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ABSTRACT. The method of isolating segments is introduced in the context of
Carathéodory systems. We define isolating segments and extend the results of
Srzednicki (1994) to Carathéodory systems.

1. INTRODUCTION

In [S] Roman Srzednicki introduced a geometric method for detecting periodic
solutions in nonautonomous periodic differential equations based on the notion of
isolating segments. In all practical applications the segments are manifolds with
corners contained in the extended phase space, such that at any point on the bound-
ary of the segment the vector field is transversal to the boundary, except the points
of external tangency.

In this paper we extend the method of Srzednicki to differential equations, with
Carathéodory right-hand sides. We obtain a periodic solution of a Carathéodory
system as a limit of periodic solutions to a system of ODE approximating consid-
ered Carathéodory system. First we prove that one can choose the approximating
sequence of DE’s in such a way that their isolating segments (see def below) coin-
cide with the isolating segment of the initial system. By Srzednicki’s result [S] this
will imply the existence of periodic solutions to approximating equations. From the
sequence of these periodic solutions we can choose a subsequence which converges
uniformly to a periodic solution for the Carathéodory system.

As an application we consider the work of Andres in [A] and next of Gérniewicz
and Andres in [G] (see also [AG.]]) presenting a nontrivial example of the application
of the Nielsen fixed point theory to the investigation of existence and multiplicity
of periodic solutions to Carathéodory systems. The problem was suggested by
Leray at the International Congress of Mathematicians in 1950. Andres’ approach
is based on an appropriate functional setting together with the Nielsen theory for
a compact map on a metric ANR. Unfortunately there seems to be a gap in the
proof presented by Andres. Moreover it seems that Theorem 2 in [A] can be proved
using simple geometric arguments.
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2. PRELIMINARIES

R" is a Euclidean space with a - scalar product and a || || norm. A C R",
I =10,T]. VFdenotes the gradient of F'. Let us consider a Carathéodory system
(i) i = P(t,2)

where F' : R x R" — R”™ is a T periodic function. Put € = R x R". F is
Carathéodory in € if
(1) F(t,-) is continuous for a.a. t,
(2) the function F(-,x) is measurable for all z, and || F (-, z)|| < ¢(t), for all z,
¢ integrable.
Let us introduce the definition of an isolating segment for Carathéodory systems.
Assume that
Vl,...,VkIRn —-R
are C! functions. Let 0 < r < k. We define a pair of subsets (Wy, W, ) C R™ by

(1) WQ:{J?ERn:ViE{l,...,k}Vi(l‘)SO},
(2) Wy ={xzeW,: 31 <i<rV(zx)=0}
Let

W =[0,T] x Wp, W~ =10,T] x Wy .
Definition 1. We call W a periodic isolating segment over I and W™~ the exit set

of W if
(1)
(3) Flt,z) - VVi(x) > 0,
forall 1 <i <ra.e. in I and z € Wy, such that V;(z) = 0.
(S2)
(1) Flt,z) - VVix) <0,

forall r +1 <i<kae. in I and x € Wy, such that V;(z) = 0.
(S3) Wy, Wy are compact ENR’s.

If F' is continuous in ¢, then we assume that the inequalities (B and (H) hold for
all ¢ € [0,T].

The theorem below generalizes Theorem 7.1 in [S], to the case equations without
uniqueness.

Theorem 1. Assume that F' is continuous and W is a periodic isolating segment
over [0, T] for F. If the Euler-Poincaré characteristic x(Wo, W ) # 0, then there
exists an © € Wy such that there is a solution of (i) through x, T periodic and
contained in W.

Proof. Assume first that F' is locally Lipschitzian with respect to x. Let P be
a Poincaré map (i.e. a map after time T') associated to F. It was proved by
Srzednicki that Fy (the set of fixed points of the Poincaré map P whose trajectories
are contained in the segment W for all times) is open and compact in the set of
fixed points of the Poincaré map, and the fixed point index ind(P, Fyy) is equal to
X(Wo, Wy ); therefore the theorem is true for functions locally Lipschitzian with
respect to x.
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Let us now consider the continuous case

' = F(x,t)
where W is an isolating segment for F'. Since W is compact, there exists a sequence
(F,)t25 of locally Lipschitzian functions with respect to x, uniformly converging
to F. Since the inequalities (3) and (4) are strict, there exists an N > 0 such that
for all n > N the set W is an isolating segment for F),. For all n > N there exists
an x, in Wy such that the trajectory of the solution of

' = F,(x,t)

starting from x,, is T periodic and contained in W. Since Wy is compact there
exists o € Wy, and a subsequence of (x,,) converging to xg. The trajectory of the
solution of
' = F(x,t)
starting from x( is T periodic and contained in W.
The following theorem will later allow us to approximate the solution for a Ca-
rathéodory system with the solutions of ordinary differential equations.

