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ABSTRACT. In this paper, we show a characterization of compact-covering s-
images of metric spaces and prove a theorem about them. Also we give a set
theoretical assumption and under the assumption construct a counterexample
which gives a negative answer to some questions.

1. INTRODUCTION

Recall that an onto map f : X — Y is an s-map if f~'(y) is separable for
each y € Y and a compact-covering map if every compact K C Y is the image of
some compact C' C X. An intrinsic characterization of quotient s-images of metric
spaces has been given by T. Hoshina [4]. E. Michael and K. Nagami [T1] asked
that if a Hausdorff space Y is a quotient s-image of a metric space, must Y also
be a compact-covering quotient s-image of a metric space? Also the question was
mentioned by M. E. Rudin [13] and studied in [3, 56, B] and again in [T0]. L. Foged
in [2] gave a completely regular space X which has a point-countable base but no
point-countable closed k-network. H. Chen in [I] constructed a counterexample
which gives a negative answer to Michael-Nagami’s question. But the space in the
example is Hausdorff. So E. Michael in [9] (see also [I]) refined the problem by
insisting that Y be regular—we call this Problem 1.1.

Problem 1.1. If a completely regular T} (or paracompact) space Y is a quotient
s-image of a metric space, must Y be a compact-covering quotient s-image of a
metric space?

On the other hand, S. Lin in [7] asked the following question which was arranged
as Problem 38 of the Problem Section in [I4].

Problem 1.2. Suppose a regular T space Y is a quotient s-image of a metric
space. Does Y have a point-countable closed k-network if every first countable
closed subspace of Y is locally compact?

In this paper, we introduce a definition of strong k-networks, use it to charac-
terize compact-covering s-images of metric spaces, and then prove a theorem about
these spaces. Finally we give a set theoretical assumption and under the assump-
tion construct a counterexample which gives a negative answer to the questions
above.
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2. A CHARACTERIZATION OF COMPACT-COVERING s-IMAGES
OF METRIC SPACES

We recall that a cover P is a k-network for Y if, whenever K C U with K
compact and U open in Y, then K C |JF C U for some finite F C P.

Definition 2.1. Let A be a subset of a space Y. A collection F of subsets of Y is
called a full cover of A if F is finite, and for each F' € F there is a closed set C(F)
in Y with C(F) C F such that A C | J{C(F) : F € F}.

Call a cover P a strong k-network for Y if, whenever K C U with K compact
and U open in Y, there is a full cover F C P of K with JF C U.

Theorem 2.2. The following are equivalent for a Hausdorff space Y :
1. 'Y is a compact-covering s-image of a metric space.
2. 'Y has a point-countable strong k-network.

Proof. (1 = 2). Let M be a metric space and f : M — Y be an onto compact-
covering s-map. Let B = J,, B, be a o-locally finite base. Then P = f(B) is
a point-countable k-network. Let K C O C Y satisfy K compact and O open
and C C M be compact with f(C) = K. Then there is a full cover F C B of C
with JF C f71(0). Assume that B! contains a closed set H; for each B! € F
such that C C U<, Hi- Then K C ., f(HiNC) C U<, f(B;) € O. So
P = {f(B) : B € B} is a strong point-countable k-network.

(2 = 1). Let B be a point-countable strong k-network of Y. Let B, = B with
the discrete topology. Then the Tychonoff product ], .y Bn is a metric space.
Let M C [],cn Bn be all (By,) such that there is a y € Y with (), .y Bn =
{y} and every neighborhood of y contains some B,. Let f : M — Y be such
that, for each (B,) € M, f((Bn)) = y if ,cy Bn = {y}. We may show that
f is an onto continuous s-map just as in the proof of Theorem 6.1 of [3]. Let
Cn = {({B1} x {B2} x ... x{Bn} x [[;5,B;) " M : B; € B for each i < n}. Let
C = U,cn Cn- Then C is a o-discrete base of M. In the following proof, we show
that f: M — Y is a compact-covering map.

Let K be a compact subset of Y. Then K is a metric subset of Y by Theorem
3.3 in [3]. If K is a finite subset of Y, then there is a finite subset C' of M with
f(C) = K. So we assume that K is infinite in the following proof. Let F C B be a
full cover of K, and let F(y) ={B € F :y € B}.

