Zhou and Lubinsky [11]. Unfortunately the methods are not sufficiently general
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1990 PETER B. BORWEIN AND PING ZHOU

to allow a unified treatment and each new class of functions requires considerable
additional work.

As in [4] we use the standard ¢ analogues of factorials and binomial coefficients.
The g—factorial is

. A=a)( =g (1—q)
(1.1) [nlg! == [n]! == Ao ,
where [0],! := 1. The g—binomial coefficient is
nl  [n] [n]!
- b, b -
As
¢ —1=(¢-1)(¢ " +q P+ +1), i>1,

we have
(1.3) lim[nly! =n! and  lm m = (Z)
Note that (see Borwein [3])
(1.4) [n]yor1 = g /2[)
(1) IR
(16) L™ - a7 = (~1ykq Dm0 020 — g1 — g

h=0

h#k

and (see Gasper and Rahman [§]) for |t| < ¢~ ™,

1 = [n+1
1. . — g A n(n+1)/2 I
(1.7) =0 (-1)""q ;) |t

We prove some properties of approximants to a related function in section 2, and
use those properties to prove Theorem 1.1 in section 3.

2. SOME RESULTS ON A RELATED FUNCTION

Let ¢ > 1, |z1|,- -, |xm| < ¢, and integer m > 1, and let
ad J1 Gm
* L xl . ..x
(2.1) Li(wy,yam) = ) prES e —
Ji,im=0

For m =1, and |z| < 1,

o0

;%wmww—mQth
=
>
=d Tl
1
= —In(1-
—In(1 - 2)
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CERTAIN MULTIVARIATE ¢q SERIES 1991

So we call L*(x1,- - ,2n,) a multivariate ¢ analogue of log. Now for k > 1 integer
and |x1], -+, |xm| < ¢, as
0 —(Jrttim) 21 L pdm
s —1 -1 _ q ! Tm
L (q T1, - ,(q l‘m) - Z qjl+"'+jm+1 1
Ji,dm=0
_ Z (1 _ qJ1+ +Him+1 4 qj1+ +Jm+1)x111 .. ,xiﬁl
Jittim (giittim+1l
Ji,dm=0 @ (q ' 1)
N gai' - aly N
- Z ghttimtl 1 Z gt tim
JiysJm=0 Ji,,dm=0
L ) :
= dq T, ", T - )
A =gta) (- g )
we have
k k—j
) ) m - ) ) m y y
= (]_ — q*]xl) e (]_ — q*]xm)
(22) = :qu*(xla"' ,J)m,)—Sk(l‘l,"' 7xm)7
where
k k—j
q
2.3 Si(x1, - Tm) = - - .
(23) ( m) ;(1—Q*J5E1)...(1—q*ﬂ£m)
From (2.2), we have
k q,j
L*(z1,- ,xm) =q "L (¢ *z1, -, ¢ "zm) + . .
( ) ) m) ( ) ) m) ]z::l (1_q_]m1).”(1_q_]xm/)a
and then
(e sam) = Jim g g e g )
k q_j
+ lim - -
k—mx;jz:; (]_ — q*]xl) - (]_ — q*]xm)
2.4 = . . i
( ) ;(1_(]*31;1)(1_(]*];5”74)
Now let ¢ > 1, 21, ,Zm # ¢, j=1,2,---, and integer m > 1, and let
2.5 L(x1, - ,xm) = - - .
( ) ( m) ;(1—Q*J5E1)...(1—q*ﬂ£m)
Then L(z1,- - ,xy) is an extension of L*(z1,- -+ , o), i.e.
(26) L(xlv T 7xm) = L*(xlv T axm)a for |£L‘1| PR |(Em| <gq.
It is easy to see that we also have the following functional equation for L(z1, - -, Zm):
(2.7) Lg%, q o) = " L(z1, -+, 2m) — Sk(@1, -+, 2m),
where k£ > 1 is an integer and Sy (z1, -+, 2y) is defined by (2.3). Now we prove
some properties of the function L(xy, -, xm,).
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1992 PETER B. BORWEIN AND PING ZHOU

