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A REMARK ON LEAST ENERGY SOLUTIONS IN RY
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(Communicated by David S. Tartakoff)

ABSTRACT. We study a mountain pass characterization of least energy solu-
tions of the following nonlinear scalar field equation in RY:

—Au=g(u), u e H (RV),
where N > 2. Without the assumption of the monotonicity of ¢t — @, we
show that the mountain pass value gives the least energy level.

0. INTRODUCTION

In this note we study the following nonlinear scalar field equations in R”:
(0.1) —Au = g(u), u € H'(RN),

where N > 2. In particular, our aim is to enlighten a mountain pass characterization
of least energy solutions. We recall that a solution w(z) of (ILTJ) is said to be a least
energy solution if and only if

(0.2) I(w)=m, where m = inf{I(u); u € H*(RY)\ {0} is a solution of ((LT))}.
Here I : H'(R") — R is the natural functional corresponding to (0.1))
1
0.3) I(w) = 1 / IVl dz — / G(u) de,
2 RN RN
where G(s) = [; g(7)dr.
In the fundamental papers [BL:2] and [BGK:3] the authors establish the existence
of least energy solutions through the minimization problems

Minimize {/ |Vul|? d; / G(u)dx = 1} for N > 3,
RN RN

Minimize {/ |Vul|? da; / G(u)dx = 0} for N =2.
R? R?

Precisely, they show

Theorem 0.1 ([BL:2] for N > 3, [BGK:3] for N = 2). Assume
(g0) g(s) € C(R,R) is continuous and odd.
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2400 LOUIS JEANJEAN AND KAZUNAGA TANAKA

(gl) —o0 < 1imi(r)1f@ < limsup@ =—v <0 for N > 3, 1ir%@ =-vE
s— s—0 s—
(—00,0) for N =2.
(g2) When N > 3, lim |g£i)2| = 0. When N = 2, for any a > 0 there exists

§—00 s N_—2

Cyo > 0 such that
lg(s)| < Coe™ for all s > 0.

(g3) There exists & > 0 such that G(&) > 0.

Then m > 0 and there exists a least energy solution wo(x) of (@) satisfying
wo(z) > 0 for all x € RN and, as any solution u(z) € HY(RYN) of (O.1)), the
Pohozaev identity

N -2

(0.4) —/ |Vwol?dz = N G(wo) dz.
2 RN RN

Under the conditions (g0)—(g2), it is shown in [BL:2], [BGK:3] that I(u) is well-
defined on H'(R™) and of class C'. In Lemma [[J, we show that I(u) has a
mountain pass geometry. Indeed it has the following properties:

(0.5) 1(0) = 0.
(0.6)  There exist pg > 0, dp > 0 such that I(u) > do for all |[u||g1@my) = po-
(0.7)  There exists ug € H'(RY) such that ||ug|| g2 m~) > po and I(ug) < 0.

Thus if we define the following minimax value (mountain pass value, MP value for

short):

(0.8) b= virelfrtgl[gﬁ]f(v(t)),

where

(0.9) I = {(t) € C([0,1], H'(RM)); 7(0) = 0, I(7(1)) < 0},

we have b > 0. At this point it is natural to ask if b is a critical value and whether
the corresponding critical points are least energy solutions, that is, if b = m holds
or not.

Our main result is the following theorem which gives a positive answer:

Theorem 0.2. Assume (g0)—(g3). Then
b=m
holds, where m, b > 0 are defined in (2) and (). That is, the mountain pass

value gives the least energy level. Moreover, for any least energy solution w(x) of
(@), there exists a path v € T' such that w(z) € ([0, 1]) and

Jnax I(y(t)) = I(w).

Remark 0.3. In the case where a least energy solution w(z) of (0.1]) satisfies w(z) > 0
for all z € RY, the path v € T of Theorem [IZ] can be chosen such that ~(t)(x) > 0,
for all z € RN, Vt € (0,1] (see Lemma [ZZT)).

