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ABSTRACT. Let —A be the generator of a symmetric submarkovian semigroup
in La(€2). In this note we show that on L,(2),1 < p < oo, the operator A
admits a bounded H®° functional calculus on the sector £(¢) = {z € C\ {0} :
larg z| < ¢} for each ¢ > b5 with
lp— 2|

2p—Ip—2|"

This improves a result due to M. Cowling. We apply our result to obtain
maximal regularity for parabolic equations and evolutionary integral equations.
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1. INTRODUCTION AND MAIN RESULT

Let (€, 1) be a measure space. We call a linear operator A in Ly(Q2) a submarko-

vian generator if A is selfadjoint, A > 0 and the semigroup (e ~*4);>¢ generated by
— A satisfies

(1.1) e7Mf>0 forall f>0,fe L),

(1.2) e flloo < Iflloc for all f € La(€2) N Loo(9).

Under these assumptions the submarkovian semigroup (e’tA)tZO acts as a contrac-
tion semigroup in all L,(€2)-spaces, 1 < p < oco. It is strongly continuous for
1 < p < oo and weak*-continuous for p = co. We denote its generator by —A,.

If ¢ € (0,7), the open sector {z € C\ {0} : |argz| < ¢} is denoted by 3(¢). By
Stein’s interpolation theorem the semigroup (e *4»),>q extends in L,(Q), 1 < p <

00, to a bounded analytic semigroup on the sector X(p,) where pj, := (3 — % 1.
In particular, for p € (1,00) \ {2}, the spectrum o(A,) of A, is contained in the
sector ¥(py) where py = 5 — p, = 7r|% -1

By means of transference and Stein interpolation, M. Cowling showed ([2]) that
m(A), originally defined on Lo(f2) via the spectral theorem, acts as a bounded
operator on L,(€) whenever m has a bounded analytic extension to a sector ¥(¢)
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with ¢ > p7. In addition the following estimate holds:
[m(A) flly < Cp.gllmllce sl f € L2(R) N Ly(€2).

In other words this multiplier theorem means that A, has a bounded H°°-calculus
on each sector %(¢) with ¢ > pr. For these results, hypothesis (@I) is not needed.
It is sufficient that —A generates a symmetric contraction semigroup. Then each
operator e~ *4r is dominated by a positive contraction.

On the other hand, Liskevich and Perelmuter ([10]) showed that for submarko-
vian generators A the corresponding semigroup (e~*47);>q extends in L,(Q), 1 <
p < 00, to a bounded semigroup of contractions on the sector X(6,) and is analytic
in ¥(6,) with 6, := arccos |% — 1|. Hence

(1.3) o(A,) € 2(63)

where 0 := 5 — 0, = arcsin|% — 1]. Observe that 0 < py for p € (1,00) \ {2}.
In this note we show that, for submarkovian generators, the H>-angle p; in

Cowling’s result can also be improved. We shall establish the following.

1.1. Theorem. Let A be a submarkovian generator. Then, for 1 <p < oo, A, has
a bounded H-calculus on every sector ¥:(¢) with ¢ > 1, where
1 1 1
TN iy Y R in (s
vj = 3l = 5l (1= |5 = g avesin
i.e. whenever m has a bounded analytic extension to a sector X(¢) with ¢ > 1y,
then m(A) acts as a bounded operator on Ly(2) with

[m(A)fllp < Cppllmllco sl fllp: F & La() O Ly(S2).

Besides the result in [10] and a variant of Stein’s interpolation theorem our proof
uses the concept of Z-boundedness and a recent result due to Kalton and Weis ([7]).

1.2. Remark. (a) For p € (1,00) \ {2} one has 07 < 15 < p;. In the class of
submarkovian generators the angle 6 is optimal with respect to (T3, equality
occurs even for Neumann-Laplacians on open subsets of R? ([§]). Hence the optimal
angle for a bounded H*-calculus in the class of submarkovian generators is > 6.