Theorem 2 ([H| N|). Let {f,} be Carathéodory and let

lim, o / sup,ealfu(t,2) — f(t,2)|dt = 0
I

for every compact rectangle I x A C Q. Moreover, let {P,}, P, = (t,,&) be a
sequence in @ with imP, = Py = (to,&p). Suppose that for any v € N, the function
x, 18 a solution of the initial value problem

= fu(t,x), x(t,)="E.
Then there exists a solution x of the problem
&= f(t,x), a(to) = &o,
and a subsequence {xy, } of {x,} such that
limzy, = x,

uniformly on compact subintervals of Domz.

3. MAIN RESULT

Theorem 3. Let I' € Car),.(Q2) be T periodic and bounded on compact subsets of
Q. If W is an isolating segment for F over [0,T] and x(Wo, W, ) # 0, then there
exists an x € Wy such that its trajectory is T periodic and is contained in W.

The basic idea of the proof of Theorem B is to combine Theorems [ and 21 In
order to do that we need the functions in Theorem[2lto be continuous. The following
lemma will allow us to have that.

Lemma 4. Let F' € Cary,.(Q2), be T' periodic. Assume that F is bounded on
compact subsets of Q. Put I = [0,T]. Then for any compact rectangle I x A and
any € > 0 there exists a continuous function Fy : I x A — R"™ such that

/Supx€A|F0(ta x) — F(t,z)|dt <e.
I

Furthermore, if W C I x A is a periodic isolating segment over I for F', then W is
an isolating segment for Fy.
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Proof. Let I x A be fixed. There exists C' > 0 such that [Fj;xa| < C. Note that
C(A) with the supremum norm is a separable Banach space.

Let us define ®(t) := F(t,-), t € I. The function ® : I — C(A) is measurable.

By Luzin’s Theorem [F], for any € > 0 there exists a compact set K such that
w(I\ K) < e and ®|g is continuous.

There exists aset B C I such that u(B) = u(I) and for any a € B the inequalities

B) and (@) hold.

For any a € K there exists an open neighborhood U, such that

[@(t) — ®(a)]| <e,
for any t € K NU,.
For some ag € (I\ K)NB we put Uy, =T\ K.
Since B is of a full measure in [0,T], Us; N B # () for all j € {1,..., N}. Hence
we can choose a finite covering Uy, ...,U,, of K such that

I CU,UUL, U...UU,,,

(5) vj e {0,1,...,N}, a; € B.
Let us take a partition of unity
¢] ECO( (LJ,[O 1]) j:0517"'aNa

(6) Go+ 1+ ...+ N =1,

on I. Now we can define

(7) Fo(t,xz) := > ¢;(t)F(aj,x) for (t,x) € I x A.

M-

7=0
For any ¢t € K we have t ¢ suppgo C I \ K, so

N N
[ Fo(t, - H*IIZ% j)—Z%(t)‘I’(t)ll <> i (01R(ay) — @) < e
We know that || F'(¢ ,)|| <C,tel, so
/SquEA|F0(tax) - F(t,z)ldt = /IIFo(t-) — F(t,-)|dt
I I
= / |Folt,-) — F(t, )t

/ |Fo(t, ) — F(t,)dt

p(I\ K)2C + p(K)e

(2C + p(K))e.

We prove that if W C I x A, then the conditions (S1) and (S2) hold for Fy with
any t € I. Let (t,x) € W, ig € {1,...,r} (resp. ip € {r +1,...,k}), be such that
Vio(z) = 0. Then by () (resp. (IEI)) @) and (@)

<
<

Fo(t,x) - VVi, (v Zqﬁ] (aj,x) - VViy(z) > 0 (resp. < 0).
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Proof of Theorem [3 Let us choose I and A such that W C I x A. From Lemma
Bl we know that there exists a sequence of continuous functions F,, such that

1
/supx€A|Fn(t,x) — F(t,x)|dt < =
I n

and W is an isolating segment for all F,,. By Theorem [[] we know that for every n
there exists a point x,, € Wy such that the trajectory ¢,, generated by Fj,, starting
from x,, is periodic and contained in W. Since W, is compact, there exists a
subsequence {z,,} of {z,} and a point zy € W such that limz, = zg. From
Theorem ] we know that there exists a trajectory ¢ which is a solution of the
problem

= F(tz), x(0)=ux,

and a subsequence {¢,, } of {¢,,} such that
limg,, =¢

uniformly on 1.