Claim 2.3. Ify € K and O is an open neighborhood of y in'Y, then there is a full
cover F C B of K such that |JF(y) C O.

Proof. Lety € Wy C Wy C W € W € ONK, where both W and W, are open in K.
There is a full cover Fy = {By; : i <n} C B of W with | JF; C O. Since the open
set Y \ W contains compact K \ W, then there is a full cover Fa = {By; : i < m}
of K\ W with |JF C Y\ Wi. Then F = F;|JF, is a full cover of K such that
UF(y) cO.

Call a full cover F = {B; : i < n} of B an irreducible full cover if each B; € F
contains a closed set C; in Y such that {C; : i < n} is an irreducible cover of B.
Notice that irreducible full covers do not mean irreducible covers.

Claim 2.4. {F C B: F is an iwrreducible full cover of K }| = Ny.
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Proof. Let B(K) = {B € B: Intx(BNK) # 0}. Then B(K) is point-countable
since B is point-countable. Since K is compact metrizable, in particular, separable,
the point-countability of B implies that B(K) is countable. Let (F)) enumerate all
finite unions of B(K).

Let 7' = {B; : i < n} be an irreducible full cover of K. Then each B; € F’
contains a closed subset C; in Y such that C = {C; : i < n} is an irreducible cover
of K. Because an open set K \ |J;; C; is an open set of K included in C; and C
is irreducible, K'\ lJ;; Cj # 0. Then Intx(C; N K) # 0 for each C; € C, and F' €
(F))- So all irreducible full covers are at most countable.

On the other hand, since K is infinite, there is a cluster point y € K. Let d be
a metric of K. Let U, ={y' € K : d(y,y’) < 1/n} for each n € N. Let O,, be an
open set of Y with K NO,, = U, for each n € N. Then there is a full cover F,, C B
of K such that |J F,(y) C O, for each n € N by Claim 2.3. Since each finite cover
contains an irreducible finite cover, then each JF,, contains an irreducible full cover
Hy,. Note that y € Intg (K N (UHn(y)) C UHn(y) C O, for each n € N. Hence
there must be at least countably infinitely many different F,,’s.

Let (F,,) enumerate all irreducible full covers of K. Then [], . Fn is a compact
subset of ],y Bn. For each F,, = {By; : i < i(n)} € (Fp) and each By; € F, let
Cpni C K N By,; be such that C,, = {Cp; : ¢ < i(n)} is an irreducible closed cover of
K by the definition of F,,. We assign this C,, to the F,, for each F,, € (F,,). Let

D ={(Bnjm) € (I] F)nM:j(n) <i(n)
neN
for each n € N, and ﬂ Chjn) # 0}
neN

Claim 2.5. f(D) =K.

Proof. Pick an x = (By,) € D C M. Suppose f(z) is not in K. Then Y \ K is an
open neighborhood of f(z), so there is a B, in (B,) with f(z) € B, C Y \ K by
the definition of the subspace M. It is a contradiction to the definition of F,, so
f(D)C K.

Pick a y € K. Then for each n € N, there is a B, jn) € Fpn with y € C, j(n)-
Let © = (B j(n)). Then x € [[,cn Fn and y € (), Bn. Pick an open set O C Y
with y € O. Then, by Claim 2.3, there is a full cover F of K with |JF(y) C O.
Then F contains an irreducible full cover ' of K and F’' € (F,,). So there is an
n € N with 7' = F,, and Bn,j(n) € Fn, Cn,j(n) €C,and y € Cn,j(n) C Bn,j(n) C
UFuly) € UF(y) € O. This implies (,cn Cn.jin) = Nnen Bn,jm) = {1y} and
x € M. Hence z € D and f(x) =y € f(D).

Claim 2.6. D is a compact subset of [[,,cn Fn-

Proof. We may pick an & = (B,) € D C [],cn Fn since [], .y Fn is compact.
Then ({B1} x ... x {Bn} x [[;5,B;) N D # 0 for each n € N. Pick an 2’ €
({B1} x ... x{Bp} x[[;5, Bj) N D. Then 2’ = (B1, B2, ..., Bn, *, *, ...) € D,
So C; € C; and C; C B; € F; for each i < n such that (,,, C; # 0 by the definition
of D. Then (,cn Bn D Nyen Cn # 0 since each C, is compact for z = (B,).
Notice C, € Cp and C,, C B,NK. Pickay € [,y Cn; then y € K. Pick an open
set O C Y with y € O. Then, just as the proof of Claim 2.5, there is a B,, € (By)
with y € B, C O. This implies (,cny Cn = ey Bn = {y} and z € D.
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Proof of Theorem 2.2 (continued). If K is an infinite compact subset of Y, then
there must be countably infinitely many finite subcollections of B which are irre-
ducible full covers of K by Claim 2.4. If (F,,) enumerates all the finite subcollections
of B which are irreducible full covers of K, then D is a compact subset of M by
Claim 2.6. Then f(D) = K by Claim 2.5. So f : M — Y is a compact-covering

map.