Theorem 2.1. Let n > 0 be an integer, and let L(x1, -+ ,&m), Sk(x1, -+ ,Tm) be

defined by (2.5) and (2.3) respectively. Let

(28) Ru(er, - ) = [[ (1= q721) - (1~ g 72,))

j=1
and
Rn sy dm L(t a"'atmdt
Q) Ty 2t [ S
2mi r (ITg—o(t —q7 %)) t"
where T is a circular contour containing 0,q~",--- ,q", and let
(2.10)
n(n+1)/2 "
_ 4 n—k || nk+k(k+1)/2
Q(l‘l7-.-,l‘ = (—1 |::|q R L1, , & ,
)= gy 2 nl m)
A k|| nktk(ke1)/2
(2.11 Pz, opm) i= ————— » (=1)" g R/
) )= g 2V
Rn(x17 ;xm Sk($17 ;xm)
Rn(xla axm) d" {L(txlv 7txm)}
n! U Mot —a") oo
Then
(i)
(212) I(xlv 7xm):Q(x1a 7xm)L(x1a o axm)+P(x17"' axm)a
(ii)
n
(213) q(m_l)n(n+1)/2 H(qj - 1) Q(‘xl; e axm) S Z[qwxh e axm]7
j=1
where Z[q, 1, ,Tm] s the set of polynomials in q,x1,- - , Tm with integer coef-
ficients;
(iil)
n+1
(214) q(m_l)n(n+1)/2 H(q] - 1) P(J?l, e axm) S Z[qa T, 7xm]7
j=1
(iv) for n € N fized, and 0 < |z1|,--- ,|zm| < g,
Cq
(2.15) |I(x1,---,xm)|§m7
where cq is a constant depending only on g, m, and 1, , Tm.
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CERTAIN MULTIVARIATE ¢q SERIES 1993

Proof of Theorem 2.1. Proof of (i). We can see that the integrand in (2.9) has

simple poles at t = ¢°,¢~1,---,¢~ ™, and a pole of order n + 1 at ¢t = 0, inside the
contour I'. By the residue theorem and the functional equation (2.7), and (1.6), we
have
Ry(z1, - ,xm) / L(txy, - ,taxy,)dt
I =
) = T e Mot — g P i
n L(g k2, - ¢ %z,
:Rn(xla"'axm)z (q X, ,q 7T )
_g-h —k(n+1)
o (Mgt =) a
+Rn(x17"';xm)d_n{ (txla"'7txm)}
n! dt" | [Tizot —a7%) J12o
n(nt1)/2 R "
q n (71, ; Tm) n—k [n] nk+k(k+1)/2 k
= -1 q q L T1," " ,T
n(n+1)/2R T n X ,
_ ) +k(k+1)/2
T 2 (-0 ML Skl m)

] =
R(x1,-- ,x )d_ (ta:l, o tEy)
" n! dtm { [Ti—o(t —a7%) }
=Qx1, - ,&m)L(z1, ) + Py, - ,J;m).

Proof of (ii). As [}%] is a polynomial in ¢ with integer coefficients, and
n

H ((1 —q7z)-(1— q_jxm))

j=1

(2.16) = ¢RI =20 (@ = am),

=
£
IS
3

I

we have (2.13).