In many non-autonomous semi-linear elliptic problems, it turns out that infor-
mation on the least energy level of an associated autonomous problem is crucial in
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these years. The least energy level often appears as the first level of possible loss
of compactness. Consider, for example, a problem of the type

(0.10) —Au = g(z,u), u € H'(RYN),

where g(z,u) — ¢g™(u) as |z|] — oo. We assume the following functionals J(u),
J®(u) are C' on H*(R") and have a MP geometry:

1 1

J(u) = —/ |Vu|2dx—/ G(z,u) dz, Joo(u):—/ |Vu|? de — G (u) dz
2 N N 2 RN RN

Here G(z,s) = [, g(z,7)dr and G>(s) = [; 9°°(7) dr. We denote the correspond-

ing MP values by ¢ and c*°. Suppose in addltlon that J(u) has a bounded PS
sequence at the level ¢. Then, from the work of P. L. Lions on concentration-
compactness [L:7], it is well known that J(u) has a critical point at the level ¢, if
c < m®. Here

m®> = inf{J®(u); v € H*(RN)\ {0} is a solution of —Au = g™ (u)}.

Thus if one knows that ¢> = m, to get a critical point, it is sufficient to show
that ¢ < ¢®°. Checking this inequality is easier than proving directly that ¢ < m®°
because of the minimax characterizations of ¢ and ¢*. To insure that ¢ = m™
the standard way so far is to assume that

9> (s) . . :
(0.11) s — =———=: (0,00) — Ris non-decreasing.

s

This property enables to make use of the Nehari manifold: M = {u € H*(RM)\
{0}; J*°'(u)u = 0}. Under (I.IT), any non-zero critical point of J* lies on M and
the least energy level m* is characterized as

m>™ = inf J*(u).

This readily implies that ¢® = m®. What our Theorem [.2] is saying is that the
equality ¢* = m® always holds without the assumption ((LIT).

Among other applications of our mountain pass characterization of the least
energy solutions of ([I1l) we mention singular perturbation problems, i.e., the search
of peak solutions. For this subject we refer, for example, to Ni-Takagi [NT:8] and
del Pino-Felmer [DE:5]. An autonomous problem of the type of ((II) appears in
these problems through a scaling argument. Precise estimates are necessary on its
least energy level in order to get peak solutions. Usually the condition (01T is
required for these estimates. In [JT:6] we present some results on this topic which
rely on our Theorem

To give a proof of Theorem [I:2, we make use of properties of the dilation u.(z) =
u(z/t) (t > 0) as in [BL:2], BGK:3]. Actually, for any least energy solution w(x)
of (Ul), we construct, in Lemma 1] a path v € " such that

we(0,1]) and max I(y(t)) =m.
te[0,1]
The existence of such paths implies that b < m. To show that b > m, we introduce
the set P of non-trivial functions satisfying Pohozaev identity (04):

P ={uec HRY)\ {0} ¥/ |Vu|? de — N G(u) dx = 0}.

RN
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2402 LOUIS JEANJEAN AND KAZUNAGA TANAKA

We will show, in Lemma [3T] that

e S

and, in Lemma [AT] that
~([0,1)NP #0 forall v €T.
This directly leads to b > m.

Notation. We will use the following notation:

1/p
llly = ([ JoPar) " forpe oo,
RN
[lulloo = esssuplu(z)],
zeRN
ullgn = (Jull3 +[|Vul|3)2.

1. MOUNTAIN PASS GEOMETRY

We observe here that under (g0)—(g3) the functional I(u) defined in (L3)) has a
mountain pass geometry.

Lemma 1.1. Assume (g0)—(g2). Then I(u) satisfies (U5)—(05).

Proof. We deal with (0-6]). (0:5) trivially holds. First we prove ([0-6) for N > 3. By
the assumptions (gl)—(g2), for any € > 0, there exists C. > 0 such that

N+42

—g(s) > (v —¢e)s — Cesv=2 for all s > 0.