Corollary 2.7. The following are equivalent for a Hausdorff space Y :
1. 'Y is a compact-covering quotient s-image of a metric space.
2. 'Y is a sequential space with a point-countable strong k-network.

Proof. (1= 2). Y has a strong point-countable k-network by Theorem 2.2. Then
Y is a sequential space since Y is a quotient image of a first countable space.

(2 = 1). Let B be a point-countable strong k-network of Y. Then, by Theorem
2.2, there is a metric space M C [],,c 5 Bn and an onto continuous s-map f : M —
Y such that f is a compact-covering map. Since Y is a sequential space, f is a
quotient map.

3. CLOSED k-NETWORKS AND STRONG k-NETWORKS

It is easy to see that each closed k-network is a strong k-network.

Theorem 3.1. Let a Hausdorff space Y have point-countable strong k-network P
with P compact for each P € P. Then'Y has a compact point-countable k-network.

Proof. Let P be a point-countable strong k-network of Y. Let P, = P with the
discrete topology. Then there is a metric space M C [[,,cyPnand f: M — Y is a
compact-covering s-map by Theorem 2.2. Let B be the o-discrete base of M, which
was denoted by C in Theorem 2.2, consisting of basic open sets. Then since each
f(B), B € B, is contained in some element of P, we have that f(B) is compact for
each B € B. We use B to construct a point-countable collection C = {C,, : o € Q}
of compact subsets of M such that each m, B € B, can be covered by a finite
subcollection of { f(C) : C € C} by a transfinite induction on o € Q for some ordinal
Q. Let < be a well ordering of B.

1. Take the first element By of (B, <). Then f(By) = Kgo is compact. So there
is a compact subset Cop of M with f(Coo) = f(Bp). Pick a finite subcollection
Foo of B which is an irreducible cover of Cog. Then U{TB) : B € Fopo} = Kox
is compact. So there is a compact subset Cp; of M with f(Co1) = Kp1. Pick a
finite subcollection Fy; of B which is an irreducible cover of Co;. Then |J{f(B) :
B € Fo1} = Koz is compact. Then, by induction, there is a countable collection
Co = {Con : n € w} of compact subsets of M and a countable collection Oy =
U{Fon : n € w} of open subsets of M such that Cy,, C |JFon for each Cy,, € Co.

2. For some ordinal «, assume that for each 8 < a, we have Og = |J{Fgn :
n € w} and Cg = {Cp, : n € w} such that for each B € Og, there is a finite
subcollection " C J;<5Cs with f(B) C U{f(C): C €C'}.

Let O, = Up-q Op and C!, = Up<a Cs- Note that if C'is a compact subset of M
with C' C |J O, then C can be covered by a finite subcollection of { f(C) : C € C.,}.

Case 1. For each B € B\ O/, there is a compact subset C' of M with C' C |J O,
and f(B) = f(C). In this case, we finish the induction step. Let o = Q. Then
C=C,, ={Cs: 0 € Q} is the desired collection. Note that it follows from the note
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above Case 1 that each TB)7 B € B, can be covered by a finite subcollection of
{f(C):C eC}.

Case 2. There is a B € B\ O, such that if compact subset C' of M satisfies
f(C) = f(B), then C\JO., # 0. Let B, be the first one in B\ O/, with respect
to the order of (B, <).