4. EXAMPLE OF APPLICATIONS

Consider the planar nonautonomous system (*) of the form
1
o' = —az+e(t,z,y)y™ +g(t,2,y) = Fi(t,z,y),

()
y'=—by+ [tz e +h(tey) = Fa(te.y),

wheree, f, g, h: RxR? — R are Cary, . (R x R?) functions, T periodic in t (T > 0).
Moreover F' = (Fy, F») is bounded on the compact subsets of R x R2.

The system (x) was presented by Jan Andres in [A] and next by Gérniewicz and
Andres in [AG] as a nontrivial example of an application of the Nielsen fixed point
theory.

Theorem 5 ([Al]). Assume that

(1) the functions g, h are bounded by positive constants G and H, respectively,
(2) there are positive constants eg, fo, 01, d2 such that

0<eg<eltx,y),
for a.a. t € [0,T] such that (t,x,y) € (Rx{d;} X [dg,4+00)) U(R X {—d;} x
(—00,—d2]) and

0< fO < f(t,l‘,y),

for a.a. t such that (t,z,y) € (R x [07,400) x {d2}) U (R x (—o00,—d;] X

{=02}),
(3) ab >0,
(4) m, n are odd integers with min(m,n) > 3,
(5)
L eoss —@) > 6
(€0 - 1
Ja
1

|b|(f0(5177 —H) > da.
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(6) there are positive constants r, M, a, B such that o+ # <1, ﬁ—l—% <1 and
le(t,z, y)| < M|x|*
for |z| > r and a.a. t €[0,T], y € R,
[tz y)| < Mly|?

for lyl > r and a.a. t € [0,T], z € R.
Then the system (x) admits at least three T periodic solutions.

Remark 6. One can check that the sharp inequalities (10) considered by Andres
in the periodic case imply (5). Moreover, instead of the boundedness assumption
applied in [A] we use a more general assumption (6).

Proof of Theorem [l Let F = (Fy, F3). We assume that a, b are positive. Replacing
t by —t it is clear that the same result also holds for (x) with negative constants. [

During the course of the proof we will prove several inequalities, which will later
allow us to define appropriate isolating segments, from which we will obtain the
result.

Lemma 7. Let R > 0 be sufficiently large. Then for all a.a. t € [0,T)
() Fi(t,R,y) <0, if [y < R,
(1) FA(t,~R.y) >0, if |y < R,
(III) F(t,x R) <0, if || <R,
(V) F(t,z,—R) >0, if [z < R.
Proof. (1) |yl < Rand t € [0,T], so
Fi(t,R,y) < —aR+[e(t, R,y)|R7 + G
< —aR+MR*"% +G <0

provided R is large enough.
(IT) For |y| < R and t € [0, T] we have

Fy(t,—R,y) > aR — |e(t,—R,y)|R™ — G
2@R—MRQ+T}L —G>0

provided R is large enough.
(IIT) For y = R, |z| < R and t € [0,T] we have

Fy(t,z,R) < —bR + |f(t,z,y)|R* + H
< bR+ MRPT% + H <0

provided R is large enough.
(IV) For y = —R, |z| < R and t € [0,T] we have

Fy(t,x, —R) > bR — [f(t, _R)|R% -H
> bR~ MR*% —H >0
provided R is large enough.

Lemma 8. For a.a. t € [0,T] the following conditions hold:
(A) Fl(t7515y) >0 fO?” Yy Z 52;
(B) Fa(t,x,02) > 0 for x> 61,
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(C) Fi(t,—0,y) <0 fory < —dy,
(D) Fy(t,z,—02) <0 for z < —d.

Proof. By (1), (5)
Fi(t,61,y) > —ady + epdy —G >0

for y > da,

Fy(t, 2, 02) > —bda + fody — H >0
for z > 41,

Fi(t,—81,y) < ady — epdF +G >0
for y < —ds,

Fy(t, z, ~82) < bda — fody + H < 0.
for x < —07.

Let W =[0,T] x [-R, R] x [-R, R]. By Lemmas [0 and 8] the sets
W =10,T] x [-R,R] x [-R, R],
V =[0,T] x [01, R] x [62, R],
U=10,T] x [-61,—R] x [-d2,—R],
Z =cd(W\UuV)),
are the periodic isolating segments for F over [0,7] . Since U~ =V~ = and
xX(WUo, Uy ) =x(Vo, Vg ) =1,

by Theorem B] there are two T periodic solutions, one contained in U and one in
V. One can check that Z; has two components:

0,7 x [01, B] x {62} U[0,T] x {01} x [d2, R]
and
(0,7 % [—R, —81] x {82} U[0,T] % {—61} x [~ R, —63).