Thus, recalling that g(s) is an odd function, we have, for a C. > 0,

—G(s)> =(v—e)s> = C|s|¥= forall s € R.

|~

It follows from the embedding H*(R") C L¥5 (RY) that for a C” > 0,

]_ —
I(w) > —/ |Vu|2dx+u/ |u|2dx—c;/ u| V22 da
2 RN 2 RN RN

1 . 32
> g min{lv = e}fullzn = ClJul| %57
N -2

1 2N_
> 5 min{1,v — e}|jul|7: — C/|ul| for all u € H'(RY).

Therefore choosing pg > 0 small, we can see that ([L6) holds.
Next we prove (@LG) for N = 2. By the assumptions (gl)—(g2), for any o > 0
there exists C, > 0 such that

1
—g(s) > 51/5 — C'(ys‘le(’s2 for all s > 0.
Since [ 74 dr = 53 —1) — 2 [F72(e*T —1)dr < 3™ — 1), we
have
V 2 COt 3/ as?
—G(u) > 15 T 258 (e*® —1) forallseR
a
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and thus, for a C/, > 0,

1 14 Ca au?
M) > glIVel+ Sl - 52 [ wte -1

2
1 v C
> Va3 + Yl - 72||u||g\/A2<eau2 ~1de

1 v c’,
> Livull+ Ll - %Hunzl\//Rz(eW ~1)ds,

Also, from the Moser-Trudinger inequality (cf. Adachi-Tanaka [AT:1] and references
therein), there exist o9 > 0, M > 0 such that

/Rz(eaou2 —1)dxe < M for all ||ul|g: < 1.
Thus for any ¢ > 0 it holds that
/Rz(e%)u2 —1)dxe < M for all ||ul|g <c¢
and choosing pg > 0 small, we can see that (0.6) holds. O
Remark 1.2. Actually we see, from the proof of Lemma [I.I] that
I(u) >0 for all 0 < [[ul|g1 @~y < po,

where pg is given in (0.6).
Remark 1.3. Modifying slightly the arguments of the proof of Lemma [l it is
possible to show that, for N > 3, there exists py > 0 such that
N -2
2
Lemma 1.4. Assume (g0)—(g3). Then (@5)-(@7) hold. In particular I(u) has a
mountain pass geometry and the MP value b in ([08)-(09) is well-defined.

Proof. We know from Lemma [L1] that (0.5)—(0.6) hold. Also, since I(0) = 0, we
see from Remark [[2] that proving (07) is equivalent to showing that T # @. This
will be done in Lemma 2.1 O

Va2 — N/ Glu)dz >0 for all 0 < |Jullm mx) < po.
RN

As stated in the Introduction, the proof of Theorem [(I.2] consists of 3 steps
Step 1: Construction of a path « € I" such that

(1.1) w € 7([0,1]),
(1.2) maxyeo,1) L ((t)) = m,
where w(x) is a given least energy solution of ([.I).
Step 2:
1.3 inl(u) =m.
(1.3) min I (u) = m
Step 3:
(1.4) ~7([0,1]) NP #£ P for all v € T.

Step 1 implies b < m and Steps 2 and 3 imply b > m.
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2. A pATH v € T saTisFyING (CI)—(TC2)
Let w(x) be an arbitrary least energy solution of (O.TI).

Lemma 2.1. Under the assumptions (g0)—(g3), there exists a path v € T satisfying

CI)-@C2).
Proof of Lemmal[2.dl We will find a curve v(¢) : [0, L] — H'(RY) such that
(2.1) 7(0) =0, I(r(L)) <0,
: w € ([0, L)),
(2.3) maxyeo,z] L(7(t)) = m.