A. Let C, be a compact subset of M with f(C.,) = f(B,) since f is compact-
covering. Let F,, C B be an irreducible finite cover of C’; and let Foo = Fig \ O
Then Fuo # @ because of our assumption of Case 2. Take an open set U of C’
satisfying C’, \|JO!, CU C U C |JFao. Put Coo = U and C; = C’;, \ U. Then
(4 is a compact set contained in (JO!. Hence by the note above Case 1, there
is a finite subcollection C; of C., such that {f(C) : C € C/;} covers C;. Then
f(Ba) = [(Cho) € f(Ca0) U(U{f(C) : C €Cli}) and Fao N O, =0

B. Assume that we have F,, and C,,. Let Cém+1 be a compact subset of M
with f(Clpy1) = U{f(B) : B € Fan}. Let Flms1 C B be an irreducible finite
cover of CY,, ;. Then, just as the proof of A of Case 2, let Faont1 = Fhnpq \ O
Then there is a compact subset Cypy1 of CY,,, 1 and a finite subcollection C},,, | ; of
C/, such that f(Cl, 1) C f(Cant1)U(U{f(C): C € Clpii}) and Fopni1NO, = 0.

Then, by induction, we have Cyoy (n € w) and Fu, (0 € w) such that for each
B € U, co, Fan, [(B) C f(Cany1)U(U{Sf(C) : C € C'}) for some finite subcollection
C’'cCl,. Let On = U,cp, Fon and Co = {Can : n € w}.

Then, by induction, for each a € Q2 we have O, and C, such that for each
B € O,, there is a Cqnt1 € C, and a finite subcollection C' C U[3<a Cs with

f(B) C f(Cany1) U(U{f(C): CeC'}) and O, N O, = 0. Let O =, cq Oa and
C=UwscqCa-

Claim 3.2. K ={K = f(C) : C € C} is point-countable.

Proof. Pickay €Y. Let By,={BeB: f~Y(y)yNB#0} ={B, :n € w} since f is
an s-map. Then f~!(y) N B =0 if B is not in B,. Assume B, € Ou(n) forn € w.
Then f~1(y)N(UOn) = 0ifa ¢ {a(n) : n € w} since O,NB, = 0. If Cory € U Fam
and Fom C Og, then Cypm N f71(y) = 0 for each m € w. So Cory N f1(y) = 0 for

each Com € Uag{a(n):new} Co. Notice that C\ Uag{a(n):new} Ca = Upew Ca(n) 18
countable. Then K is point-countable.

Claim 3.3. Y has a point-countable compact k-network.

Proof. Let M1 = @ K. Then M is a locally compact metric space. Let g : M1 — Y
be the obvious map. Then ¢ is a compact-covering s-map since P is a k-network.
Let B be a o-discrete base of M; refining K. Then {f(B) : B € B} is a point-
countable compact k-network.

Corollary 3.4. Let a Hausdorff space Y be a compact-covering s-image of metric
space. If Y has a point-countable k-network P with P compact for each P € P,
then'Y has a point-countable compact k-network.

Proof. Let M be a metric space and f : M — Y be an onto compact-covering
s-map. Let B = (J,, B, be a o-locally finite base of M. Pick an x € M. Let
f(x) =y. Let {B,, : n € w} be a decreasing open neighborhood base of =, and let
Py,={PeP:yeP}={P,:necw}

Case 1. If f~!(y) contains an open neighborhood of x in X, then there is a
B, € B, with z € B, C f~*(y). So f(B,) = {y} C P, for some P, € P,.
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Case 2. There is a sequence S which converges to z with S € M \ f~(y).
Suppose that there is a y, € f(By) \ U<, Pi # 0 for each n € w. Then there is
an x, € B, with f(z,) = y, for each n € w. Since {zy : n € w} converges to x,
S = {yn : n € w} converges to f(x) = y. So there is an n € w such that | J,., Pi

contains S eventually, a contradiction. So there is an n with f(B,) C {,,, Pi-

Then for each x € M, there is a B € B such that x € B and f(B) is compact.
Then there is a base B/ C B with f(B) compact for each B € B'. Since f(B’)
is a point-countable strong k-network by Theorem 2.2, Y has a point-countable

compact k-network by Theorem 3.1.

We would like to ask whether or not the condition “compact-covering s-image”
can be changed to “quotient s-image” even if the separation axiom is strengthened
to regular T7. So the following question is raised.

Question 3.5. Let a regular Ty space Y be a quotient s-image of a metric space.
Does Y have a point-countable compact k-network if Y has a point-countable k-
network P with P compact for each P € P?

We can prove that Question 3.5 above is equivalent to Problem 1.2 in the Intro-
duction.

