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THE FORMS x+ 32y2 AND x+ 64y2

IRVING KAPLANSKY

(Communicated by Lance W. Small)

Throughout this note p is a prime of the form 8n + 1. One knows that p is
represented by both x2 + 8y2 and x2 + 16y2. What about the next two powers of
2? Apparently the following result does not appear in the literature.

Theorem. A prime of the form 16n+ 9 is represented by exactly one of x2 + 32y2

and x2 + 64y2. A prime of the form 16n + 1 is represented either by both or by
neither.

Although this is a simple elementary statement I do not have a direct proof.
Instead I shall show that it is a quick corollary of two significant theorems.

(1) The first theorem states that 2 is a 4th power mod p if and only if p is
represented by x2 + 64y2. This is due to Gauss [5, p. 530]. Dirichlet gave an
elegant proof [3].

(2) The second theorem states that −4 is an 8th power mod p if and only if p
is represented by x2 + 32y2. This worthy companion to Gauss’ theorem is due to
Barrucand and Cohn [2].

Although it is peripheral to this paper I mention that there is a third theorem of
this kind: −2 is an 8th power mod p if and only if p is represented by x2 + 256y2.
This is due to Aigner [1, Satz 108 on page 195]. I searched for a fourth such result
and came up empty-handed. There are, however, theorems concerning the 2r power
behavior of 2 mod p; three references are [4], [6], and [7].

We proceed to the proof of the theorem. We shall work in the integers mod p,
speaking of equality rather than congruence. The multiplicative group is cyclic of
order p− 1, a multiple of 8. Note that p is of the form 16n+ 1 if and only if −1 is
an 8th power. Also, if an element has square equal to 1 it is a 4th power, and if it
has 4th power equal to 1 it is a square. Now 2 is a square, say 2 = a2. Also −4 is
a 4th power (if t is a square root of −1, then −4 = (t+ 1)4). Say −4 = b4. If b is
a square, then −4 is an 8th power. Conversely if −4 is an 8th power, say c8, then
b4 = c8, (b/c2)4 = 1, b/c2 is a square, b is a square. Similarly, 2 is a 4th power if
and only if a is a square. Next we note −1 = −4/4 = b4/a4 = (ab)4/a8. If ab is a
square, then −1 is an 8th power. If −1 is an 8th power, say d8, then (ab/d2)4 = 1,
ab/d2 is a square, ab is a square. Thus −1 is an 8th power if and only if ab is a
square and this holds if and only if a and b are both squares or both nonsquares.
The theorem is proved.
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