Proof of (iii). From (2.3) and (2.8), for 1 < k <n,

(I—g 1) -1 —q 7 zm)),

k
Rn(xlv"' ;xm)sk(mla"' ;xm) = Z

|E:

h=1 =
TZh
so from (2.16),
(2.17) ¢TIV R (g ) Sk(T1, ) € Zlq, 1, s T
Now for t < ¢~¢, where £ > 0 is an integer such that ‘q_émi| <gq,foralli=1,--- m,

° J1 Jmm i1+ im
(218)  Litero tan) = L(tor, o sta) = 3 O P e
J1y s Im=
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1994 PETER B. BORWEIN AND PING ZHOU
then from (1.7) and (2.18), for ¢ < min{q™", ¢~ *},

Ll 80m) vt e 2 i 1) @l - g it tin
[Tr—o(t—q7%) S g —

jly...’j,’"’l:
So
1d" [L(twy, - twn,)
ntdt® | TTr_o(t—q7%) o
J1 Gm
_ _1\n+1 n(n+1)/2 n+1 G )
(219) = (=1)"q ) { I | gntFim+t _ 1

Jittimtl=n
0<g1,+ 3 Jm,l<n

and (2.14) follows from (2.11), (2.17) and (2.19).

Proof of (iv). For R > 1 and I' := {2 : |2| = R}, we have from (2.9),

I(z1, -, 2m)|] < R- |Rn(x1,- -+, @) max)y =g |L(tz1, - - tzy)|
? ym =~ - oy
R [ Tpo (R = lal )
(2.20) fq maxj¢|=r |L(tl‘1, T 7txm)|
- R [[omo(R—q7F)

Now for 0 < |z1|, -, |zm| < g,

n . .

|Rn(x1, - Tm)| = H |(1 —q ) (1 - qﬂxm”

j=1

(2.21) < Tla+a9)m:=f,

<
Il
o

where f, is a constant depending only on ¢ and m.
Let R=¢™". As

max |1 — jtxz >max1— 2l > 1 = mn—j+1
11— g7 ta] x |1 = g7 [t il = [1 - :

[tI=R
for1<i<m, j=1,2,---,and
j i iy > Lo
¢ —1=¢ (1-q¢7) 250,
as ¢ is an integer greater than 1, then
(2.22) ln‘lax |L(tzq, - txm,)|
o —j
< max - q -
t=R = (1 =g 7z1t) - (1 — g Ixmt)
mn._j—mn—1 —mn—1 > —j—mn—1
i “ e
(-1 (I—az1/q)- (1 —zm/q) = (=g
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CERTAIN MULTIVARIATE ¢q SERIES 1995

mn—1

< q—mn—l ~ 2" 4 1 +L(1,---,1)
= gt (L=m/q)- (L= 2m/q)
1
S q—mn—1(2m+ +L17a1>
T=arja) (A —anfg) T
= Cqumn’

where C7 := 2™q + (1_x1/q),?(1_xm/q) +4qL(1,---,1) is a constant depending only

on g,m, and X1, -+ , Tymy. Now
n n
R" H(R _ qfk) _ R2n+1 H(l _ qfnfk)
k=0 k=0
[ee]
> R [-q7)
§=0
(223) 2 Cqun(Qn—i-l),

where Cs := H;’;O(l —q77) is a constant depending only on ¢. Putting (2.22) and
(2.23) into (2.20), we have

|I(l‘1, e ,$m)| S qu_an(n+1)7

where
Cq = qu1/01.

This completes the proof of Theorem 2.1.

3. PROOF OF THEOREM 1.1

We first prove that for 0 < x1, -+ , 2., < ¢, and ¢ > 1,

(3'1) |I({E1,~'~ 7xm)| #07

where I(x1,---,%n) is defined by (2.9). Note that if we choose the contour in
(29) tobeI' = {z € C: |z|] = 1+ €}, where ¢ > 0 is small enough such that
0< [tz1], -, |txm| < g, for t €T, then

L(txy,- -+ ,tey) = L (txy, -+ ,tey), t€T.