(b) In [6] it is shown that the Ornstein-Uhlenbeck operator A, has a bounded
H®-calculus in L,(y) (v is the Gauss measure on R¢) on every sector %(¢) with
¢ > 05 and that the angle 67 is optimal. It is remarkable that o(A,) = No,
1 < p < co. The proof in [6] relies heavily on properties of the special operator in
question and gives no hint for the general case of a submarkovian generator.

(c) If (e7*4);>0 is a semigroup of integral operators whose kernels satisfy Gauss-
ian bounds, then, for 1 < p < oo, A, has a bounded H*°-calculus on every sector

() with ¢ > 0 ([]).

This paper is organized as follows. In Section 2 we collect the tools we need
for the proof of our main result, among them a recent result (Theorem 24) about
the connection between operators with a bounded H°°-calculus and those with the
so-called property of “maximal L,-regularity”. Due to this result our proof will be
considerably simplified, since we can restrict ourselves to the verification of certain
square function estimates. Section 3 is devoted to the proof of Theorem [T} In
the last section we present two applications of our result to maximal regularity
problems of parabolic evolution equations and evolutionary integral equations.
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2. PRELIMINARY MATERIAL AND NOTATIONS

In this section we collect notations and definitions we shall use and we cite some
theorems that will be needed in the next section where we prove Theorem [T.1]

For arbitrary Banach spaces X, Y we denote by #(X,Y) (resp. (X)) the
space of all bounded linear operators T : X — Y (T : X — X). A major role in
the proof of Theorem is played by the concept of Z-boundedness.

A set T C AB(X) is called Z-bounded if there exists a constant C' > 0, such that
for all T1,T5,..., T, € T, x1,29,...,2, € X and all n € N|

1 n 1 n
(2.1) / 1Y er(®) Ty dt < c/ 1Y~ ent)a| dt,
0 k=1 0 k=1

where (e4)72  is a fixed sequence of independent symmetric {—1, 1}-valued random
variables on [0,1], e.g. the Rademacher functions ex(t) := sign (sin(2*nt)). The
smallest constant C' such that (2]) holds is denoted by Z(T). Obviously, every
Z-bounded subset of #(X) is bounded, but the converse is only true in Hilbert

spaces (cf. (Z:2)) below).

If $ € (0,%) and (e’ZA)ZeE(@ is a bounded analytic semigroup on X with
generator —A, then this semigroup is called Z-analytic if there exists a § € (0, ¢)
such that

R({e 4 2 € %(6)}) < 0.

This condition is equivalent to
B{z(z+ Az e 2(g +0)}) < oo

(see Theorem 4.2 in [I3]). For such semigroups the Z-analyticity angle wg(A) is
defined by

we(A) == inf{p € (0, g) to(A) C S(p), Z{z(z+ A" 1 2 €%,_,}) < oo}

This should be seen in analogy to the analyticity angle w,(A), which is given by

we(A) == inf{p € (0, g) 0(A) C X(p), sup{flz(z+ A) 7Yz € Tpp} < 00}
For negative generators A of #Z-analytic semigroups one has the relation w, (A4) <
we(A). The Z-analyticity of submarkovian semigroups in L,(€2), 1 < p < oo, fol-
lows e.g. from the property of maximal L ,-regularity of its submarkovian generator
([9]). For details we refer to [13].

In L,(Q), 1 < p < oo, the Khintchine-Kahane inequalities imply that a set
T C B(Lp(Q)) with 1 < p < 00 is Z-bounded if and only if there exists a constant
C > 0, such that for all Ty, T%,...,T, € T, 21,2, ..., 2, € Lp(Q) and all n € N,

n 1/2 n 1/2
SR (ERO R [y
k=1 P k=1

This motivated the following definition ([I4]): For p,q € [1,00] aset T C AB(L,(Q2))
is called Z,4-bounded if there exists a constant C' > 0, such that for all 71, T5, ..., T,