Proposition 3.6. Let a reqular Ty spaceY be a quotient s-image of a metric space.
Then the following are equivalent:

1. Y has a point-countable k-network P with P compact for each P € P.

2. Fvery first countable closed subspace of Y is locally compact.

Proof. (2 = 1). Let M be a metric space and f : M — Y be an onto quotient
s-map. Let B = |J,, B, be a o-locally finite base of M and {B, : n € w} be a
decreasing open neighborhood base of = for z € M. Suppose that there is an x € X
such that f(B,) is not compact for each n € w. Then f(B,) is not countably
compact by Theorem 4.1 in [3] since Y is a quotient s-image of a metric space.

So there is an infinitely countable discrete closed subset D,, C f(B,). Let D =
(Unew Dn) ULS (@)}

Let O be open in Y with y € O. Then there is an n € w such that f(B;) C O
for each i > n since Y is regular. So |J;.,, D; U{y} C O. Then D is first countable
and has only one cluster point y in Y. So D is closed in Y.

But D is not locally compact since each neighborhood of y contains an infinitely
countable discrete closed subset, a contradiction.

So there is a B,, € B, with f(B,) compact for each B,. Then there is a base
B’ C B with m compact for each B € B’. Since f is a quotient s-map, it is easy
to check that f(B’) is a point-countable k-network by Theorem 6.1 and Proposition
2.1 of [3].

(1 = 2). Let B C Y be a first countable closed subspace. Pick a y € B.
Let Ply) ={PeP:ye P} ={P,:n€wland B=0; D Oz D ..bea
neighborhood base of y in B. If, for each n € w, there is a y, € O, \ (U,<,, i),
then S = {y, : n € w} converges to y. Since S U {y} is compact, then U;<m P;
eventually contains S. So there is a P; € P(y) such that P; N S is infinite, a
contradiction. This implies that there is an n with O,, C |J,., P;. So B is locally

i<n
compact since | J,.,, P; is compact.
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4. COUNTEREXAMPLES
L. Foged in [2] presented the following example.

Example 4.1. There is a completely regular space X which has a point-countable
base but no point-countable closed k-network.

Claim 4.2. Any base B of a reqular Ty space is a strong k-network.

Proof. Let K be compact and U open with K C U. For each x € K C U, there is a
B, € Bwith z € B, C U. Since X is regular, B, contains a closed neighborhood of
xin X. So there is an open set U, with z € U, C U, C B,. Since UIeK U, contains
K, there is a finite subset {z; : i < n} of K with K C U<, Uz, C U;<,, Uz; C
U,<,, Bz, C U. Here U,, C U, C B,, C U for each i < n. So B is also a strong
k-network.

It follows from Claim 4.2 that Example 4.1 is a space with a point-countable
strong k-network which does not have a point-countable closed k-network. We give
an example of a regular T space with a point-countable k-network which does not
have a point-countable strong k-network. It gives a negative answer to Problem
1.1 and Problem 1.2 in the Introduction. For this reason, we give a set theoretical
assuption.

Definition 4.3. A subset W of the space R of real numbers with the usual topology
is called a o’-set if and only if for each Gs-set G of R, there is an Fy-set F' of R
with GNW C F C G.

Proposition 4.4. Fach Sierpinski set is a o’-set and each o’-set is a o-set.

Proof. Assume that W is a Sierpinski set. Then one can prove that W is a o’-set
just as in the proof of Theorem 4.1 of [IZ]. Tt is easy to see that each o’-set is a
o-set.

Example 4.5. Suppose that there is an uncountable ¢’-set. Then there is a quo-
tient s-image X of a metric space such that:

1. X is a regular T7 sequential space and is the union of countably many
compact metric subsets of X.

2. X has a point-countable k-network P with P compact for each P € P.

3. Every first countable closed subspace of X is locally compact.

4. X is not a compact-covering s-image of any metric space.

5. X does not have a point-countable strong k-network.

Construction. Let 4, 7,1, m and n be the members of w. Let [a,b) = {r : r is a real
with a <r <b} and A x B={{(a,b) :a € A and b € B}.

Pick an n € w. For each m < 27, let I(n,m) = [m/2", (m+1)/2"] x {1/2?"} and
x(n,m) = {(2m + 1)/27HL 1/22nTh) | Let T'(n,m) C [0,1] x [0,1] be the triangle
with side I(n, m) and vertex x(n,m).

