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ABSTRACT. The boundary behavior of the Bergman metric near a convex
boundary point zp of a pseudoconvex domain D C C" is studied. It turns
out that the Bergman metric at points z € D in the direction of a fixed vec-
tor Xo € C™ tends to infinity, when z is approaching zq, if and only if the
boundary of D does not contain any analytic disc through zg in the direction
of Xo.

For a domain D C C™ we denote by L? (D) the Hilbert space of all holomorphic
functions f that are square-integrable and by ||f||p the Le-norm of f. Let Kp(z)
be the restriction on the diagonal of the Bergman kernel function of D. It is well
known (cf. [5]) that

Kp(z) =sup{|f(2)]”: f € Ly(D), |Ifllp < 1}.

If Kp(z) > 0 for some point z € D, then the Bergman metric Bp(z; X), X € C",
is well defined and can be given by the equality

MD(Z;X)

VEp(z)'

BD(Z;X) =

where
Mp(z; X) =sup{|f'(z)X|: f € L}(D), ||f|lp = 1. f(z) =0}
We say that a boundary point zy of a domain D C C™ is convez if there is a

neighborhood U of this point such that D N U is convex.
In [4], Herbort proved the following

Theorem 1. Let zg be a convex boundary point of a bounded pseudoconver domain
D C C"™ whose boundary contains no nontrivial germ of an analytic curve near zg.
Then

lim Bp(z; X) = o0

zZ—Zz0

for any X € C™\ {0}.

Herbort’s proof is mainly based on Ohsawa’s O-technique. The main purpose of
this note is to generalize Theorem 1 using more elementary methods.
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For a convex boundary point zp of a domain D C C™ we denote by L(zg) the set
of all X € C™ for which there exists a number €x > 0 such that zg + AX € 9D for
all complex numbers A, |A| < ex. Note that L(zp) is a complex linear space.

Then our result is the following one.

Theorem 2. Let zg be a convex boundary point of a bounded pseudoconver domain
D C C" and let X € C™. Then
(a) liminf K p(z) dist?(z, dD) € (0, oc];
zZ—2z0
(b) lim Bp(z; X) = o0 if and only if X & L(zy). Moreover, this limit is locally
z2—20
uniform in X & L(zo);
(¢) if L(z9) = {0}, then (a) and (b) are still true without the assumption that D
is bounded.

Proof of Theorem 2. To prove (a) and (b) we will use the following localization
theorem for the Bergman kernel and metric [2].

Theorem 3. Let D C C™ be a bounded pseudoconver domain and let V.CC U be

open neighborhoods of a point zo € dD. Then there exists a constant C > 1 such
that

C'Kpnu(2) < Kp(2) < Kpau(z),
C™'Bpru (2 X) < Bp(z;X) < CBpru(2; X)

forany z € DNV and any X € C*. (Here Kpny(z) and Bpau(z;+) denote the
Bergman kernel and metric of the connected component of D NU that contains z.)

So, we may assume that D is convex.

To prove part (a) of Theorem 2, for any z € D we choose a point Z € 9D such
that ||z — Z|| = dist(z,0D). We denote by [ the complex line through z and Zz.
By the Oshawa-Takegoshi extension theorem for L?~holomorphic functions [7], it
follows that there exists a constant C; > 0 only depending on the diameter of D
(not on 1) such that

(1) KD(Z) 2 ClKDml(Z).
Since D N1 is convex, it is contained in an open half-plane I of the [-plane with
Z € OII. Then
1
(2) Kpri(z) > Kn(z)

r dist?(z, d1T)

Now, part (a) of Theorem 2 follows from the inequalities (1), (2) and the fact that
dist(z, 0I) < ||z — Z|| = dist(z,9D).

To prove part (b) of Theorem 2, we denote by N(zg) the complex affine space
through zp that is orthogonal to L(zg). Set E(z9) = D N N(z). Note that E(zg)
is a nonempty convex set. So, part (b) of Theorem 2 will be a consequence of the
following;:

Theorem 4. Let zy be a boundary point of a bounded convex domain D C C".
Then:
(i) lim Bp(z; X) = oo locally uniformly in X & L(zp);
zZ—Zz0
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(ii) for any compact set K CC E(zy) there exists a constant C' > 0 such that
Bp(zX) < Cl|X]], z€K° X € L(z),
where KO := {29 +tz: 2 € K, 0 <t <1} is the cone generated by K.
Proof of Theorem 4. To prove (i) we will use the well-known fact that the Carathéo-

dory metric Cp(z; X) of D does not exceed Bp(z; X). On the other hand, we have
the following simple geometric inequality [1]:

1

Cp(z; X)) > ———

where d(z; X) denotes the distance from z to the boundary of D in the X-direction,

ie., d(z; X) :=sup{r:z+AX € D, A€ C, |\ <r}. So, if we assume that (i) does

not hold, then we may find a number a > 0 and sequences D D (z;);, z; — 20, C" D
1

(X;)j» X; — X & L(20), such that Bp(z;; X;) < %" Hence d(z;; X;) > a which
a

implies that for |A\| < a the points z9 + AX belong to D and, in view of convexity,
they belong to dD. This means that X € L(zg), a contradiction.