Now

n

Ro(x1, &) = H ((1 —q77x)---(1 —q*jxm)) >0
j=1
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1996 PETER B. BORWEIN AND PING ZHOU

for0 < xy, -,z < g, and

Ro(x1, -+ ,xm) / L(txy, - ,tey,)dt
2mi r 1272 (T (1 = 1/(q%t))

- Rn(l‘l,--- 7xm) L(tl‘l, ,tl?m) n 1 Gk
B 2me /1“ 12n+2 Z H % dt

Jo, 5 jn>0 k=0

I(xl’...vxm):

g 1 1
= e = Yk—okik . _—_ - -
= Rn(xla 7xm) Z q k=0 JK 271i /I‘{t2n+2+(jo+"'jn)
Jo, 5, in >0
. Z xtll 4. . J?Z;;{l"t“—i_ +im }dt
) ‘ ghrttimt+l ]
(3.2) i1, i =0
:Rn(xla"' 7xm) Z q—2}2=0kjk
Jo, e ,in>0
it — (2njo - jn +2)=—1
o . xil N xim
=Ry(z1,  ,Tm) Z q Zk:ok]km
i1+ t+im=2n+jo+jn+1
qquad;jo, - ,jn =0
> 0,
as 1, - ,&m >0, ¢ > 1, and as infinitely many terms above are positive, so (3.1)
holds.

Now let r1, 79, -+, ry, be any fixed positive rational numbers such that r1,ro, - -,
rm # ¢ for all j = 1,2,---. From (2.7), we can see that the irrationality of
L(ri,m2,+++ ,7m) is equivalent to the irrationality of L(g=*ry,q Fra, -+, ¢ *ry)
for any integer k > 1, so we can assume that 0 < ry,79, -+, 7, < ¢, and then

>0 J1 Jm
7"1 ... 7" Y
L(ri,ra, o irm) = ) prrE e R
Ji,sJm=0
Now let
n+1
(33) i, (q) = =002 | T (o7 = 1)
j=1
Then
(3.4) 0 < |Hpn(q)| < gtmrt2 /2
and
(3'5) Hm,n(q) ' {Q(rh T arm)a P(Tlv T ,’I“m)} - Z[qa L P ,Tm].
Now as
Amvn = |Hm,n(q)Q(T1,' o 77"m)L(T1,- o ,Tm,) +Hm,,n(q)P(’l"1,- o ;rm,)|
= [Humal@)| (1, m)
(3.6) > 0,
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CERTAIN MULTIVARIATE ¢q SERIES 1997

and from (2.15) and (3.3), we have

(mn+2)(n+1)/2 Cq
Am}n < gq qun(n-l-l)
_ Cq
o q3mn(n+1)/2—1
(3.7) < qi‘iﬂ :
Finally, if
il i2 Z'm
38 = — = — m:: —,
( ) 1 ll , T2 l2 ; y T lm
with 41, 4, and I, - - - , [, positive integers, then
(3.9) Q (ri ) = (1) Hinn (0)Q(r1, -+ )
and
(3.10) Pr(ry, - rm) = (I - 'ZM)Qn Hpnn(@)P (11, 5 7m)

are integers, and by (3.6) to (3.10),

0 < |Q*(7“1,'~',T’m)L(Tl,'H,Tm)+P*(T1,~-~,7"m)|
2
= (ll tet lm) " |Hm,n(Q)| |Q(Tla co ,’I“m)L(Tl, co ,’I“m) + P(Tlv te 7rm)|
2 C
< (b )
which tends to zero as n — co. This shows that L(rq,- - , 7, ) is irrational, that is,
0 r{l . rgnm
Ji, 5 Jm=0
is irrational for ¢ > 1 integer, r1, 73, - -+ , 7y, positive rationals less than ¢ and integer
m > 1, and
U =gir) (A =gIra) - (L= g rm)
is irrational for ¢ > 1 integer, 1,73, , Ty, positive rationals such that r1,7rg, -,
rm # ¢ forall j =1,2,--- and integer m > 1.

This completes the proof of Theorem 1.1.

Now by the standard methods (as in chapter 11 of Borwein and Borwein [I]),
the estimates in the proof of Theorem 1.1 gives that, under the assumption of the
theorem,

s 1
‘L(le" s Tm) — T
for some constant « and all integers s and ¢, and hence

0 r{l e rgnm
Z girt o timtl —
Ji,dm=0

is not a Liouville number.
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