After a suitable scale change in ¢, we can get the desired path v € T'.
When N > 3, our construction is rather simple. Setting

@ = { 5@ Pz h

we can see that
L[y ()13 =;N2_2||VW||§+7?N||W||§-
-
2. 10(t) = IVl - " [ Glo)da,
RN

Thus (t) € C([0,00), H}(RY)). Moreover, Pohozaev identity (4] implies that
Jax G(w)dz >0, LI(y(t)) > 0 for t € (0,1) and £ I(y(t)) <0 for t > 1. Thus for
sufficiently large L > 1 our path ~(t) satisfies 2I)—(23).

When N = 2, our construction is more complicated. We choose ¢ty € (0,1),
t;1 € (1,00) and 6; > 1 so that a curve ~, constituted of the three pieces defined
below, gives a desired path:

(2.4) [0,1] — H'(R?); 0+ 0wy,
(2.5) [to, t1] — HY(R?); t > wy,
[1,61] — H*(R?); 0 — Ouwy, .

Here wi(x) = w(x/t).
First we remark that since w(x) satisfies (0.1]),

/ g(wwdr = ||Vw||§ > 0.

R2

Thus we can find 8; > 1 such that

(2.7) / g(Ow)wdx >0 forall 6 € [1,6,].
R2

Next we set ¢(s) = g(s)/s. By the assumption (gl) we have ¢(s) € C(R,R). With
this notation (2.7) becomes

(2.8) / o(0w)w? dr >0 for all § € [1,6,].
R?2
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A REMARK ON LEAST ENERGY SOLUTIONS IN RY 2405
Now we compute &1 (6uw,):
Hwt) = I’(é)wt)wt
o (9wl — [ oltwnset ac)
R?2
6 <||W||§ _ t2/ o(00)? dx) .
R2

Choosing tg € (0,1) sufficiently small, we have

a0

(2.9) [[Vw||3 — t%/ o(fw)w?dx >0 for all @ € [0,1].
R2

By (23), we can also choose ¢; > 1 such that

(2.10) |[Vw||3 — tf/ o(fw)w? dz < —ezilHVng for all # € [1, 64].
R? -

Thus we can see by ([2.9) that along the line [2.4)), I(Awy,) increases and takes its
maximal at § = 1. Since [, G(w)dz = 0 by Pohozaev identity (0.4), we have
I(w) = I(w) = 3||Vw|[3 along the curve (2.5). Next by [@2I0), I(fw;,) decreases
along the line (Z.6) and we have

01 d
[Own) = I(wn)+ / 4 (0uwn,) do
1 1 29
< = 2 v 2
< IVl - [ livulgar
1
= —§||VUJ||%<O
Therefore we get the desired curve. O

As a corollary to Lemma 2], we have

Corollary 2.2. b < m. O

3. Proor oF (L3)

In this section we give a proof of (L3]). Namely we show:

Lemma 3.1. m = inf I(u).
ueP

Proof. We argue for the cases N > 3 and N = 2 separately.
For N > 3 we use an idea from Coleman-Glazer-Martin [CGM:4| as in [BL:2].
We introduce a set

S={uc H'(RN); G(u)dx = 1}.
RN

There is a one-to-one correspondence ® : § — P between S and P:

(®(w))(z) = u(x/t,), wheret, =1/ %HVUHQ
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Foru e S,
1
10@) = SVl [ Gl
RN
1 (N—2\ T v
= N(W) IVull;
and thus -
. . .1 (N—-2\"7 N
g 10 = 1w =t () v

It is observed in [BL:2] that inf,cs||Vu||3 is achieved and that the corresponding
®(u) is a least energy solution. Thus we have

= inf I(u).
e

For N = 2, we have P = {u € H'(R?) \ {0}; [g> G(u)dz = 0}. We remark that
I(u) = £||Vul|3 on P. It is shown in [BGK:3] that inf,cp||Vu|l3 is achieved and
the minimizer is a least energy solution of (L) after a suitable scale change u(z/t).
Thus m = inf,ep I(u) also holds for N = 2.