Let I'(n,m) = [m/2",(m +1)/2"]. Let 7T, = {T'(n,m) : m < 2"} and Ky =
\U{7 : n € w}. Then K; is a collection of compact subsets. Let C; = {z(n,m) :
n € wand m < 2"} U ([0,1] x {0}) C [0,1] x [0,1]. Then C; is compact. Let
Ko ={C1}.

Let W be an uncountable o’-set of [0,1] with W N @Q = (). Here Q is the
set of all rational numbers. Pick a y € W. Then uniquely there is a sequence
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I'(1,my) D I'(2,mz) D ... D l'(n,my,) O ... with [, I'(n,myn) = {y}. Let
p(y,n) = (y,1/2°") and p(y,w) = (9,0). Then p(y,n) € l(n,m) C T(n,m). Let
V(y,n) be the segment with endpoints z(n,m,) and p(y,n). Then V(y,n) C
T(n,m) is a compact set. Let Ly = {p(y,w)} UU, ¢, V(y,n) C [0,1] x [0,1]. Then
L, is compact. Let L, = L \ {z(n,m,) : n € w} and K3 = {L, : y € W}. Let
K=U;<3Ki and let X =[JK as a set.

Let M = @ K. Then M is a metric space. Let X have the quotient topology
induced by the obvious map f : M — X. Then f is a two-to-one quotient map
and X is a Hausdorff sequential space. So X has a point-countable k-network since
f(K) is a point-countable cover which determines the topology of X, by Proposition
2.7 in [3] and by the implication (1.5)—(1.4) in Diagram I of [3].

Let C={C = f(K): K € K}.
Claim 4.6. C is a collection of compact subsets of X.

Proof. Case 1. K = Cy or K = T(n,m). Then K is compact in M. So f(K) =
m is compact.

Case 2. K = f(Ly) = L;. Let A be an infinite subset of K. If ANV (y,n) is
infinite for some n, then ANV (y,n) has a cluster in the compact set V(y,n). If
ANV (y,n) is finite for each n, then p(y,w) is a cluster of A in f(L,) since p(y,w)

isin f(Ly). So K = f(Ly) = Ly, is compact by Theorem 4.1 of [].

Claim 4.7. A set O is open if and only if O N C is open for each C € C.

Proof. 1f O is open, then O NC' is open for each C' € C. On the other hand, if O is
not open, then there is a convergence sequence S U {z} such that (SU{z})NO is
not open in S'U {z} since X is a Hausdorff sequential space. Then there is a finite
subcollection F C f(K) with S U {z} C |JF by Proposition 2.1 of [3]. Then there
is a f(K) € F with f(K) N O not open in f(K) since C = f(K) is compact for
each f(K) € F.

Claim 4.8. X is a reqular Lindeldf space.

Proof. Since K1 U K5 is a countable cover of X by compact sets, X is o-compact,
hence every open cover has a countable subcover. It suffices to show that X is a
regular space. Let x € X and U be a neighborhood of z in X. Let Iy = [0,1]x{0} C
X. Since every point of X \ Iy in X has the usual Euclidean neighborhoods, we
may assume that x € Iy. Take a closed interval J of Iy with x € J C U such
that « is in the interior of the interval J. Then the pair (X N ([0,1] x J),J) can
be considered as similar to the pair (X, ). Thus to show that X is a regular
space, let O be an open set of X such that Iy C O. If we can prove that there
is an open neighborhood U with Iy C U € U C O, then X is regular Tj. Let
B =X\O. Then BN Iy = . Pick a p(y,w) € Iy for each y € W. Then
there is an n(y) € w with {p(y,w)} U (U, V(¥,n)) C O since Ly = f(Ly)
is compact by Claim 4.6. Let A,, = {p(y,w) : V(y,n +1i) C O for each i € w}.
Then Ay C Ay C --- C A, C ... and W = ¢, An. Since Iy C O and C; =
{z(n,m) : n € wand m < 2"} U ([0,1] x {0}) C [0,1] x [0,1] is compact, then
there is an n(0) € w with D; = {x(n,m) : for each n > n(O) and m < 2"} C O.
Giving an n > n(0), take an open neighborhood O(x(n,m)) of z(n,m) in X with

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



COMPACT-COVERING MAPS AND k-NETWORKS 2631
O(z(n,m)) C T(n,m)N O and O(z(n,m)) Ni(n,m) = for each m < 2™. Let

gn s | (T m)\ Ow(n,m)) — 0,1] x {1/22"} = I,
m<2n
such that g,(V(y,n)\ O(z(n,m))) = {y} x {1/22"} for each y € [0,1]. Then g, is
a perfect map. Then g, ((,,<q. T'(n,m)) N B) = B,, C I, is compact.