L Ly
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€T, x1,%2,...,%, € Lp(Q) and all n € N,

n 1/q n 1/q
H<Z|Tkxk|q> <C H(Z |a:k|q> if ¢ € [1, 00),
k=1 Ly k=1 Ly
n n .
sup |Trxi||| < C ||sup |zl if ¢ = o0.
k=1 Ly k=1 L,

2.1. Remark. (a) By Fubini’s theorem bounded sets in (L, ()) are Zp-bounded
and vice versa.

(b) For p,q € (1,00) a set T C B(L,(N)) is Z4-bounded if and only if the set
T ={T":T €T} C B(Lp(Q)) is #Zy-bounded with 1 = %—I— 1% = % + %. For
details see [14].
2.2. Remark. If A is a submarkovian generator, then the following holds:

(a) The set {e 42 : z € X(7/2)} is Zo-bounded in Lo(L2).

(b) The set {e=*4» : 2 € ()}, 1 < p < o0, is #Z,-bounded in L,(Q).

(c) For p € (1,00) the set {T'(t) : t > 0} C B(L,(2)) with

1 t
T(t) = —/ e v ds
tJo

1S X o-bounded.

Property (a) is clear from the definition, (b) is due to Liskevich and Perelmuter
([10]), and (c) is due to Stein. A proof can be found e.g. in [5] Theorem 5.4.3.

We shall use the concept of Z,;-boundedness since it admits the application of
the following variant of Stein’s interpolation theorem which is due to Weis ([14]).
Put X(6p,01) :={z € C\ {0} : 6y < argz < 61} and X, = L,(Q),p € [1,00].

2.3. Theorem. Let N : 3(0p,01) — #(X1 N X0, X1 + Xoo) be an operator-valued
function such that for all x € X1 N X the function A — NNz € X7 + X is
continuous and bounded in ¥(0y,01) and analytic in X(00,01). Assume moreover
that for po,p1,q0,q1 € [1,00] and j = 0,1 the set
{N(te"):t >0} C B(Xp,)

is Hq,-bounded. Then for every a € (0,1) and

1 1 1 1 1 1

0= (1—a)by+ abh, -—=1l-a)—+a—, -=1l-a)—+a—,

p Do D1 q do a1
the set {N(te??) : t > 0} C B(X,) is By-bounded.

We now sketch the construction of a bounded H°-calculus as given in [3] but
we restrict ourselves to negative generators of bounded analytic semigroups. For
0 < p < 7 define the following sets of functions:

H*>®(3(u)) = {m:%(u) — C|m is bounded and analytic in X(u)};

V(E(n) = {peHX(S(W)|3e,s > 0¥z € D(u) : [(2)] < clz*/(1+]2[*)}.
If A is injective and has dense range in X and —A generates a bounded analytic
semigroup, then fix w,(A4) < 6 < pu < w. For arbitrary ¢ € U(X(p)) define the
operator ¢¥(A) by

1 —
(2.3) P(A) = — [ P(2)(z—A)dz.
Ty

211
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Here the contour I'y : R — C has the representation t € R — [t|e~Sign(®)# By
assumption the definition of ¢(A) makes sense and (A) € ZB(X) since the integral
converges absolutely. Moreover 1)(A) is independent of §. The operator A is said to
have a (bounded) H-calculus if there exist constants p € (w,(A),7),C > 0 such
that

[W(A)zx) < Clldlloos@w — forall ¥ € ¥(S(p)).
An approximation procedure then allows us to extend the functional calculus to all
of H*®(X(u)). For details we refer to [3]. The H>-angle wy(A) of A is defined
by
wie(A) :=inf{p € (ws(A),7) : A has a H>-calculus on 3(p)}.

We shall use the following theorem which is a special case of a recent result due to
Kalton and Weis (Theorem 5.3 in [7]).

2.4. Theorem. Let A be an injective operator in L,(2),1 < p < oo, with dense
range. If A has a bounded H*-calculus, then wg(A) = whe (A).