Therefore the proof of Lemma [B.1]is completed. O

4. Proor or (.4
In this section we prove the following intersection property:
Lemma 4.1. y([0,1]) NP # 0 for all v € T.
As a corollary to Lemmas Bl and T we have
Corollary 4.2. b > m.

In the proof of Lemma 1] we use the notation
N -2
P(u) = —=||Vul|l3 —N/ G(u)dx
2 RV
= NI(u)— ||Vull3.

Proof of Lemmal[4.1] for N > 3. The proof of Lemma for N > 3 is straightfor-
ward. By Remark [T.3] there exists pg > 0 such that
0<|lullm <po = P(u)>0.

For any v € T we have y(0) = 0 and P(y(1)) < NI(y(1)) < 0. Thus there exists
to € [0, 1] such that

[y (to)l[a1 > po,

P(y(to)) = 0.
Since v(to) € v([0,1]) NP we have v([0,1]) NP # 0. O
When N = 2, P(u) = =2 [, G(u)dr and since our P(u) does not have a

|| Vu||3-component, we cannot argue as in Lemma [[.T]and Remark 3]
To prove Lemma ]l for N = 2, we choose p(z) € C§°(R?) such that

p(z) >0 forall z € R
Jrz p(x)dz =1
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and for any given v € I' we set for ¢ > 0

1@ = [ o) du

Then it is easily proved that

(i) For any € > 0 and t € [0,1], 7-(t) € HY(R?) N L*°(R?).
(ii) 7e(¢) : [0,1] — L>=(R?) is continuous.
(i) maxejo,1)l|7e(t) = ¥(#)[|mr — 0 as e — 0.

We also remark that

Lemma 4.3. Under (gl), there exists pg > 0 such that for u € H'(R?)N L>®(R?)
0 < ||ulloo < po = P(u) > 0.

Proof. By (gl), there exists pg > 0 such that —G(s) > 0 for 0 < s < py. Thus we

have Lemma (3] O

Proof of Lemma[{1] for N = 2. Let v € I be given. First we remark that, because
of (iii), we have P(y.(1)) < 2I(7(1)) < 0 for any small € > 0. Also, since 7.(0) =0
for any € > 0, by Lemma 4.3 and (ii) we have P(vy.(t)) > 0 for ¢ > 0 sufficiently
small. Thus, assuming € > 0 small, we can find ¢. € [0, 1] such that

I[7e (t)l[oo > po,
P(7e(te)) = 0.

In particular, v (t.) € P.
We extract a subsequence e, — 0 such that ¢, — to as n — oco. From (ii)-(iii)
it follows that

(4.1) Ve, (te,,) — v(to)|[zr — 0,
P(y(to)) =0

and to conclude we just need to show

(42) 7(to) # 0.

To establish (Z2)), we recall a result of [BGK:3] saying that inf,cp||Vul|3 = 2m > 0.
Thus

llullgr > vV2m for allu e P

and in particular ||ve, (te,)||gr > v2m for all n. Therefore it follows from (BTI)
that ||y(to)||gr > v2m > 0. Thus y(to) € v([0,1]) NP and v([0,1))NP #0. O

Remark 4.4. In the proof of Lemmal[4.]] for N = 2, making use of the continuity of
the path v(t) in H*(R?) is essential. We give an example. For g(s) = —s + s we
have P(u) = ||u|[3 — ||u[|}. Now for any ug € H'(R?) with P(ug) < 0, the path
y(t) = t~Y4ug(z/t) : [0,1] — H'(R?) is a continuous path in L2(R?) N L*(R?)
(but not in H'(R?)) joining 0 and ug. However P(v(t)) < 0 for all ¢ € (0,1].

End of the proof of Theorem[’4. Combining CorollariesZ.2 and L2 we get b = m.
This is the desired result. O
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