To prove part (i) of Theorem 4, we may assume that zo = 0 and L := L(0) =
{z€C":21=... =2, =0} for some k <n. Then N:=N0) ={z€ C": 241 =
... =z, = 0}. From now on we will write any point z € C™ in the form z = (2/, 2”),
2 € CF, 2" € C"*. Note that L € 9D near 0, i.e., there exists a ¢ > 0 such that

(3) {0'} x A” € 9D,

where A” C C" ¥ is the polydisc with center at the origin and radius c. Since
K CC E := E(0) and since F is convex, there exists an « > 1 such that K CC E,,
where E, := {2 : az € E}. Note that K° C E,. Using (3), the equality

l)—lz//)

1 1

1oy "o 1— 20 (1—
(,#") = (@, 0") + (1 = )0, (1~ ~
and the convexity of D, it follows that
(4) F, x A’ c D,

1

where € := ¢(1 — a) and where F, is the projection of E, in C* (we can identify
E, with F,). For § := ¢(a — 1) we obtain in the same way that
(5) D:=Dn(C"xAj) C F1 x Af.
Now, let (2, X) € K° x L. Note that z = (2/,0”) and X = (0’, X”). Then, using
(4) and the product properties of the Bergman kernel and metric, we have

©) Mp(z; X) < Mg, xar(2z; X)
= May(0"; X")\/KF, () < Ci]| X[V KF, (2')

for some constant C; > 0. On the other hand, since K cc C* x A¥, by virtue of
Theorem 3 there exists a constant C' > 1 such that

Kp(2) > C7'Kp(2).
Moreover, in view of (5), we have

Kp(2) 2 Kr, (2')Kay(07)

1
o
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and hence

(7) Kp(z) > (C2)*Kr, ()

1
a

for some constant Co > 0. Now, by (6) and (7), it follows that

MD(Z;X)
KD(Z)

KFQ (Z/)
KFL (Z’) '

o

(8) Bp(z: X) = < %IIXII

Note that 2’ — a~2%’ is a biholomorphic mapping from F1 onto F, and, therefore,

9) Kr, (2)) =a *Kp, (a™2).

In view of (8) and (9), in order to finish (ii) we have to find a constant Cs > 0 such
that

(10) Kp, (Z,) < C3Kp, (04722/)

for any 2’ € H° with H® := {tz': 2/ € H, 0 <t < 1}, where H is the projection
of K into C* (we can identify K with H).

To do this, note first that v := dist(H, dF,) > 0 since K CC E,. Fix 7 € (0,1]
and 2’ € H°, and denote by T ./ the translation that maps the origin in the point
77'. It is easy to check that

(11) T,.(F. N B,) C F,

where B, is the ball in C* with center at the origin and radius v. To prove (10),
we will consider the following two cases:
Case I 2’ € HO\B% CC F,: Then

(12) Kr(¢) < 2L Kr, (0722,
ma
where m; := sup Kp, and mg :=inf K.
HO\By

Case IL. 2/ € HON By: By Theorem 3 there exists a constant Cs > 1 such that
C~’3KFQ > KpamBw on F, N B%. In particular,

(13) C~'3Kpa (a™22) > Kr,nB, (a™22).
On the other hand, by (11) with data T":=T}_, -2 .. it follows that
(14) Kr,np,(a"%2) = Kpp,ns,)(2) > K, (2).

Now, (12), (13), and (14) imply that (10) holds for Cs := max{m,ég}. This
ma
completes the proofs of Theorem 4 and part (b) of Theorem 2. O

Remark. The approximation (5) of the domain D N (C* x AY) by the domain
E1 x AY can be replaced by using the Oshawa-Takegoshi theorem [7] with the data
D and N.
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Finally, part (c) of Theorem 2 will be a consequence of the following two theo-
rems.

Theorem 5 ([6]). Let D C C™ be a pseudoconver domain and let U be an open
neighborhood of a local (holomorphic) peak point zo € OD. Then

. Kp(z)
lim —2¥)
% Kpnu(z)

and
LGRS
z—z0 Bpnau(z; X)
locally uniformly in X € C™\ {0}.

=1

Theorem 6. Let zy be a boundary point of a bounded conver domain D C C™.
Then the following conditions are equivalent:

(1) zo is a (holomorphic) peak point;

(2) zo is the unique analytic curve in D containing zo;
(3) L(z0) = {0}

Note that the only nontrivial implication is (3) == (1). It is contained in [§].
Now, part (c) of Theorem 2 is a consequence of this implication, Theorem 5, and
part (b) of Theorem 2.

Proof of Theorem 6. The implication (2) = (3) is trivial.

The implication (1) = (2) easily follows by the maximum principle and
the fact that there are a neighborhood U of zp and a vector X € C" such that
(DNU)+(0,11X C D (cf. (11)).

Denote by A°(D) the algebra of holomorphic functions on D which are contin-
uous on D. Now, following [§] we shall prove the implication (3) = (1); namely,
(3) implies that 2o is a peak point with respect to A°(D). This is equivalent to the
fact (cf. [3]) that the point mass at zg is the unique element of the set A(zgp) of
all representing measures for zg with respect to A°(D), i.e. supp p = {20} for any
n e A(ZQ)

Let 1 € A(zo). Since D is convex, we may assume that zo = 0 and D C {z €
C™ : Re(z1) < 0}. Note that if a is a positive number such that azigg Re(z1) > —1

(D is bounded), then the function f;(z) = exp(z1 + az?) belongs to A°(D) and
|f1(2)| < 1for 2 € D\ {#1 = 0}. This easily implies (cf. [3]) that supp u C D; :=
0D N {z = 0}. Since L(0) = 0, the origin is a boundary point of the compact
convex set Dy. As above, we may assume that D; C {z € C" : Re(z2) < 0} (22 is
independent of z;) and then construct a function fo € A°(D) such that |f2(z)| < 1
for z € D1\ {#2 = 0}. This implies that supp p C D; N{z2 = 0}. Repeating this
argument we conclude that supp g = {0}, which completes the proofs of Theorems
6 and 2. O
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