Now for submarkovian generators A which are injective and have dense range,
Cowling’s result enables us to apply Theorem 24 in L,(Q2), 1 < p < oo. For
the proof of Theorem [Tl we thus only have to control the angle wz(A,) which
corresponds to the control of

sup{¢ € (0, g) : {e7*4 : Jargz| < 0} is Za-bounded in B(L,(Q))}

by the considerations above. This is the subject of the next section.

3. ProOF oF THEOREM [L.1]

Let A be a submarkovian generator with semigroup (e~*47),>¢ acting on L, (1),
p € [1,00]. Let us first assume that A, is injective and has dense range in L, (),
€ (1,00). Now define D C R? as the set of all triples (%, %, 0) € [0,1]x[0, 1] x[0, F]

*tAP)tZO has a bounded and continuous extension to the

such that the semigroup (e
sector X(6), is analytic in X(0) and the set {T'(z) : z € X(0)} C B(Lp(Q)) is

Hq-bounded. Here the operator-valued function 7" is defined by

, | L—
T(te“ﬁ) = Z/ 6_(6 )4 d87 t> 07 |<‘0| S 0.
0

An application of Theorem shows that D is convex. Hence D is also convex,
and the symmetry of submarkovian generators yields that

11 — 1 1 —
-, —,0)eD = (—,—,0)e D,
(p q ) (p’ q )
i.e., D is invariant under the transformation S(z,y,6) := (1 —x,1 — y,0). The
optimal angle of %Zs-boundedness for T in L,(€2), 1 < p < o0, is then given by
by i=sup{0: (-, 5,0) € Dy =max{6: (5, 2,0) € D)
= (=, = =max{f: (-, = .
D sup p ) 2 B a. p ) 2 B
It is clear that ¢, < 6, since, in L,(£2), Z2-boundedness implies Z,-boundedness.
By definition and Remark[ZZ(a) we know that (3, 3, %) € D and that (Il), %, 0) e
D for all 1 <p < co. In addition Remark 221 (b) and (c) state that (%, L.,0eD
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for all 1 < p < oo and (%71—1))
117

M::{(E,E,E)}U{(%,é,m:1<p<oo}U{(%,%,9p):1<p<oo}

0p) € D for 1 < p < oco. Setting

and letting E denote the closed convex hull of M U S(M) it is clear that E C D.
By convexity we have

1 1 11

(,7,Wmin(}—j,]7))€E forall 1 <p < .
Now if we set L1

U= max{0: (1,30 € BY, 1<p<os

Theorem implies that, in L,(€2), 1 < p < oo,
RUT() 2 € S(@)D) <00 (0< 9 < by
By [13] Corollary 4.4 and its proof] this implies
({7 1 zeX(p)}) <o (0< @ <thy,1<p<oo).

An application of Theorem [2.4] now yields the desired relation wge(A4,) < i
1 <p<oo.

Let us calculate v,. By symmetry we have 1, = 1, and so we can restrict
ourselves to the case 1 < p < 2. For those p, convexity of F yields

1 2
1, = max{Ar(1l — a) +(1=X arccos(; —1):1<rq¢g<2,X€][0,1],

1 1 11 1 1
—=A—4+(1=-XN—-,==X1-- 1-X)-}
L= AL N = AL O+ (1N
We fix xg = ]—1) € (%, 1), define y := %,z = %,u = ]—1) — % and introduce the variable
uvia 2y —1= (4 — )" Then
Iz u—f 1 14
1-x=L = 2% —1=u, Ml—y)=-(1—p) — .
£ H eei=u A1y =50-p)- 2
The given restriction % <y< 1,% < z <1 is equivalent to ﬁ < <1. Hence
Yy = max{%(l —u)+ %(arccosu — g) : %ﬂ <u<1}
— 0
:g(l_u)+u.max{arccosuuarccos :15M§U§1}-

Since the Arcuscosine-function is concave on [0, 1], the difference quotient u +—
(arccosu — arccos0)/u is decreasing and therefore