Since x(Zo, Z; ) = —1, again by Theorem [ the third T periodic solution is con-
tained in Z.

Remark 9. Tt follows by the proof that the existence of two periodic solutions
(contained in the segments U and V') can also be deduced by the Brouwer fixed
point theorem.

In the work of Andres and Gérniewicz [AG]| the example is also considered.

Remark 10 (JAG]). On the basis of the Schauder fixed point theorem one can get
only one T periodic solution of (). If, additionally, condition (2) holds for a.a.
t € [0,T] and all (z,y) € R?, then at least three T periodic solutions of (x) can also
be deduced by means of the fixed-point index technique or at least two T periodic
solutions, when applying the Schauder fixed-point theorem.
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5. REMARK ON THE APPROACH BY NIELSEN FIXED POINT THEORY

In [A], a different approach to the problem is considered. Condition (2) is more
restrictive:

(2) For x > =61, y > 2 and a.a. t as well as for © < §1, y < —d2 and a.a. ¢
0<eg<elt,x,y).
For z > 61, y < d2 and a.a. t as well as for ¢ < —§;, y > —d2 and a.a. t
0 < fo< f(t,z,y).
The problem is approached by the application of the following theorem.
Theorem 11. Let G : J x R™ x R™ — R™ be a Carathéodory mapping, where J is

an arbitrary interval. Assume, furthermore, that there exists a (nonempty) closed
connected subset Q of C(J,R™) such that the problem

X'=G(t,X,q(t), XeS,
has, for every q € Q, a unique solution X (t) = T'(q) with the property cl(T'(Q)) C S,
where S is a (nonempty) bounded subset of C(J,R™), and T : Q — S is retractable

onto Q.
At last there exists a locally Lebesgue-integrable function «: J — R such that

|G(t, X(t),q(t))| < a(t) ae. in J,
for any pair (¢, X) € T'r, where T'rdenotes the graph of T.
Then the Carathéodory system
X' =F(X)
admits at least N (r|p(q)yoT'(.)) solutions belonging to Q, provided G(t,c,c) = F(t,c)

takes place a.e. in J, for any c € R™.

As the constraint S, the following set is considered:
S=Q=0Q:1NQ2NQ3,
where
Q1= {a(t) € C([0,w],R?) : [lg(t)|| = max[maxyeo u|q1(1)],
maXtE[O,quQ(t)” < R}a
QQ = {Q(t) € C([Oaw]vRQ) : mintE[O,w]|QI(t)| >01>0
or mineg,.)|ga(t)] > o2 > 0},
Qs = {q(t) € C([0,w], R?) : q(0) = g(w)}.
The Carathéodory mapping takes the form
2’ +az = e(t, (1), @2(0)@2(t) ™ + g(t, a1 (t), 42(1),
Y +by = f(ta1(8), a2(1)a1 ()% + h(t, a1(t), g2(t)):
For each ¢ € @Q the problem has a unique solution T'(q),
T(q) :{ z(t) = [y Gl(l‘v8)[6(8,(11(8),qz(S))(Jz(S)T? + 9(s, 1 (s), q2(s))]ds,
y(t) = [y Ga(t,s)[f(s,q1(s),q2(5))ar(s)™ + h(s, a1 (

&3
N
<
V)
—
&3
N
Pt
L
&

o—alt—stw)
c <t < s <
Gr(ts) = oo for0<t<s<w,
) e—alt—s)
for0<s<t<w,

l—e—aw
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—b(t—s+w)
Y o 0<t<s<w,
Ga(t,s) = oob(t—s)
H—_bufOrOSSStSW

In order to apply Theorem it is necessary to check that cl(T(Q)) C S = Q.

This condition need not always be satisfied. The problem lies with the condition
T(Q) C Q2. As an example let us choose a problem with g = A = 0. The solution
fort =0 is

w efa(wfs) .
£(0) = / T 51 (5), 02(5)) a2 (s) s,

1—e-aw

w e—b(w—s) )
y(O):/O T omtw /(5 01(s) a2(5))qu(s) ™ ds.

It is possible to choose (g1, ¢2) € @ and bounded e, f satisfying condition (2), such
that 2(0) = y(0) = 0, hence T'((¢1,¢2)) ¢ Q2.
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