Let f, : I, — [0,1] x {0} = Io with f,((y,1/22")) = (y,0). If p(y.w) € A,, then
V(y,n+i) C O and p(y,n+i) € Inyi\Bnyi = Ongi- Then G,y = ;e fryi(Onti) C
Iy is a Gs-set containing A,,. Since W is a o’-set, then there is a collection { Ky,
m € w} of compact subsets of Iy with G, "W C J{Knm : m € w} C G,.
So H{EKnm : m+n < I, andn > n(O)} C fi(O) for each I > n(O). Then
FT (U{Kpm :m+n <1, and n > n(0)}) C O, = I;\ B, for each I > n(O). Let
Ty = U,peo T(1,m), and let K; = (J{V(2,1) : x € F (U{Kym : m+n <land n >
n(O))}Yu{z(l,m) : m < 2'}. Then K; is a compact subset with K; C ONT;. Then
there is an open neighborhood U; of K; in X with U; C U; € O N Tj since T} is a
closed open compact subset of X.

Let U = Io UU,~pn0) Un-

We can prove that U is an open set in Y. It is sufficient to prove that U N C is
open in C for each C € C by Claim 4.7. To do it pick a C' € C.

Case 1. C = C; = {z(n,m) : n € wand m < 2"} U ([0, 1] x {0}). Then
CNU =D;Ulyis openin C.

Case 2. C =T(n,m) CT,. Then CNU = U, NT(n,m) is open in T'(n,m)
since Uy, is open in X. So it is open in C.

Case 3. C'= Ly, ={p(y,w)}UU,e, V(y,n). By Case 2, it suffices to show that
if p(y,w) € CNU, then CNU is a neighborhood of p(y,w) in C. Then there is
an m € w with p(y,w) € Kpyym- Then CNU D Uispiy)m Ut D Uisny)rm K1 D
UlZn(y)+m V(y,n). Hence C N U is a neighborhood of p(y,w) in C, which implies
that C N U is open in C' = L.

Notice that U = Iy U (Un>n(0) U,) =IyU (Un>n(0) U,) C O since Iy C O and
U, CONT, C O for each n > n(0). Then X is regular T}.

Proof of 1-5 in Example 4.5. We have already proved properties 1 and 2. Property
3 follows from 2 and Proposition 3.6. To show 4 and 5, it suffices to show that X
does not have a point-countable compact k-network. Indeed, suppose that 4 (resp.
5) is not true. Then by property 2, Theorem 2.2 and Theorem 3.1 (resp. by
property 2 and Theorem 3.1), X has a point-countable compact k-network.

Now assume that X has a point-countable compact k-network P. Let

D = {z(n,m) :n cwand m< 2"} =C1\[0,1] x {0}.

Let P, ={PeP:PND #0}and P, ={P € P:PND =0} Then Py is
countable since D is countable and P is point-countable. Let Py = {P, : n € w}.
Pick an L, € C. Then there is a finite subcollection P, of P with L; C [JPy. Let

Py1 = Py N Py. Since DN L’y C UPy1 and p(y,w) € DnNLy,
\UPy1. Furthermore, since |J(Py \ P1) is a compact set missing D, there is a
sequence S, C Ly N (UPy1) \ D converging to p(y,w). Since P; is countable and
W is uncountable, there is a finite subcollection F of P and a countably infinite
subset W’ of W such that P, = F for each y € W’. Let W' = {y,, : n € w}. Note

that {S,,, : n € w} is a disjoint collection. Now we can take a sequence {z, : n € w}

we have p(y,w) €
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such that z, = (an,b,) € Sy, and b, converges to 0. Let S = {z, : n € w}. Then
we can show that:

1. S is a discrete closed set since SN C is finite for each C € C = {C
K € K}, and

2. S has at least a cluster point since S is an infinite subset of a compact set

UF.

It is a contradiction.

fK)
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