1—
wp:g(l—u)—i—u 'u(arccos(lﬁu)—g)z(1—,u)arccos(1ﬁu).
Recalling 1 = 29 — 1/2 = 1/p — 1/2 we have proved that
3 1 2 —
wpz(i—];)arccos(gp_g), for1 <p<2.
Then ¢, =1, and p = |1/p — 1/2] yield
1 1 )
=(z+- f 2
Up (2—|—p)arccos(p+2), or p >

which ends the calculation of .
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If A is not injective or does not have dense range we argue with the operator
A(ey == A+el, e > 0, in place of A. The assumptions made on A and the arguments
in our proof then imply a uniform estimate (w; <p <)

Im(A)llzir,) < Cpullmllo,sm for all m € H*(X(p)) and all € > 0.

An application of Corollary 2.3 in [6] now concludes the proof for general submarko-
vian generators.

4. APPLICATIONS TO MAXIMAL REGULARITY

We indicate in this section how the improvement of the H°°-angle, i.e. the
improvemant of the #Z-sectoriality angle in Theorem [T, may be applied to obtain
maximal regularity for parabolic equations or evolutionary integral equations. For
reasons of simplicity we assume in this section that A is a submarkovian generator
with semigroups (e*4#);>0 in L,(Q) and 0 ¢ o(A4,), 1 < p < oo.

(a) Parabolic evolution equations. We fix p € (1,00) \ {2}. For operators
satisfying the above assumptions one can define the fractional powers Ap, a>0
(see [I1]). It is known that —Af$ is the generator of an analytic semigroup for
a € (0, 55w). Observe that, by Remark [2(a) and the spectral mapping theorem,
this rangepof « is optimal, even for Neumann Laplacians.

For o in the given range we consider the problem of “maximal L,-regularity”
for the operator Ag. By this we mean that for every f € Ly(Ry;L,(f2)), where
1 < g < o0, the Cauchy problem

(4.1) u(t) + Apu(t) = f(t),  t>0, u(0)=0,

d
dt
has a (unique) solution u : Ry — L,(€) which satisfies the estimate
1wl L, sz, + 1Apulln,@yn, @) < ClfllL,@,in, @)
It is known that this property does not depend on ¢ € (1,00) and that it holds if
and only if wz(A5) < § (see Theorem 6.5 in [7]).
By Cowling’s result, Ay

. By Theorem

[CT we obtain maximal L,-regularity for A5 also for 2”* <a< s w* , i.e. we obtain
maximal Lg-regularity for operators for which this property was unknown so far.
Taking another point of view, i.e. fixing a € (0,2), Theorem [ Tlincreases the

range of p € (1,00) for which Aj has maximal Lg-regularity in L, (£2).

(b) Evolutionary integral equations. Here we consider L,-regularity conditions
for the evolutionary integral equation

1 t 1 t
(4.2) u(t)+—/ (t— )71 A, u(s) ds = —/ (t— )P f(s)ds, >0,
L(B) Jo P 'B) Jo
Roughly speaking, this is equivalent to considering the problem

(%)%(t) + Aput) = f(t), t>0, u(0)=0
(see [, [12] for details).

Again, we fix p € (1,00) \ {2}. We are interested in maximal Lg-regularity in
the following sense: for every f € Ly(Ri;L,(R2)),1 < ¢ < oo, the equation (E2)
has a (unique) solution u € Ly(Ry; D(A,)). Again, this property does not depend
on ¢ € (1, 00).
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By Theorem 8 in [I], we have maximal L,-regularity for ({2) if 35 +wz(A,) <7
holds. By Theorem [[.T] this means that we have maximal L,-regularity for (E2)
if B < 2(1 — 4y /m), whereas Cowling’s result gives maximal Lg-regularity for the
smaller range 3 < 2(1 — py /7). Hence our result increases the range of 3 for which
(£2) has maximal L,-regularity in L, ().

Taking another point of view, i.e. fixing 5 € (0, 2), our result increases the range
of p for which (£2)) has maximal L, -regularity in L, ().
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